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PREFACE. 



Algebra naturally follows Arithmetic in a course of scien- 
tific studies. The language of figures, and the elementary 
combinations of numbers, are acquired at an early age. 
When the pupil passes to a new system, conducted by 
letters and signs, the change seems abrupt; and he often 
experiences much difficulty before perceiving that Algebra 
is but Arithmetic written in a different language. 

It is the design of this work to supply a connecting link 
between Arithmetic and Algebra; to indicate the unity of 
the methods, and to conduct the pupil from the arithmetical 
processes to the more abstract methods of analysis, by easy 
and simple gradations. The work is also introductory to 
the University Algebra, and to the Algebra of M. Bourdon, 
which is justly considered, both in this country and in 
Europe, as the best text-book on the subject, which has yet 
appeared. 

In the Introduction, or Mental Exercises, the language 
of figures and letters are both employed. Each Lesson is 

so arranged as to introduce a single principle, not known 

••• 
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before, and the whole is so combined as to prepare the 
pupil, by a thorough system of mental training, for those 
processes of reasoning which are peculiar to the algebraic 
analysis. 

It is about twenty years since the first publication of the 
Elementaky Algebra. Within that time, great changes 
have taken place in the schools of the country. The sys- 
tems of mathematical instruction have been improved, new 
methods have been developed, and these require correspond- 
ing modifications in the text-books. Those modifications 
have now been made, and this work will be permanent in 
its present form. 

Many changes have been made in the present edition, at 
the suggestion of teachers who have used the work, and 
favored me with their opinions, both of its defects and 
merits. I take this opportunity of thanking them for the 
valuable aid they have rendered me. The criticisms of 
those engaged in the daily business of teaching are invalu- 
able to an author; and I shall feel myself under special 
obligation to all who will be at the trouble to communicate 
to me, at any time, such changes, either in methods or lan- 
guage, as their experience may point out. It is only through 
the cordial co-operation of teachers and authors — by joint 
labors and mutual efforts — that the text-books of the country 
can be brought to any reasonable degree of perfection* 

A Key to this volume has been prepared for the use of 
Teachers only. 
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SUGGESTIONS TO TEACHERS. 



1. Thb Introduction is designed as a mental exercise. If 
thoroughly taught, it will train and prepare the mind of 
the pupil for those higher processes of reasoning, which it 
is the peculiar province of the algebraic analysis to develop. 

2. The statement of each question should be made, and 
every step in the solution gone through with, without the 
aid of a slate or black-board ; the ugh perhaps, in the begin- 
ning, some aid may be necessary to those unaccustomed to 
such exercises. 

3. Great care must be taken to have every principle on 
which the statement depends, carefully analyzed ; and equal 
care is necessary to have every step in the solution distinctly 
explained. 

4. The reasoning process is the logical connection of dis- 
tinct apprehensions, and the deduction of the consequences 
which follow from such a connection. Hence, the basis of 
all reasoning must lie in distinct elementary ideas. 

5. Therefore, to teach one thing at a time — to teach that 
thing well — to explain its connections with other things, 
and the consequences which follow from such connections, 
would seem to embrace the whole art of instruction. 

••• 
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INTRODUCTION. 

MENTAL EXERCISES. 

LESSON I. 

1. John and Charles have the same number of apples; 
both together have twelve : how many has each ? 

Analysis. — Let x denote the number which John has; 
then, since they have an equal number, x will also denote 
the number which Charles has, and twice se, or 2jb, will 
denote the number which both have, which is 12. If twice 
x is equal to 12, se will be equal to 12 divided by 2, which 
is 6 ; therefore, each has 6 apples. 

WKI'lTJfiN. 

Let x denote the number of apples which John has; 

then, 

12 

x + x = 2x = 12 ; hence, x = — = 6. 



Note. — When x is written with the sign + before it, 
it is read plus x : and the line above, is read, x plus s 
equals 12. 
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Note, — When x is written by itself it is read one a» 
and is the same as, \x\ 

x or lie, means once x> or one x % 

205, " twice as, or two as, 

ZXy u three times a, or three as, 

4xj ** four times as, or four x> 

Ac, Ac, Ac. 

2, What is x -f « equal to ? 

8. What is x + 2x equal to? # 

4. What is x + 2x + x equal to ? 

5. What is x + bx + x equal to ? 

6. What is x + 2x + 3x equal to ? 

7. James and John together have twenty-four peaches, 
and one has as many as the other : how many has each P 

Analysis. — Let x denote the number which James has ; 
then, since they have an equal number, x will also denote 
the number which John has, and twice x wfll denote the 
number which both have, which is 24. If twice x is equal 
to 24, x will be equal to 24 divided by 2, which is 12 ; 
therefore, each has 12 peaches. 

WJUTTJUf, 

Let x denote the number of peaches which James has ; 

then, 

24 
x + x = 2x = 24; hence, x = -— = 12. 

VERIFICATION. 

A Verification is the operation of proving that the num- 
ber found will satisfy the conditions of the question. Thus, 

James* apples. John's apples. 

12 + 12 = 24. 

Note. — Let the following questions be analyzed, written, 
and verified, in exactly the same manner as the above. 
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8. William and John together have 36 pears, and one has 
as many as the other : how many has each ? 

9. What number added to itself will make 20? 

10. James and John are of the same age, and the sum of 
their ages is 32 : what is the age of each? 

11. Lucy and Ann are twins, and the sum of their ages 
Is 16 : what is the age of each? 

12. What number is that which added to itself will 
make 30? 

13. What number is that which added to itself will 
make SO ? 

14. Each of two boys received an equal sum of money at 
Christmas, and together they received 60 cents : how much 
had each? 

15. What number added to itself will make 100? 

16. John has as many pears as William; together they 
have 72 : how many has each ? 

17. What number added to itself will give a sum equal 
to 46? 

18. Lucy and Ann have each a rose bush with the same 
number of buds on each ; the buds on both number 46 : 
how many on each? 



LESSON n. 

1. John and Charles together have 12 apples, and Charles 
has twice as many as John : how many has each ? 

Analysis. — Let x denote the number of apples which 
John has ; then, since Charles has twice as many, 1x will 
denote his share, and as + 2x, or 3:e, will denote the 
number which they both have, which is 12. If Zx is equal 
to 12, x will be equal to 12 divided by 3, which is 4; 
therefore, John has 4 apples, and Charles, having twice as 
many, has 8. 
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WRITTEN* 

I*et x denote the number of apples John has , then, 
2x will denote the number of apples Charles has; and 

x + 2x = 3a? = 12, the number both have; then, 

12 
« = -— = 4, the number John has; and, 
«j 

2x = 2 x 4 = 8, the number Charles has. 

VERIFICATION. 

4 + 8 = 12, the number both have. 

2. William and John together have 48 quills, and William 
has twice as many as John: how many has each? 

3. What number is that which added to twice itself will 
give a number equal to 60 ? 

4 Charles' marbles added to John's make 3 times as many 
as Charles has; together they have 51 : howinany has each? 

Analysis. — Since Charles 9 marbles added to John's make 
three times as many as Charles has, Charles must have one 
third, and John two thirds of the whole. 

Let x denote the number which Charles has; then 2a 
will denote the number which John has, and x + 2as, or 
3x, will denote what they both have, which is 51. Then, if 
3sb is equal to 51, x will be equal to 51 divided by 3, 
which is 17. Therefore, Charles has 17 marbles, and John, 
having twice as many, has 34. 

WRITTEN. 

Let x denote the number of Charles' marbles; then, 
2a? will denote the number of John's marbles; and 
Sx = 51, the number of both ; then, 

17 X 2 = 34, John's marbles. 



MENTAL EXEB0I8E8. 18 

5. What number added to twice itself will make 75 f 

6. What number added to twice itself will make 67 ? 

7. What number added to twice itself will make 39 ? 

8. What number added to twice itself will give 90 ? 

9. John walks a certain distance on Tuesday, twice as 
far on Wednesday, and in the two days he walks 27 miles: 
how fer did he walk each day ? 

10. Jane's bush has twice as many roses as Nancy's: and 
on both bushes there are 36 : how many on each ? 

11. Samuel and James bought a ball for 48 cents ; Samuel 
paid twice as much as James : what did each pay ? 

12. Divide 48 into two such parts that one shall be double 
the other. 

13. Divide 66 into two such parts that one shall be double 
the other. 

14. The sum of three equal numbers is 12 : what are the 
numbers ? 

Analysis. — Let x denote one of the numbers; then, 
since the numbers are equal, x will also denote each of 
the others, and x plus x plus x, or 3a? will denote their 
sum, which is 12. Then, if 3a; is equal to 12, x will be 
equal to 12 divided by 3, which is 4 : therefore, the numbers 
are 4, 4, and 4. 

W KITTEN. 

Let x denote one of the equal numbers ; then, 
x + x + x = 8aj= 12; and 

* = -= 4. 

VERIFICATION. 
4 + 4 + 4 = 12. 

15. The sum of three equal numbers is 24 : what are the 
numbers? 

16. The sum of three equal numbers is 36 : what are the 
numbers ? 
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17. The sum of three equal numbers is 54 : what are the 
numbers? 



LESSON m. 

1. What number is that which added to three times itself 
will make 48? 

Analysis. — Let x denote the number; then, Sx will 
denote three times the number, and x plus das, or Ax f 
will denote the sum, which is 48. If 4a; is equal to 48, 
x will be equal to 48 divided by 4, which is 12; there- 
fore, 12 is the required number. 

WRITTEN. 

Let x denote the number; then, 

Sx = three times the number; and 
x +. Sx = 4x = 48, the sum : then, 

x = — = 12, the required number. 

4 

VERIFICATION. 

12 + 3 X 12 = 12 + 36 = 48. 

Note. — All similar questions are solved by the same 
form of analysis. 

2. What number added to 4 times itself will give 40 ? 
8. What number added to 5 times itself will give 42 ? 

4. What number added to 6 times itself will give 63 ? 

5. What number added to 7 times itself will give 88? 

6. What number added to 8 times itself will give 81 ? 
V. What number added to 9 times itself will give 100? 

8. James and John together have 24 quills, and John hflA 
three times as many as James : how many has each ? 

9. William and Charles have 64 marbles, and Charles has 
7 times as many as William : how many has each ? 
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10. Jaines and John travel 96 miles, and James travels 
11 times as far as John : how fer does each travel ? 

11. The sum of the ages of a. father and son is 84 years ; 
and the father is 3 times as old a? the son : what is the age 
of each ? 

12. There are two numbers of which the greater is 7 
times the less, and their sum is 72 : what are the numbers? 

13. The sum of four equal numbers is 64 : what are the 
numbers ? 

14. The sum of six equal numbers is 54 : what are the 
numbers ? 

15. James has 24 marbles ; he loses a certain number, and 
then gives away 7 times as many as he loses which takes all 
he has : how many did he give away ? Verify. 

16. William has 36 cents, and divides them between his 
two brothers, James and Charles, giving one, eight times as 
many as the other : how many does he give to each ? 

17. What is the sum of x and 3a? Of x and 7se? 
Of 2 and 5x? Of x and 12a? 



LESSON IV. 

1. If 1 apple costs 1 cent, what will a number of apples 
denoted by x cost? 

Analysis. — Since one apple costs 1 cent, and since a 
denotes any number of apples, the cost of x apples will be 
as many cents as there are apples : that is, x cents. 

2. If 1 apple costs 2 cents, what will x apples cost? 

Analysis. — Since one apple costs 2 cents, and since a 
denotes the number of apples, the cost will be twice as many 
cents as there are apples : that is 2x cents. 

3. If 1 apple costs 3 cents, what will x apples cost ? 

4. If 1 lemon costs 4 cents, what will x lemons cost ? 
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5. If 1 orange costs 6 cents, what will x oranges cost f 

6. Charles bought a certain number of lemons at 2 cents 
apiece, and as many oranges at 8 cents apiece, and paid in all 
20 cents: how many did he buy of each? 

Analysis. — Let x denote the number of lemons ; then, 
since he bought as many oranges as lemons, it will also 
denote the number of oranges. Since the lemons were 
2 cents apiece, 2x will denote the cost of the lemons ; and 
since the oranges were 3 cents apiece, Sx will denote 
the cost of the oranges; and 2x + 3as, or 5se, will denote 
the cost of both, which is 20 cents. Now, since bx cents 
are equal to 20 cents, x will be equal to 20 cents divided by 
5 cents, which is 4 : hence, he bought 4 of each. 

WRITTEN. 

Let x denote the number of lemons, or oranges ; then, 
2x = the cost of the lemons ; and 
Sx = the cost of the oranges ; hence, 
2x + &x = 5x = 20 cents = the cost of lemons and 

oranges; hence, 

x = = 4, the number of each. 

5 cents 

VERIFICATION. 

4 lemons at 2 cents each, give, 4x2= 8 cents. 

4 oranges at 3 cents each, " 4x3 = 12 cents. 

Hence, they both cost, 8 cents +12 cents = 20 cents. 

7. A farmer bought a certain number of sheep at 4 dollars 
apiece, and an equal number of lambs at 1 dollar apiece, 
and the whole cost 60 dollars: how many did he buy of 
each? 

8. Charles bought a certain number of apples at 1 cont 
apiece, and an equal number of oranges at 4 cents apiece, and 
paid 50 cents in all : how many did he buy of each? 
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9. James bought an equal number of apples, pears, and 
lemons ; he paid 1 cent apiece for the apples, 2 cents apiece 
for the pears, and 3 cents apiece for the lemons, and paid 
72 cents in all : how many did he buy of each ? Verify. 

10. A farmer bought an equal number of sheep, hogs, 
and calves, for which he paid 108 dollars; he paid 3 dollars 
apiece for the sheep, 5 dollars apiece for the hogs, and 
4 dollars apiece for the calves : how many did he buy of 
each? 

11. A farmer sold an equal number of ducks, geese, 
and turkeys, for which he received 90 shillings. The ducks 
brought him 3 shillings apiece, the geese 5, and the turkeys 
7 : how many did he sell of each sort ? 

12. A tailor bought, for one hundred dollars, two pieces 
of cloth, each of which contained an equal number of yards. 
For one piece he paid 3 dollars a yard, and for the other 
2 dollars a yard : how many yards in each piece ? 

13. The sum of three numbers is 28 ; the second is twice 
the first, and the third twice the second: what are the 
numbers ? Verify. 

14. The sum of three numbers is 64 ; the second is 3 times 
the first, and the third 4 times the second : what are the 
numbers ? 



LESSON V. 

1. If 1 yard of cloth costs x dollars, what will 2 yards 
cost? 

Analysis. — Two yards of cloth will cost twice as much as 
one yard. Therefore, if 1 yard of cloth costs x dollars, 
2 yards will cost twice x dollars, or 2x dollars. 

2. If 1 yard of cloth costs x dollars, what will 8 yards 
cost? Why? 



18 INTKODUCTIOfl. 

3. If 1 orange costs x cents, what will 7 oranges cost 1 
Why ? 8 oranges ? 

4. Charles bought 8 lemons and 4 oraj^ep, for which he 
paid 22 cents. He paid twice as much for an orange as for 
a lemon : what was the price of each ? 

Analysis. — Let x denote the price of a lemon; then, 2a 
will denote the price of an orange ; 3s will denote the cost 
of 3 lemons, and Bx the cost of 4 oranges ; hence, Zx plus 
Sx, or lias, will denote the cost of the lemons and oranges, 
which is 22 cents. If lias is equal to 22 cents, x is equal to 
22 cents divided by 11, which is 2 cents: therefore, the 
price of 1 lemon is 2 cents, and that of 1 orange 4 cents. 

WBITTKN. 

Let x denote the price of 1 lemon ; then, 
2x = « 1 orange; and, 

8ar + Sx = 11a* = 22 cts., the cost of lemons and oranges; 

22 cts 
hence, x = — — -^ = 2 eta, the price of 1 lemon; 

and, 2x2 = 4 cts., the price of 1 orange. 

VERIFICATION. 

8x2= 6 cents, cost of lemons, 
4x4 = 16 cents, cost of oranges. 
22 cents, total cost. 

5. James bought 8 apples and 3 oranges, for which he 
paid 20 cents. He paid as much for I orange as for 4 apples: 
what did he pay for one of each ? 

6. A farmer bought 3 calves and 7 pigs, for which he paid 

19 dollars. He paid four times as much for a calf as for a 
pig : what was the price of each ? 

7. James bought an apple, a peach, and a pear, for which 
he paid 6 cents. He paid twice as much for the peach as for 
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the apple, and three times as much for the pear as for the 
apple : what was the price of each ? 

8. William bought an apple, a lemon, and an orange, for 
which he paid 24 cents. He paid twice as much for the 
lemon as for the apple, and 3 times as much for the orange 
as for the apple : what was the price of each ? 

9. A farmer sold 4 calves and 5 cows, for which he received 
120 dollars. He received as much for 1 cow as for 4 calves: 
what was the price of each ? 

10. Lucy bought 3 pears and 5 oranges, for which she 
paid 26 cents, giving twice as much for each orange as for 
each pear: what was the price of each? 

11. Ann bought 2 skeins of silk, 3 pieces of tape, and a 
penknife, for which she paid 80 cents. She paid the same 
for the silk as for the tape, and as much for the penknife as 
for both : what was the cost of each ? 

12. James, John, and Charles are to divide 56 cents 
among them, so that John shall have twice as many as 
James, and Charles twice as many as John: what is the 
share of each? 

13. Put 54 apples into three baskets, so that the second 
shall contain twice as many as the first, and the third as 
many as the first and second : how many will there be in 
each. 

14. Divide 60 into four such parts that the second shall 
be double the first, the third double the second, and the 
fourth double the third : what are the numbers ? 
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1. If 2x + x is equal to 3ft, what is 3a? — x equal 
to ? Written, 8a; — x = 2x. 

2. What is 4a; — x equal to ? Written, 

4x — x = 8as. 
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3. What is 8a minus Qx equal to? Written, 

Sx — 6a; = 2x. 

4. What is 12a; — 9x equal to? Ans. Sax 

5. What is 15a; — 1x equal to? 

6. What is llx — 13a; equal to? -4n«. 4a% 

7. Two men, who are 30 miles apart, travel towards each 
other ; one at the rate of 2 miles an hour, and the other at 
the rate of 3 miles an hour : how long before they will meet? 

Analysis: — Let x denote the number of hours. Then, 
since the time, multiplied by the rate, will give the distance, 
2a; will denote the distance traveled by the first, and 3a: 
the distance traveled by the second. But the sum of the 
distances is 30 miles ; hence, 

2a; + 3a; = 5a; = 30 miles ; 
and if 5a; is equal to 30, x is equal to 30 divided by 5, 
which is 6 : hence, they will meet in 6 hours. 

WRITTEN. 

Let x denote the time in hours; then, 

2x = the distance traveled by the 1st; and 
3a; = u " 2d. 

By the conditions, 

2a; + 3a; = 5a; = 30 miles, the distance apart ; 

hence, x = — = 6 hours. 

5 

VERIFICATION'. 

2x6 = 12 miles, distance traveled by the first. 
3x6 = 18 miles, distance traveled by the second, 
30 miles, whole distance. 

8. Two persons are 10 miles apart, and are traveling id 
the same direction ; the first at the rate of 3 miles an hour, 
and the second at the rate of 5 miles: how long, before the 
second will overtake the first ? 
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Analysis. — Let x denote the time, in hours. Then, 3a 
will denote the distance traveled by the first in x hours; 
and bx the distance traveled by the second. But when 
the second overtakes the first, he will have traveled 10 miles 
more than the first : hence, 

bx — Sx = 2x = 10; 

if 2x is equal to 10, x is equal to 5 : hence, the second will, 
overtake the first in 5 hours. 

WRITTEN. 

Let x denote the time, in hours: then, 
Sx = the distance traveled by the 1st ; 
and, 5x = " " 2d; 

and, bx — Zx = 2x = 10 hours; 

or, x = — = 5 hours. 

VERIFICATION. 

3x5 = 15 miles, distance traveled by 1st. 
5 X 5 = 25 miles, " " 2d. 

25 — 15 = 10 miles, distance apart. 

9. A cistern, holding 100 hogsheads, is filled by two 
pipes ; one discharges 8 hogsheads a minute, and the other 
12 : in what time will they fill the cistern ? 

10. A cistern, holding 120 hogsheads, is filled by 3 pipes; 
the first discharges 4 hogsheads in a minute, the second 7, 
and the third 1 : in what time will they fill the cistern ? 

11. A cistern which holds 90 hogsheads, is filled by a pipe 
which discharges 10 hogsheads a minute ; but there is a 
waste pipe which loses 4 hogsheads a minute : how long 
will it take to fill the cistern ? 

12. Two pieces of cloth contain each an equal number of 
yards ; the first cost 3 dollars a yard, and the second 5, and 
both pieces cost 96 dollars : how many yards in each ? 

13. Two pieces of cloth contain each an equal number of 
yurds; the first cost 7 dollars a yard, and the second 5; the first 
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cost 60 dollars more than the second : how many yards in 
each piece ? 

14. John bought an equal number of oranges and lemons 
the oranges cost him 5 cents apiece, and the lemons 3 ; and 
he paid 56 cents for the whole : how many did he buy of 
each kind? 

15. Charles bought an equal number of oranges and 
lemons; the oranges cost him 5 cents apiece, and the 
lemons 3 ; he paid 14 cents more for the oranges than for 
the lemons: how many did he buy of each? 

16. Two men work the same number of days, the one 
receives 1 dollar a day, and the other two : at the end of 
the time they receive 54 dollars : how long did they work ? 
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1. John and Charles together have 25 cents, and Charles 
has 5 more than John : how many has each ? 

Analysis. — Let x denote the number which John has ; 
then, x + 5 will denote the number which Charles has, and 
x + x + 6, or 2x -f- 5, will be equal to 25, the number 
they both have. Since 2x + 5 equals 25, 2x will be 
equal to 25 minus 5, or 20, and x will be equal to 20 
divided by 2, or 10: therefore, John has 10 cents, and 
Charles 15. 

WBTlTJfiN. 

Let x denote the number of John's cents ; then, 
x 4- 5 = " Charles' cents ; and, 

x + x -f- 5 = 25, the number they both have ; or, 
2x + 5 = 25 ; and, 

2x = 25 — 5 = 20; hence, 

x = — =10, John's number; and, 

10 -f 5 = 15, Charles' number. 



J 
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VKBTFICATION. 




John*. 


Charles'. 






10 


+ 15 


= 25, 


the sum* 


Charles'. 


John's. 






15 


— 10 


= 5, 


the diffei 



2. James and John have 30 marbles, and John has 4 more 
than James : how many has each ? 

3. William bought 60 oranges and lemons; there were 
20 more lemons than oranges : how many were there of 
each sort? 

4. A farmer has 20 more cows than calves ; in all he has 
86 : how many of each sort? 

5. Lucy has 28 pieces of money in her purse, composed 
of cents and dimes; the cents exceed the dimes in number 
by 16 : how many are there of each sort ? 

6. What number added to itself and to 9, will make 29 ? 

7. What number added to twice its4l£ and to 4, will 
make 25 ? 

8. What number added to three times itself, and to 12, 
will make 60 ? 

9. John has five times as many marbles as Charles, and 
what they both have, added to 14, makes 44 : how many has 
each? 

10. There are three numbers, of which the second is twice 
the first, and the third twice the second, and when 9 is 
added to the sum, the result is 30 : what are the numbers ? 

11. Divide 17 into two such parts that the second shall 
be two more than double the first : what are the parts? 

12. Divide 40 into three such parts that the second shall 
be twice the first, and the third exceed six times the first 
by 4 : what are the parts? 

18. Charles has twice as many cents as James, and John 
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has twice as many as Charles ; if 7 be added to wliat they 
all have, the sum will be 28 : how many has each ? 

14. Divide 15 into three such parts that the second shall 
be 3 times the first, the third twice the second, and 5 over : 
what are the numbers ? 

15. An orchard contains three kinds of trees, apples, pears., 
and cherries; there are 4 times as many pears as apples, 
twice as many cherries as pears, and if 14 be added, the 
number will be 40 ; how many are there of each ? 



LESSON Vffl. 

1. John after giving away 5 marbles, had 12 left: how 
many had he at first ? 

Analysis. — Let x denote the number ; then, x minus 5 
will denote what he had left, which was equal to 12. Since 
as diminished by 5 is equal to 12, x will be equal to 12, 
increased by 5 ; that is, to 17 : therefore, he had 17 marbles. 

WRITTEN. 

Let x denote the number he had at first; then, 
« — 5 = 12, what he had left; and 

x = 12 + 5 = 17, what he first had. 

VERIFICATION. 

17 — 5 = 12, what were left. 

2. Charles lost 6 marbles and has 9 left: how many had 
he at first? 

8. William gave 15 cents to John, and had 9 left: how 
many had he at first ? 

4. Ann plucked 8 buds from her rose bush, and there 
were 19 left : how many were there at first ? 
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5. William took 27 cents from his purse, and there were 
13 left: how many were there at first? 

6. The sum of two numbers is 14, and their difference is 2: 
what are the numbers ? 

Analysis. — The difference of two numbers, added to the 
less, will give the greater. Let x denote the less number; 
then, x + 2, will denote the greater, and x ■+ x + 2, 
will denote their sum, which is 14. Then, 2x + 2 equals 
14; and 2x equals 14 minus 2, or 12: hence, x equals 
12 divided by 2, or 6 : hence, the numbers are 6 and 8. 

VERIFICATION. 

6 + 8 = 14, their sum ; and 
8 — 6 = 2, their difference. 

V. The sum of two numbers is 18, and their difference 6 : 
what are the numbers ? 

8. James and John have 26 marbles, and James has 4 more 
than John : how many has each ? 

9. Jane and Lucy have 16 books, and Lucy has 8 more 
than Jane : how many has each ? 

10. William bought an equal number of oranges and 
lemons ; Charles took 5 lemons, after which William had but 
25 of both sorts : how many did he buy of each ? 

11. Mary has an equal number of roses on each of two 
bushes ; if she takes 4 from one bush, there will remain 24 
on both : how many on each at first ? 

12. The sum of two numbers is 20, and their difference 
is 6 : what are the numbers ? 

Analysis. — If x denotes the greater number, x — 6 will 
denote the less, and x + x — 6 will be equal to 20 ; hence, 
2x equals 20 + 6, or 26, and x equals 26 divided by 2, 
equate 13 ; hence the numbers are 18 and 7. 
2 
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WKITUM. 

Let x denote the greater; then, 

a — 6 = the less ; and 
x + ob — 6 = 20, their sum ; hence, 
2« = 20 + 6 = 26; or, 

26 

a ss — = 13 ; and 18 — 6 = 7. 

2 * 

VJERIFICATION. 

13 + 7 = 20 ; and, 13 — 7 = 6. 

13. The sum of the ages of a father and son is 60 years, 
and their difference is just half that number : what are theii 
ages? 

14. The sum of two numbers is 23, and the larger lackf 
1 of being 7 times the smaller : what are the numbers ? 

15. The sum of two numbers is 50 ; the larger is equal to 
10 times the less, minus 5 : what are the numbers ? 

16. John has a certain number of oranges, and Charles 
has four times as many, less seven ; together they have 53 : 
how many has each ? 

17. An orchard contains a certain number of apple trees, 
and three times as many cherry trees, less 6 ; the whole num- 
ber is 30 : how many of each sort? 



LESSON IX. 

1. If as denotes any number, and 1 be added to it, what 
will denote the sum ? An*, x + 1. 

2. If 2 be added to as, what will denote the sum ? If 3 
be added, what ? If 4 be added ? Ac. 

If to John's marbles, one marble be added, twice his num- 
ber will be equal to 10 : how many had he ? 

Analysis. — Let x denote the number ; then, x + 1 wiD 
denote the number after 1 is added, and twice this number, 
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or 2« 4. 2, will be equal to 10. If 2a; + 2 is equal to 10, 
2x will be equal to 10 minus 2, or 8 ; or as will be equal to 4. 

WRITTEN". 

Let x denote the number of John's marbles ; then, 

x + 1 = the number, after 1 is added ; and 

2(a* + 1) = 2x + 2 = 10 ; hence, 

8 
2x = 10 — 2 ; or x = s = 4. 

VERIFICATION. 
2(4 + 1) = 2 X 5 = 10. 

4. Write x + 2 multiplied by 8. -4n*. 3(« + 2). 
What is the product ? Ans. 3s+6. 

5. Write x + 4 multiplied by 5. -4na. 5 (as + 4). 
What is the product ? Ans. 5as + 20. 

6. Write x + 3 multiplied by 4. -4n*. 4(as + 3). 
What is the product ? Ans. Ax + 12. 

7. Lucy has a certain number of books ; her father gives 
her two more, when twice her number is equal to 14 : how 
many has she ? 

8. Jane has a certain number of roses in blossom ; two 
more bloom, and then 3 times the number is equal to 15 : 
how many were in blossom at first ? 

9. Jane has a certain number of handkerchiefs, and buys 
4 more, when 5 times her number is equal to 45 : how many 
had she at first ? 

10. John has 1 apple more than Charles, and 3 times 
John's, added to what Charles has, make 15 : how many 
has each? 

Analysis. — Let x denote Charles' apples ; then x + 1 will 
denote John's ; and as 4 1 multiplied by 3, added to as, or 
8a? + 3 + as, will be equal to 15, what they both had; hence, 
4aj + 3 equals 15; and 4as equals 15 minus 8, or 12; and 
0s4. Write, and verify. 



9% INTRODUCTION. 

11. James has two marbles more than William, and twice 
his marbles plus twice William's are equal to 16 : how many 
has each? 

12. Divide 20 into two such parts that one part shall ex- 
ceed the other by 4. 

13. A fruit-basket contains apples, pears, and peaches; 
there are 2 more pears than apples, and twice as many 
peaches as pears; there are 22 in all: how many of each 
eort? , 

14. What is the sum of x + Sx + 2(x + 1) ? 

15. What is the sum of 2(x + 1) + l(x + 1) + «? 

16. What is the sum of x + % + 8) ? 

17. The sum of two numbers is 1 1, and the second is equal 
to twice the first plus 2 : what are the numbers ? 

18. John bought 3 apples, 3 lemons, and 3 oranges, for 
which he paid 21 cents ; he paid 1 cent more for a lemon 
than for an apple, and 1 cent more for an orange than for a 
lemon : what did he pay for each ? 

19. Lucy, Mary, and Ann, have 15 cents; Mary has 1 
more than Lucy, and Ann twice as many as Mary ? 
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1. If x denote any number, and 1 be subtracted from it, 
what will denote the difference ? Ans. x — 1. 

If 2 be subtracted, what will denote the difference ? If 
8 be subtracted ? 4 ? &c. 

2. John has a certain number of marbles ; if 1 be taken 
away, twice the remainder will be equal to 12 : how many 
has he? 

Analysis. — Let x denote the number ; then, x — 1 will 
denote the number after 1 is taken away ; and twice this 
number, or 2(x — 1) = 2x - 2, will be equal to 12. If 2a 
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diminished by 2 is equal to 12, 2x is equal to 12 plus 2, or 
14 ; hence, x equals 14 divided by 2, or 7. 

WRITTEN. 

Let x denote the number; then, 

x — 1 = the number which remained, and % 
2(« — 1) = 2x - 2 = 12 ; hence, 

2* = 12 + 2, or 14 ; and x = — = 7. 

9 2 

VERIFICATION. 

2(7-1) = 14 - 2 = 12 ; also, 2(7-1) = 2x6 = 12. 

3. Write 3 times as — l. Ans. Z(x — 1). 
What is the product equal to ? Ans. Zx — 8. 

4. Write 4 times x — 2. Ana. 4(x — 2). 
What is the product equal to? Ans. 4x — 8. 

5. Write 5 times 05 — 6. Ans, 5(x — 5). 
What is the product equal to ? Ans. 5x — 25. 

6. If a; denotes a certain number, will x — 1 denote a 
greater or less number ? how much less ? 

7. If x — 1 is equal to 4, what will x be equal to ? 

^4;w. 4 + 1, or 5. 

8. If x — 2 is equal to 6, what is x equal to ? 

9. James and John together have 20 oranges ; John has 
6 less than James : how many has each ? 

10. A grocer sold 12 pounds of tea and coffee ; if the tea 
be diminished by 3 pounds, and the remainder multiplied by 
2, the product is the number of pounds of coffee : how many 
pounds of each? 

11. Ann has a certain number of oranges; Jane has 1 less 
and twice her number added to Ann's make 13 : hew many 
has each ? 

Analysis. — Let x denote the number of oranges which 
Ann has; then, x - - 1 will denote the number Jane has, 



INTRODUCTION. 



and x + 2x — 2, or 3a — 2, will denote the number both 
have, which is 13. If 3oj — 2 equals 13, Sx will be equal 
to 13 + 2, or 15 ; and if 3a; is equal to 15, x will be equal 
to 15 divided by 3, which is 5 : hence, Ann has 5 oranges 
and Jane 4. 

wurrncN. 

Let x denote the number Ann has ; then, 
0*1= the number Jane has ; and 
2(x — 1) = 2os — 2 = twice what Jane has; also, 
CD + 2x — 2 = 305 — 2 = 13 ; hence, 

306 = 13 + 2 = 15 ; or x = — = 5. 

VERIFICATION. 

5 — 4 = 1; and 2x4 + 5 = 13. 

12. Charles and John have 20 cents, and John has 6 less 
than Charles : how many has each ? 

13. James has twice as many oranges as lemons in his bas- 
ket, and if 5 be taken from the whole number, 19 will re- 
main : how many had he of each ? 

14. A basket contains apples, peaches, and pears; 29 in 
all. If 1 be taken from the number of apples, the remainder 
will denote the number of peaches, and twice that remainder 
will denote the number of pears : how many are there of 
each sort? 

15. If 2as — 5 equals 15, what is the value of x? 

16. If Ax — 5 is equal to 11, what is the value of x? 
17 If 505 — 12 is equal to 18, what is the value of x? 

18. The sum of two numbers is 32, and the greater ex 
oeeds the less by 8 : what are the numbers ? 

19. The sum of 2 numbers is 9 ; if the greater number 
be diminished by 5, and the remainder multiplied by 3, the 
product will be the less number : whM are the numbers? 

20. There are three numbers such that 1 taken from the 
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first win give the second; the second multiplied by 3 will 
give the third ; and their sum is equal to 26 : what are the 
numbers ? 

21. John and Charles together have just 31 oranges; if 
1 be taken from John's, and the remainder be multiplied by 
5, the product will be equal to Charles' number : how many 
has each? 

22. A basket is filled with apples, lemons, and oranges, in 
all 26 ; the number of lemons exceed the apples by 2, and 
the number of oranges is double that of the lemons: how 
many are there of each? 



LESSON XL 

1. John has a certain number of apples, the half of which 
Is equal to 10 : how many has he? 

Analysis. — Let x denote the number of apples; then, 
x divided by 2 is equal to 10 ; if one half of as is equal to 
10, twice one-half of se, or a, is equal to twice 10, which is 
20 ; hence, x is equal to 20. 

Note. — A similar analysis is applicable to any one of the 
fractional units. Let each question be solved according to 
the analysis. 

2. John has a certain number of oranges, and one-third of 
his number is 15 : how many has he ? 

3. If one-fifth of a number is 6, what is the number? 

4. If one-twelfth of a number is 0, what is the number ? 

5. What number added to one-half of itself will give a 
Bum equal to 12? 

Analysis. — Denote the number by x ; then, x plus one 
half of x equals 12. But x plus one-half of x equals three 
halves of x: hence, three halves of x equal 12. If three 
halves of x equal 12, one-half of x equals one-third of 12, 
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or 4. If one-half of x equals 4, x equals twice 4, or 8, 
hence, x equals 8* 

WBlTl'JUi. 

Let x denote the number; then, 

1 3 

x + -x = rqj = 12 ; then, 

1 

-as = 4, or x = 8. 

VERIFICATION. 

8 + ? = 8 + 4 = 12, 

6. What number added to one-third of itself will give a 
sum equal to 12? 

7. What number added to one-fourth of itself will give 
a sum equal to 20 ? 

8. What number added to a fifth of itself will make 24? 

9. What number diminished by one-half of itself will 
leave 4 ? Why ? 

10. What number diminished by one-third of itself will 
leave 6 ? 

11. James gave one-seventh of his marbles to William, 
and then has 24 left : how many had he at first ? 

12. What number added to two-thirds of itself will give 
a sum equal to 20 ? 

13. What number diminished by three-fourths of itself 
will leave 9 ? 

14. What number added to five-sevenths of itself wLl 
make 24 ? 

15. What number diminished by seven-eighths of itself 
will leave 4 ? 

16. What number added to eiglt-ninths of itself will 
make 34? 
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CHAPTER L 

DEFINITIONS AND EXPLANATORY SIGNS. 

1. Quantity is anything which can be increased, 
diminished, and measured; as number, distance, weight, 
time, &c. 

To measure a thing, is to find how many times it con- 
tains some other thing of the same kind, taken as a stand- 
ard. The assumed standard is called the unit of measure* 

a. Mathematics is the science which treats of the 
measurement, properties, and relations of quantities. 

In pure mathematics, there are but eight kinds of quantity, 
and consequently but eight kinds of Units, viz. : Units of 
Number; Units of Currency ; Units of Length; Units of 
Surface; Units of Volume; Units of Weight; Units of 
Time; and Units of Angular Measure. 

3. Algebra is a branch of Mathematics in which the 
quantities considered are represented by letters, and the 
operations to be performed are indicated by signs. 

1. What is quantity ? What is the operation of measuring a thing? 
What is the assumed standard called ? 

2. What is Mathematics ? How many kinds of quantity are there in 
the pure mathematics ? Name the unite of those quantities. 

8. What is Algebra? 
1* 
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4* The quantities employed in Algebra are of two kinds, 
Known w& Unknown: 

Known Quantities are those whose values are given; 

and 
Unknown Quantities are those whose values are re- 
quired. 
Known Quantities are generally represented by the lead 
ing letters of the alphabet, as, a, ft, c, <fcc. 

Unknown Quantities are generally represented by the 
final letters of the alphabet ; as, as, y, s, Ac. 

When an unknown quantity becomes known, it is often 
denoted by the same letter with one or more accents ; as, 
a*', »", a". These symbols are read: x prime; x second; 
x third, <kc. 

5. The Sign of Addition, +, is called plies. When 
placed between two quantities, it indicates that the second 
is to be added to the first. Thus, a + b, is read, a plus ft, 
and indicates that ft is to be added to a. If no sign k 
written, the sign + is understood. 

The sign +, is sometimes called the positive sign, and the 
quantities before which it is written are called positive quan- 
tities, or additive quantities. 

6. The Sign of Subtraction, — , is called minus. When 
placed between two quantities, it indicates that the second 
is to be subtracted from the first. Thus, the expression, 

4. How many kinds of quantities are employed in Algebra ? How are 
they distinguished ? What are known quantities ? What are unknown 
quantities? By what are the known quantities represented? By what 
are the unknown quantities represented ? When an unknown quantity 
becomes known, how is it often denoted? 

6. What is the sign of addition called? When placed between two 
quantities, what does it indicate ? 

6. What is the sign of subtraction called ? When placed between two 
quantities, what does it indicate ? 
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c — d, read c minus d; indicates that d is to be subtracted 
from c. If a stands for 6, and d for 4, then a — d is equal 
to 6 — 4, which is equal to 2. 

The sign — , is sometimes called the negative sign, and the 
quantities before which it is written are called negative quern* 
sUies, or subtractive quantities. 

7. The Sign of Multiplication, x, is read, rmdtipliei 
fty, or into* When placed between two quantities, it indi- 
cates that the first is to be multiplied by the second. Thus, 
a x b indicates that a is to be multiplied by b. If a stands 
for 7, and b for 5, then, a X b is equal to 7 X 5, which is 
equal to 35. 

The multiplication of quantities is also indicated by simply 
writing the letters, one after the other ; and sometimes, by 
placing a point between them ; thus, 

a X b signifies the same thing as ab, or as a.b. 

a X b x c signifies the same thing as abc y or as a.b.c. 

§• A Factor is any one of the multipliers of a product. 
Factors are of two kinds, numeral and literal. Thus, in the 
expression, 5abc, there are four factors : the numeral factor % 
5, and the three literal factors, a, ft, and c. 

9. The Sign of Division, -t-, is read, divided by. When 
written between two quantities, it indicates that the first is 
to be divided by the second. 

7. How is the sign of multiplication read ? When placed between two 
quantities, what does it indicate ? In how many ways may multiplication 
be indicated? 

8. What is a factor ? How many kinds of factors are there f How 
many factors are there in Sabc ? 

9. How is the sign of divisionread ? When written between two quan- 
tities, what does it indicate ? How many ways are there of indicating 
division? 
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Here are three signs used to denote division. Thua, 
a -J- b denotes that a is to be divided by b. 

* denotes that a is to be divided by b. 

a | b denotes that a is to be divided by b. 

10* The Sign op Equality, =, is read, equal to. When 
written between two quantities, it indicates that they are 
equal to each other. Thus, the expression, a + b = c, in- 
dicates that the sum of a and b is equal to e. If a stands 
for 3, and b for 5, c will be equal to 8. 

11. The Sign op Inequality, > <, is read, greater 
than, or less than. When placed between two quantities, 
it indicates that they are unequal, the greater one being 
placed at the opening of the sign. Thus, the expression, 
a > b 9 indicates that a is greater than b ; and the expres- 
sion, c < d, indicates that c is less than d. 

19. The sign . • . means, therefore, or consequently. 

19* A Coefficient is a number written before a quan- 
tity, to show how many times it is taken. Thus, 

a + a + a + a + a = 5a, 

in which 5 is the coefficient of a. 

A coefficient may be denoted either by a number, or a 
letter. Thus, hx indicates that x is taken 5 times, and ax 



10. What is the sign of equality ? When placed between two quanti- 
ties, what does it indicate ? 

11. How is the sign of inequality read ? Which quantity is placed on 
the side of the opening ? 

12. What does . •. indicate? 

18. What is a coefficient? How many times is a ta*en in 5a. By 
what may a coefficient be denoted ? If no coefficient is written, what 
coefficient is understood? In 6ax, how many times is ax taken? Uow 
many times is x taken ? 
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Indicates that x is taken a times. If no coefficient is writ- 
ten, the coefficient 1 is understood. Thus, a is the same 
as la. 

14. An Exponent is a number written at the right and 
above a quantity, to indicate how many times it is taken as 
a factor. Thus, 

a X a ia written a\ 
a x a x a " a 3 , 
a x a x a x a " a 4 , 
&a, <fca, 

m which 2, 3, and 4, are exponents. The expressions are 
read, a square, a cube or a third, a fourth ; and if we have 
a M , in which a enters m times as a factor, it is read, a to 
the mth, or simply a, mth. The exponent 1 is generally 
omitted. Thus, a 1 is the same as a, each denoting that a 
enters but once as a factor. 

15* A Power is a product which arises from the multi- 
plication of equal factors. Thus, 

a X a = a 2 is the square, or second power of a. 
axaxa = a 3 is the cube, or third power of a. 
axaxaxa = a 4 is the fourth power of a. 
a X a X . . . . = at* is the mth power of a. 

16. A Root of a quantity is one of the equal factors. 

The radical sign, ^/ , when placed over a quantity, indi- 
cates that a root of that quantity is to be extracted. The 
root is indicated by a number written over the radical sign, 

« ll iiiiii. 

14. What is an exponent? In a', how many times is a taken as a fao* 
or? When no exponent is written, what is understood? 

15. What is a power of a quantity? What is the third power of 27 
Of 4? Of 6? 

16. What is the root of a quantity? What indicates a root? Wh« 
Indicates the kind of root ? What is the index of the square root ? Of 
the cube root ? Of the mth root ? 
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called an index. When the index is 2, it is generally omit- 
ted. Thus, 

V#> or y/o, indicates the square root of a. 

$/a indicates the cube root of a, 

\/a indicates the fourth root of a. 

l/a indicates the mth root of a. 

1?. An Algebraic Expression is a quantity written in 
algebraic language. Thus, 

o j is the algebraic expression of three times 
a \ the number denoted by a ; 
6a* i ** ^ e ^S^nao expression of five times 
( the square of a ; 
is the algebraic expression of seven times 
1o?b*\ the the cube of a multiplied by the 
square of b ; 
is the algebraic expression of the differ- 
8a — 5b 1 ence between three times a and five 
times b; 
is the algebraic expression of twice the 
square of a, diminished by three times 
the product of a by #, augmented by 
four times the square of b. 

18 A Term is an algebraic expression of a single quan- 
tity. Thus, 8a, 2ab y — 5a 2 ft 2 , are terms. 

19. The Degree of a term is the number of its literal 
factors. Thus, 

- j is a term of the first degree, because it contains but 
( one literal factor. 

17. What Is an algebraic expression 

18. What is a term? 

19. What is the degree of a term? What determines the degree of a term? 



20^ — Soft + 4i 2 
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-2 j is of the second degree, because it contains two lite* 
( ral factors. 

/ is of the fourth degree, because it contains four literal 
1a?b < factors. The degree of a term is determined by 
( the sum of the exponents of all its letters. 

80. A Monomial is a single term, unconnected with any 
other by the signs + or — ; thus, da 3 , $Pa> are monomials. 

21. A Polynomial is a collection of terms connected 
by the signs + or — ; as, 

3a — 5, or, 2a 3 — Si + 4ft 2 . 
29. A Binomial is a polynomial of two terms ; as, 

a + J, 3a 2 — c 2 , 6ab — c 2 . 
38. A Trinomial is a polynomial of three terms ; as, 

abc — a 3 + c 8 , ab — gh — /. 

24. Homogeneous Terms are those which contain the 
same number of literal factors. Thus, the terms, abCj — a 3 , 
+ c 3 , are homogeneous ; as are the terms, oft, — gh. 

95. A Polynomial is homogeneous, when all its terms 
are homogeneous. Thus, the polynomial, abc — a 3 + c?y is 
homogeneous ; but the polynomial, oft — gh — f is not ho- 
mogeneous. 

26* Similar Terms are those which contain the same 
literal factors affected with the same exponents. Thus, 

lab + Sab — 2aJ, 

^ ' — — »— — — — — — — ^— — — ^— i — — — — — — — — »— — ~— ^~ < 

20. What is a monomial ? 

21. What is a polynomial? 

22. What is a binomial? 

23. What is a trinomial? 

24. What are homogeneous terms ? 

25. When is a polynomial homogeneous ? 

26. What are similar terms ? 
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are similar terms; and so also are, 

4a?b 2 - 2a 2 * 2 — 3a 2 & 2 ; 
bat the terms of the first polynomial and of the last, are not 
similar. 

•T. The Vinculum, , the Bar | , the Farm* 

thesis, ( ) , and the Brackets, [ ] , are each used to con- 
nect several quantities, which are to be operated upon in the 
same manner. Thus, each of the expressions, 



a 



x 

(a + b + c) x as, 



a + b + c x x, f i 

+ e 

and [a + b + e] x «, 

indicates, that the sum of a, ft, and c, is to be multiplied 
by x. 

28. The Reciprocal of a quantity is 1, divided by that 
quantity; thus, 



a' a + V rf* 

are the reciprocals of 

a, a + o, — • 

c 

89. The Numerical Value of an algebraic expression, 
is the result obtained by assigning a numerical value to each 
letter, and then performing the operations indicated. Thus, 
the numerical value of the expression, 

ab + be + d, 

when, a = 1, b = 2, c = 3, and d = 4, is 

1X2 + 2x8 + 4 = 12; 

by performing the indicated operations. 



27. For what is the vincular used ? Point out the other ways in which 
this may be done ? 

28. What is the reciprocal of a quantity? 

29. What is the numerical value cf an algebraical expression? 
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EXAMPLES IN WETTING ALGEBRAIC EXPRESSIONS. 

1. Write a added to ft. Ana. a + ft. 

2. Write ft subtracted from a. Ana. a — & 

Write the following : 

3. Six times the square of a, minus twice the square of ft. 

4. Six times a multiplied by ft, diminished by 5 times o 
cube multiplied by d. 

5. Nine times a, multiplied by c plus cf, diminished by 

8 times b multiplied by d cube. 

0. Five times a minus ft, plus 6 times a cube into b 

cube. 

7. Eight times a cube into d fourth, into c fourth, plus 

9 times c cube into d fifth, minus 6 times a into J, into o 

square. 

8. Fourteen times a plus b> multiplied by a minus ft, 
plus 6 times a, into e plus c?. 

9. Six times a, into c plus d, minus 5 times ft, into a plus 
c, minus 4 times a cube ft square. 

10. Write a, multiplied by c plus <?, plus / minus g. 

11. Write a divided by ft + c. Three ways. 

12. Write a — ft divided by a + ft. 

13. Write a polynomial of three terms; of four terms; of 
five, of six. 

14. Write a homogeneous binomial of the first degree; of 
the second; of the third; 4th; 5th; 6th. 

15. Write a homogeneous trinomial of the first degree; 
with its second and third terms negative; of the second 
degree; of the 3rd; of the 4th. 

16. Write in the same column, on the slate, or black-board, 
a monomial, a binomial, a trinomial, a polynomial of four 
terms, of five terms, of six terms and of seven terms, and all 
of the same degree. 



42 XLEXEHTAKT ALOEBBi. 



INTERPRETATION OF ALGEBRAIC LANGUAGE. 

Find the numerial values of the following expressions, 

when, 

a = 1, i = 2, c = 3, d = i 

1. ab + be. Ans. 8. 

2. a + be + d\ Ans. 11. 
8. adf +- 6 — c -4n*. 3. 

4. ab + be — dL Ans. 4. 

5. (a + b) <? — d. -4/w. 23. 

6. (a + ft) (d — ft.) -4n«. 6. 

7. (aft + ad) c + d. Ans. 22. 

8. (ab -\ c) (ad — a). <4n*. 15. 

9. 3a 2 »* - 2(a + rf + 1). .4n*. 0* 

10. ?-i-? X (a + d). -4»* 10. 

„ a 2 + y 4- c* a 3 + y + c* - rf . __ 

11. t- x r • Ans. 32. 

7 2 

, A aft 4 — e — a 3 4a 2 — b + d 3 - 

12. - x - -4n<. 4. 

Find the numerical values of the following expressions! 

when, 

a = 4, 6 = 3, c = 2, and rf = 1. 

13. - — ~ + c — dL -<£n*. 2. 
~m „/o& a — d\ 

14 - 5 (t — §-)• ^ M - 15 - 

19. [(a*b + l)(f] -r (o*ft + d). Ana. 1. 

16. 4\abe — — 1 X (30c» — a^d 3 ). -4n*. 11088. 

,„ a + b + e , a5crf , 4a»+y -<f» 

1". — — . , , ^ j- -\ r — r- ? • . Ana. 14i. 

a — o + a ab be + b * 
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CHAPTER IL 

FUNDAMENTAL O PEE AT IONS. 
ADDITION. 

80* Addition is the operation of finding the simplest 
equivalent expression for the aggregate of two or more 
algebraic quantities. Such expression is called their Sum. 



When the terms are similar and have like eigne. 

| + a 

31* 1. What is the sum of a, 2a, 3a, and 4a? + 2a 

Take the sum of the coefficients, and annex the _|_ $ a 

literal parts. The first term, a, has a coefficient, + 4 a 

1, understood (Art. 13). 



2. What is the sum of 2o&, Soft, Gab, and ab. 
When no sign is writtten, the sign + is under- 
stood (Art 5). 



Add the following : 

(3.) (4.) 

a Sab 

a lab 



+ 10a 

2ab 

Sab 

6aft 

ab 



12ad 



+ 2a 



15aft 



(5.) 

lae 
5ac 

12ao 



(6.) 

+ 4abe 
Sabe 



+ *labc 



30. What is addition? 

81. What is the rule for addition when the terms are similar and have 
like signs ?\ 
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<»•) (8.) (9.) (10.) 

— Sabc — Sad — 2adf — 9aibd 

— 2abc — 2ad — badf — 16aW 

— Softc — had — 8cw(f — 24a6<? 

Hence, when the terms are similar and have like signs : 

BULB. 

I 

\ 

Add the coefficients, and to their sum prefix the common 
sign; to this, annex the common literal part. 

EXAMPLES. 

(11.) (12.) (13.) 

9ab + ax 8oc* — 36* 15ai 3 c* — 12ab<? 

Sab + Sax lac? — 8b* 12a6V — Uabc? 

12ab + 4aas Sac* — 9b* abW — abc? 

When the terms are similar and have unlike signs. 

39. The signs, -f and — , stand in direct opposition to 
each other. 

If a merchant writes 4- before his gains and — before Ms 
losses, at the end of the year the sum of the pins numbers 
will denote the gains, and the sum of the minus numbers 
the losses. If the gains exceed the losses, the difference, 
which is called the algebraic sum, will be plus ; but if the 
losses exceed the gains, the algebraic sum will be minus. 

1. A merchant in trade gained $1500 in the first quarter 
of the year, $3000 in the second quarter, but lost $300G in 
the third quarter, and $800 in the fourth : what was the re- 
sult of the year's business? 

1st quarter, + 1500 3d quarter, — 3000 

2d " 3000 4th " — 800 

-f 4500 — 8800 

+ 4500 — 3800 = + 700, or $700 gam. 

89. What is the rule when the terms are similar and have unlike eigne? 
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2. A merchant in trade gained #1000 in the first quarter, 
and $2000 the second quarter ; in the third quarter he lost 
$1500, and in the fourth quarter $1800 : what was the result 
of the year's business? 

1st quarter, + 1000 3d quarter — 1500 

2d " + 2000 4th " — 1800 

+ 3000 — 3300 

+ 3000 — 3300 = — 300, or $300 loss. 

3. A merchant in the first half-year gained a dollars and 
lost b dollars ; in the second half-year he lost a dollars and 
gained b dollars : what is the result of the year's business ? 

1st half-year, + a — b 

2d " - a + b 

Result, 

Hence, the algebraic sum of a positive and negative quan- 
tity is their arithmetical difference, with the sign of the 
greater prefaced. Add the following : 

Bab 4ac& — 4a 2 ft 2 c* 

Bob — 8ocft* + 6a 2 5 2 c 2 

— Qab acb 2 — 2a 2 b 2 c* 

5ab — 3acb 2 

Hence, when the terms are similar and have unlike signs : 

L Write the similar terms in the same column: 
H. Add the coefficients of the additive terms, and also 

the coefficients of the subtractive terms : 
HL Take the difference of these sums, prefix the sign 

of the greater, and then annex the literal part. 

EXAMPLES. 

1. What is the sum of 

2a 2 6 3 - 6a 2 & +1a 2 & + 6a 2 b 3 - llaW? 
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Having written the similar terms in the same 
column, we find the sum of the positive coeffi- 
cients to be 15, and the sum of the negative 
coefficients to be — 16 : their difference is — 1 ; 
hence, the sum is — a 2 b\ 



2a 2 ft* 

- 5a 2 ft» 
+ laW 
+ 6a 2 ft» 

- lla 2 ^ 



2. What is the stun of 
8a 2 ft + 5a 2 6 — 8a 2 » + 4a 2 ft — 6a 2 ft — a 2 ft? Ans. 2a 2 ft. 

8. What is the sum of 
12a 8 *o»— 4a»fto*+ 6a 3 W- 8a 3 ftc»+ lla 3 ftc»? Ans. l7a 3 8A 

4. What is the sum of 

ia*b — 8a 2 ft — 9a 2 ft + lla 2 ft? Ana. — 2a 2 ft 

5. What is the sum of 

lobe? — aftc 2 — 1ob<? + 8abc* + Baftc 2 ? Ans. ISaftA 

6. What is the sum of 

to* 3 - Scft 3 — Sac i + 20cb 3 + Ooc 8 — 24c* 3 ? Ans. + ac . 

7b add any Algebraic Quantities. 

88. 1. What is the sum of 8a, 5ft, and — 2c? 
Write the quantities, thus, 

8a + 5ft — 2c; 

which denotes their sum, as there are no similar terms. 

2. Let it be required to find the sum of the quantities, 

2a 1 - 4aft 
3a 2 - Soft + ft 2 

2ab — 5ft* 

5a 2 — hob - 4ft 2 



88. What is tlie rale for the addition of any algebraic quantities? 
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From the preceding examples, we hare, for the addition 
of algebraic quantities, the following 

BULB. 

L Write the quantities to be added\ placing similar terms 
in tiie same column, and giving to each its proper sign : 

IL Add up each column separately and then annex the 
dissimilar terms with their proper signs. 

EXAMPLES. 

1. Add together the polynomials, 
Za z — 2ft 2 — 4oft, 5a 2 — ft 2 + 2oft, and Soft - So 3 — 2ft*. 



The term 3a 3 being similar to 
5a 2 , we write 8a 2 for the result 
of the redaction of these two « 
terms, at the same time slightly 
crossing them, as in the first term. 



bfr + 2jft - P 

+ Zitb — 2& — 3^ 

8a 2 + aft - 6ft 2 - 3c 2 



Passing then to the term — 4oft, which is similar to 
4- 2aft and + 8oft, the three reduce to +. oft, which is 
placed after 8a 2 , and the terms crossed like the first term* 
Passing then to the terms involving ft 2 , we find their sum 
to be — 5ft 2 , after which we write — 8c 2 . 

The marks are drawn across the terms, that none of them 
may be overlooked and omitted* 

(2.) (8.> (4.) 

labc + 9o& Sax 4 3ft 12a — 6c 

— 3aftc — Sax box — 9ft — 3a — 9c 

4aftc + box IZax — 6ft 9a — 15c 

Note. — If a = 5, ft = 4, c = 2, x = 1, what are the 
numerical values of the several sums above found? 
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(5.) 


(«•) 


(».) 


**+/ 


Qax — Sac 


3a/ + + m 


6a + 9 


— 7oas — 9ac 


ay — 3d/ — m 


2a-f 


ax + 17ac 


a* — ag+ %g 


(8.) 




(9.) 


1x + Sab + Be Bx 2 + 


9acas + 13a 2 5V 


-das — 3o6 


— 5c — 1x* — 


\Zacx + 14a 2 6 2 c* 


bx — 9o6 


— 9c — 4a? + 


4o«b — 20a 2 6 2 c 2 



(10.) (11.) 

22A — 3c — 7/ + 3y 19aA 2 + 9a*b 4 — ftia 8 

3A -f 8c — 2/ — 9y + 5x - !7aA 2 - 9a 3 6 4 + 9ase" 



(18.) (13.) 

la — 9y + hz + 3 — g 8a + 6 

— as — 3y — 8 — 2a — # + c 

— as -f y — 3s + 1 + 7y — 3a + b + 2d 

— 2as + 6y + 3a — 1 — g — 66 — 3c + Zd 

14. Add together — b + 3c— d — 115c 4-6/— 5y, 36 

— 2c — 3d -r c + 27/, 5c — 8tf + 8/ — 7y, — 76,— 6c 
+ I7c?+9C -5/-i-lly, — 36 — 5tf— 2c + 6/-9y + A. 

4n«. — 86 — 109c + 37/ - lOg + A. 

15. Add together the polynomials 7a 2 6 — 3a6c — 86*c 

— 9c 3 + cd\ Sabc— 5a 2 6 + 3c 3 — 46 2 c + erf 2 , and 4a 2 6 

— 8c 3 4- 96 2 c — 3d>. 

Ana. 6a 2 6 + 5a6c — 86 2 c — 14c 3 + 2ctf 2 — 3rf 3 . 

16. What is the Bum of; 5a 2 6c + 66as — 4af, — 3a 2 6c 

— 66a? + 14a/, — a/+ 96as + 2a 2 6c, + 6c/— 86a5 + 6a 2 6c? 

Ans. 10a 2 6c + 6as + Ibqf. 

17. What is the sum of a 2 * 2 + 3a 3 m + 6, — 6a 2 w 2 
— 6cPm - 6, + 96 - 9a 3 m — 5a 2 w 2 ? 

An*. - 10a 2 ra 2 — 12a 3 fn + 96. 
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18. What is the sum of 4a 3 ft 2 c — 16a*aj — 9a# 3 <Z, 
-f- 6a 3 ft 2 c - Gaafid + I7a 4 s, + IGa&d — a 4 « — 9a 3 ft 2 c? 

Ana. a z b 2 c + osc 3 ^ 

19. What is the sum of — 1g + 3ft + 4g — 2ft 4- 3^ 
>— 3ft + 2ft? .4n*. 0. 

20. What is the sum o£ ab + Say — m — w, — tey 

— 8m + lln + cd 9 + dxy + 4m — lOw +/^? 

-4*w. ab + cd + j^ 

21. What is the sum of 4xy + n + Qax + 9am, — 6«y 
+ 6w — 6aas — 8am, 2xy — 7/i + ax — am? -4n*. + aft. 

(22.) (23.) (24.) 

2(a + b) 5(a 2 - c 2 ) 9^ - a/ 3 ) 

8(a + ft) - 4(a 2 - c 2 ) ^(c 3 — a/ 3 ) 

2(a + ft) — l(a 2 - c 2 ) - 10(c 3 - a/ 3 ) 

?(a + 5) 6(c 3 — a/ 3 ) 

Note. The quantity within the parenthesis must be 
regarded as a single quantity. 

25. Add 3a(^ 2 - A 2 ) — 2a(^ 2 — A 2 ) + 4a(^ 2 - A 2 ) 
+ 8a(^ 2 — A 2 ) — 2a(^ 2 - A 2 ). Ana. \la(g* - A 2 ). 

26. Add 3c(a 2 c - J 2 ) - 9c(a 2 c - ft 2 ) - lc(a 2 c — ft 2 ) 
+ Uc(a 2 e — ft 2 ) + c{a 2 c — ft 2 ). Am. Zc{a 2 e — ft 2 ). 

34. In algebra, the term add does not always, as in 
arithmetic, convey the idea of augmentation ; nor the term 
sum, the idea of a number numerically greater than any of 
the numbers added. For, if to a we add — ft, we have, 
a — ft, which is, arithmetically speaking, a difference be- 
tween the number of units expressed by a, and the number 

84. Do the words add and sum, in Algebra, convey the same ideas aa 
In Arithmetic. What is the algebraic sum of 9 and — 4 ? Of 8 and 

- 2 ? May an algebraic sum be negative ? What is the sum of 5 and 
— lOt How are such sums distinguished from arithmetical sums f 

3 
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of units expressed by b. Consequently, this result is un 
merically less than a. To distinguish this sum from an 
arithmetical sum, it is called the algebraic sum. 



SUBTRACTION. 

gff. Subtraction is the operation of finding the differ- 
ence between two algebraic quantities. 

36* The quantity to be subtracted is called the Subtra- 
hend ; and the quantity from which it is taken* is called the 
Minuend. 

The difference of two quantities, is suck a quantity as 
added to the subtrahend will give a sum equal to the min- 
uend. 

EXAMPLES. 

1. From 11a take 6a. 



In this example, 17a is the minuend, and 6a 
the subtrahend: the difference is 11a; because, 
11a, added to 6a, gives 17a. 



OPXBATIOH. 

17a 
6a 

11a 



The difference may be expressed by writing the quantities 

thus: 

17a — 6a = 11a; 

in which the sign of the subtrahend is changed from + 
to -. 

2. From 15a; take — 9x. 

The difference, or remainder, is such a quantity, opmnoi 
as being added to the subtrahend, — 9aj, will 
give the minuend, 15x. That quantity is 24a, 
*nd may be found by simply changing the sign 24a 



15* 
— 9a 



OPZBATIO*. 

10ax 

+ a-b 

Rem. lOax — a + ft 
add -j- a — ft 
lOoo 
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of the subtrahend, and adding. Whence, we may write, 

15a; — (— 9as) = 24a. 

3. From lOax take a — ft. 

The difference, or remainder, is such a quantity, as added 
to a — ft, will give the minuend, lOax: what is that quan- 
tity? 

If you change the signs of both 
terms of the subtrahend, and add, 
you have, lOax — a + ft. Is this 
the true remainder ? Certainly. 
For, if you add the remainder to 
the subtrahend, a — ft, you obtain 
the minuend, lOax. 

It is plain, that if you change the signs of all the terms 
of the subtrahend, and then add them to the minuend, and 
to this result add the given subtrahend, the last sum can be 
no other than the given minuend ; hence, the first result is 
the true difference, or remainder (Art. 36). 

Hence, for the subtraction of algebraic quantities, we have 
the following 

BULB. 

L Write the terms of the subtrahend under those of the 
minuend, placing similar terms in the same column : 

IL Conceive the signs of all the terms of the subtrahend 
to be changed from + to — , or from — to +, and then 
proceed as in Addition. 





EXAMPLES 
(1.) 


OF 


MONOMIALS. 

(2.) 


(8.) 


From 


dab 




6ax 


9ofto 


take 


2ab 




Sax 


lobe 


Rem* 


ab 




Sax 


2abe 
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From 
take 

Rem. 



From 
take 

Rem. 

10. From 
21. From 

12. From 

13. From 

14. From 

15. From 

16. From 

17. From 

18. From 

19. From 

20. From 

21. From 

22. From 
28. From 

24. From 

25. From 

26. From 
21. From 

28. From 

29. From 



I6a 2 b 2 e 
9a 2 b 2 c 

laWe 

Sax 
8c 



(5.) 

11a 3 b 3 c 
Sa 3 b 3 e 

14o 3 J 3 c 

(8.) 

4abx 
9ac 



(6.) 

24a 2 V 2 x 
1a 2 Px 

HtflPx 

(9.) 

2am 
ax 



Sax — 8c 4a&e — &ac 2am — ax 



9a 2 P take Sa 2 b 2 . 
16a*«y take — lSa^xy. 
12aty 3 take 8a*y\ 
19a fi kC 8 y take — \%aWy. 
Sa 2 W take 3a 3 ft 2 . 
1a 2 b 4 take Ga*b\ 
SaP take a 2 b*. 
opy iake y 2 ^. 
Sx 2 y* take xy. 
%a 2 y**x take xyz. 
$a 2 b 2 take — Sa 2 b 2 . 
Ua 2 y 2 take — 20a 2 y 2 . 

— 24a 4 £ 5 take 16a 4 #>. 

— 13a?y take — 14aV. 

— 47a 3 a 2 y take — bab&y. Arts. — 42a 3 se 2 y. 

— 94a 2 a 2 take Satx 2 . Ans. — 97a 2 se 2 
a + x 2 take — y 3 . Ans. a + x 2 + y 3 
a 3 + b 3 take — a 3 — 6 3 . ,4n* 2a 3 + 25 3 

— IQdhPy take — 19a 2 sc 3 y. -4n*. + Sa^y. 
a 2 — x 2 take a 2 + a 2 . .4ra$. — 2aj*. 



-4ra*. 6a 2 8*. 

-4n*. Sloftey. 

*4n#. 4a 4 y 3 . 

-4n*. 37a 6 a5 8 y. 

Ans. Sa 2 b 3 — 3aW. 

^ln«. 7a 2 & 4 — 6a 4 & 2 . 

Ans. Sab 2 — a 2 b 5 . 

Ans. x*y — y 2 ^. 

-4;w. 3<e 2 y 3 — ay. 

Ana. Qa 2 y 3 x — ays. 

-4w*. 12a 2 * 2 . 

Ans. 34a 2 y 2 . 

-4tw. — 40a 4 6 5 . 

Ans. a^y 4 . 
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GENEBAL EXAMPLES. 



(i.) m (i.) 

Prom 6oc — Soft + c 2 • ©. Qac — Soft + & 

take Sac + Sab + 7c sf^ — 3oc — 3oft — 7c 



v - ■ © 



J 



Rem. 3oc — 8oft + c 2 — 7c.£j|'| Sac — 8aft + c 2 — 7c* 

(2.) (3.) 

From 6ckb — a + 3ft 2 6yx — Sufi + 5b 

take 9ax — as -f b 2 yx — S + a 

Kem. — Sax — a + x + 2ft 2 . 5ya; — 3<e 2 + 3 -f 5ft — a. 

(4.) (5.) 

From 5a 3 — 4a 2 ft + 3ft 2 c 4aft — cd+Sa 2 

take — 2a 3 + 3a 2 ft — Sft 2 *? 5aft - 4cd + 3a 2 + 5ft 2 

Rem. 7a 3 — 7a 2 ft + llft 2 c. — ab + Scd— 5ft 2 . 

6. From a + 8 take c — 5. -4*w. a — e + 13. 

- 7. From 6a 2 — 15 take 9a 2 + 80. Am. — 3a 2 — 45. 

8. From 6ay — 8a 2 c 3 take — Ixy — aV. 

Am. lSxy — 7a 2 c* 

9. From a + c take — a — c. -4/w. 2a + 2c 

10. From 4(a + ft) take 2(a + ft). Am. 2(a + ft) 

11. From 3(a + x) take (a + x). -4n*. 2(a + x) 

12. From 9(a 2 — sj 2 ) take - 2(a 2 — a 2 ). 

uiw«. ll(a 2 — a 2 ) 

13. From 6a 2 — 15ft 2 take — 3a 2 + 9ft 2 . 

Arts. 9a 2 — 24ft 2 

14. From 3a w — 2ft» take a m — 2ft". Am. 2a". 

15. From 9c 2 m 2 — 4 take 4 — 7c 2 m 2 . Am. IQchn 2 — 8. 

16. From 6am + y take 3am — x Am. Sam + x + y 

17. From Sax take 3og — y. Am. + y* 
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18. Prom — *lf + 8m — &e take — 6/ — 5m — 2x + 
3d + 8. An*. — / + 8m — 6« — 3d — 8. 

19. From — a — 5ft + 1c + d take 4ft - c + 2tf + 2*. 

-4n*. — a — 9ft + 8c — d — 2*. 

20. From — 3a + ft — 8c + le — 5/+ 3A — to — 13e/ 
take £ + 2a — 9c + 8c — fre + If — y — Si — fe 

-4n*. — ha + ft + c — e — 1 ^ + 3A — 12y + 8i 

21. From 2x — 4a — 2ft + 5 take 8 — 5ft + a + 6sc 

-4n*. — 4x — 5a + 8ft — 8. 

22. From 3a + ft + c — d — 10 take c + 2a — d. 

An*, a + ft — 10. 

23. From 8a + ft + c — tf— 10 take ft — 19 + 8a. 

An*, e — d + 9. 

24. From a 3 + 3ft 2 c + aft 2 — aftc take ft 3 + oft 2 — oftc 

An*, a 3 + 3ft 2 c — ft 3 . 

25 From \2x + 6a — 4ft + 40 take 4ft — 3a + 4a + 
6d — 10. An*. Sx + 9a — 8ft — Gd + 50. 

26. From 2x — 3a + 4ft + 6c — 50 take 9a + x + 6ft 

— 6c — 40. An*, x — 12a — 2ft + 12c — 10. 

27. From 6a — 4ft — 12c + 12a; take 2x — 8a + 4ft 

— 6c. An*. 14a — 8ft — 6c + 10a. 

38. In Algebra, the term difference does not always, as 
in Arithmetic, denote a number less than the minuend. For, 
if from a we subtract — ft, the remainder will be a + ft ; 
and this is numerically greater than a. We distinguish 
between the two cases by calling this result the algebraic 

difference. 

— — - ■ —^^— — ■ — ^^— — ^— ■ — — — — — « 

88. In Algebra, as in Arithmetic, does the term difference denote a 
number less than the minuend f How are the results in the twe cases, 
distinguished from each other t 
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39. When a polynomial is to be subtracted from an al- 
gebraic quantity, we inclose it in a parenthesis, place the 
minus sign before it, and then write it after the minuencL 
Thus, the expression, 

6a a — (Sab — 2J 2 + 2bc) 9 

indicates that the polynomial, Sab — 2b 2 + 25c, is to be 
taken from 6a 2 . Performing the operations indicated, by 
the rule for subtraction, we have the equivalent expression : 

6a 2 — Sab + 2b 2 — 2bc. 

The last expression may be changed to the former, by 
changing the signs of the last three terms, inclosing them in 
a parenthesis, and prefixing the sign — . Thus, 

6a 1 — Sab + 2b 2 — 2bc = 6a 2 — (Sab - 2b 2 + 2bc). 

In like manner any polynomial may be transformed, as in- 
dicated below : 

la 3 — Ba 2 b — 4b 2 c + 6b 3 = la 3 — (Sa 2 b + 4b 2 c — 6J 3 ) 

= la 3 — Sa 2 b - (4b 2 c - 6b 3 ). 

8a 3 - lb 2 + c - d = 8a 3 — (lb 2 - e + d) 

= 8a 3 - lb 2 - (- c + d). 

9fts _ a + 3a 2 _ # = 0j3 _ ( a — 3a 2 + d) 

= 95 3 — a — (— 8a 2 + d). 

Note. — The sign of every quantity is changed when it is 
placed within a parenthesis, and also when it is brought out. 

40. From the preceding principles, we have, 

a — (+ b) = a — b; and 
a — (— b) = a + b. 

fc ■ ■ ■ I — ^— — — ■ ■ ■ , ^"^^— * ■ W ~~ — — ■ ' ■■ 11 ■ ■■ II ■ ■■ 

89. How is the subtraction of a polynomial indicated ? How is this 
Indicated operation performed ? How may the result be again put under 
the first form ? What is the general rule in regard to the parenthesis ? 

40. What is the sign which immediately precedes a quantity called? 
What is the sign which precedes the parenthesis called ? What is the 
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The sign immediately preceding b is called the sign qf the 
quantity; the sign preceding the parenthesis is called the 
sign of operation ; and the sign resulting from the combine 
ation of the signs, is called the essential sign. 

When the sign of operation is different from the sign of 
the quantity, the essential sign will be — ; when the sign of 
operation is the same as the sign of the quantity, the essen- 
tial sign will be +• 



MULTIPLICATION. 

41* 1. If a man earns a dollars in 1 day, how much will 
he earn in 6 days? 

Analysis. — In 6 days he will earn six times as much as in 
1 day. If he earns a dollars in 1 day, in 6 days he will earn 
6a dollars. 

2. If one hat costs d dollars, what will 9 hats cost? 

Ans. 9d dollars. 

3. If 1 yard of cloth costs c dollars, what will 10 yards 
cost? Ans. 10c dollars. 

4. If 1 cravat costs b cents, what will 40 cost? 

Ans. 40} cents. 

5. If 1 pair of gloves costs b cents, what will a pairs 
cost? 

Analysis. — If 1 pair of gloves cost b cents, a pairs will 
cost as many times b cents as there are units in a : that is, 
b taken a times, or ab ; which denotes the product of b 
by a, or of a by b. 

resulting sign called? When the sign of opei ation is different from the 
Bign of the quantity, what is the essential sign ? When the sign of ope- 
ration is the same as the sign of the quantity, what is the essential sign? 
41. What is Multiplication? What is the quantity to be multiplied 
called? What is that called by which it is multiplied? What is the 
result called? 
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Multiplication is the operation of finding the product 
of two quantities. 

The quantity to be multiplied is called the Multiplicand; 
that by which it is multiplied is called the Multiplier ; and 
the result is called the Product. The Multiplier and Multi- 
plicand are called Factors of the Product. 

6. If a man's income is 3a dollars a week, how much will 
he receive in 4b weeks ? 

3a x 4b = 12ab. , 

If we suppose a = 4 dollars, and b = 3 weeks, the pro- 
duct will be 144 dollars. 

Notb. — It is proved in Arithmetic (Davies' School, Art. 48. 
University, Art. 50), that the product is not altered by chang- 
ing the arrangement of the factors; that is, 

12ab = axbx 12 = bxax 12 =ax 12 xb. 

MULTIPLICATION OP POSITIVE MONOMIALS. 

42. Multiply 3a 2 ft 2 by 2a 2 b. We write, 

Ba 2 b 2 X 2a 2 b = 3x2x a 2 X a 2 x 5 2 X ft 

= 3 x 2 aaaabbb; 

in which a is a factor 4 times, and b a factor 3 times ; 
hence (Art. 14), 

3a 2 £ 2 X 2a 2 b = 3 x 2a*b 3 = 6a 4 b 3 , 

in which we multiply the coefficients together^ and add the 
exponents of the like Utters. 

The product of any two positive monomials may be found 
in like manner ; hence the 

BULB. 

I. Multiply the coefficients together for a new coefficient : 
II. Write after this coefficient all the letters in both mono- 

m - — - - — -.■! - ■ .i , — _ ■ --■■■■ ■ .- ■ ■ i ■■ ■ ■- .__ - ■ ■ — ■ _■■■■ ■■■■,_■■■ ■ ,i ii^ »^ 

42. What id the rule foi multiplying one monomial by another ? 
3* 
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muds, giving to each letter an exponent equal to the sum qf 
its exponents in tJie two factors. 



EXAMPLES. 



1. 

2. 
3 



Multiply 
by 



Ba^bc 1 X labd* = 5Ga*b 2 c*cP. 
21a 3 5 2 ctf X Babe* = 168aWc*dL 
Aabo X 1c(f = 2Babc€(f. 



(4.) 
Sa 2 b 
2a*b 

6a«& 2 



a) 

cfocy 

2xy 2 

2a 2 a 2 y 3 



(5.) 

12a*g 
12^ 

144a 2 aj 3 y 

(8.) 

3aft 2 c3 
0a 2 £ 3 c 



27a 3 £ 6 c 4 



(6.) 

ayH 
CaseyV 

(9.) 

3& 3 sey 

261aft 3 a: 8 y 4 

Ans. SOaWa 8 . 
-4;w. lOaWcPd. 



10. Multiply Sa 3 ^ by GcV. 

11. Multiply lOaW by factf. 

12. Multiply 86a 8 5W 5 by 20aftW 4 . uin*. I20a*b*&d* 

-4n*. 15a" 1 +1 5" 

-4n«. 18a* +2 ft»+ 3 ( 

Ans. 54cr +6 ft*+" 

-4n*. lOfl^+'^+f, 

-4w*. 10flr +1 5* + V 

.4n*. 18a 5 J" +2 e* +2 



18. Multiply 5a* by 3ai\ 

14. Multiply 3a"J 3 by 6a 2 i". 

15. Multiply 6a m J» by 9a 6 & 7 . 

16. Multiply 5a m b n by 2a* J«. 

17. Multiply 5a m b % e 2 by 2ab*c. 

18. Multiply 6a 2 J»c* by SaWc 2 . 

19. Multiply 20a 5 J*ctf by 12a 2 a 2 y. -4/w. 240a 7 & 5 afo 2 y 

20. Multiply 14a 4 6 6 tf 4 y by 20a 3 c 2 « 2 y. -4. 280a 7 ft 6 c 2 rf 4 aj 2 y 2 

21. Multiply 8a 3 ftV by la 4 bxy*. Ans. 5Qa 1 bhn/K 

22. Multiply I5axyz by &a*bcdo&y\ Ans. SlSafibcdafy 3 * 
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23. Multiply 64a 3 m 5 a 4 ya by 8aftV. A. 512a 4 5 2 c 3 m 5 «j | y«. 

24. Multiply 9a 2 b 2 c 2 d 3 by 12a 3 ft 4 c 6 . Am. lOSaWtf 3 , 

25. Multiply 216aftW 8 by 3a 3 ft 2 c*. Ans. 648a 4 ft 9 c 8 df t 

26. Multiply 70a 8 ftW 2 /a? by Ha'ftVcfeV- 

-4ws. 840a 15 6 12 c 7 tf 3 /ay. 



MULTIPLICATION OF POLYNOMIALS. 



a- J 

c 



ae — be 




8 — 8 = 


5 


7 . . • 


7 



56 — 21 = 35 



43. 1. Multiply a — b hy c. 

It is required to take the difference 
between a and ft, c times; or, to 
take c, a — ft times. 

As we can not subtract b from c, 
we begin by taking a, c times, which 
is ac ; but this product is too large 
by b taken c times, which is be ; 
hence, the true product is ac — be. 

If a, by and c, denote numbers, as a = 8, 5 = 3, and 
c = 7, the operation may be written in figures. 

Multiply a — b by c — d. 



It is required to take a — ft as 
many times as there are units in 
« — d. 

If we take a — ft, c times, we 
have ac — ftc ; but this product is 
too large by a — ft taken d times. 
But a — ft taken <? times, is ad—db. 
Subtracting this product from the 
preceding, by changing the signs of 
its terms (Art. 37), and we have, 



a - 


-ft 






c - 


-rf 






ac- 


-ftc 








- ac? + bd 




ac- 


-bc- 


■ ad + bd 


8 


— 3 


MM 


5 


7 


— 2 


= 


5 


56 


— 21 








— 16 + 6 




56 


- 37 - 


f 6 = 


25 



(a — ft) -f (a — c) = aft — Jc — a J + ft£ 
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Hence, we have the following 

BULB FOB THB SIGNS. 

L When the factors have like signs, the sign of their 
product will be + : 

IX When the factors have unlike signs, the sign of their 
product will be — .' 

Therefore, we say in Algebraic language, that + multi- 
plied by +, or — multiplied by — , gives +; — multi- 
plied by + or + multiplied by — , gives — . 

Hence, for the multiplication of polynomials, we have the 
following 

BULB. 

Multiply every term of the multiplicand by each term of 
the multiplier, observing that like signs give +, and unlike 
signs — / then reduce the result to its simplest form, 

"EXAMPLES IN WHICH ATT, THB TEEMS ABB PLUS. 

1. Multiply .... 3a 2 + 4ab + b* 

by 2a -f 56 

6a 3 + 8a 2 b+ 2a#* 
The product, after reducing, + 15a 2 6-f 20ab 2 -f 5ft* 

becomes .... 6a 3 + 23a 2 b + 22ab 2 + 5b 3 . 

44* Note. — It will be found convenient to arrange the 
terms of the polynomials with reference to some letter ; that 
is, to write them down, so that the highest power of that 
letter shall enter the first term ; the next highest, the 
second term, and so on to the last term. 

44. How are the terms of a polynomial arranged with reference to a 
particular letter ? What is this letter called ? It the leading letter in the 
multiplicand and multiplier is the same, which will be the leading letter 
in the product? 
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The letter with reference to which the arrangement is 
made, is called the leading letter. In the above example the 
leading letter is a. The leading letter of the product will 
always be the same as that of the factors. 

2. Multiply x 2 + 2ax -f a 2 by x + a. 

Ans. x 3 + Sax 2 + Bafa + a 3 . 

8. Multiply x 3 + y 3 by x + y. 

Ans. x* + xy 3 + 7?y + y 4 . 

4. Multiply Soft 2 + 6a 2 c 2 by Sab 2 + Sa 2 <?. 

Arts. 9a 2 6 4 + 21a 3 b 2 c 2 + ISa 4 *. 

5. Multiply a 2 b 2 + c 2 d by a + b. 

Ans. a 3 b 2 + ac 2 d + a 2 b 3 + b&d. 

6. Multiply Sax 2 + 9ab 3 + cd 5 by 6a 2 c 2 . 

Ans. lSa 3 ^ 2 + 54a W + 6a 2 c 3 tf 5 . 

x 1. Multiply 64a 3 « 3 + 2 > la 2 x + 9ab by Sa 3 cd. 

Ans. 512a 6 ccfc 3 + 21Qa 5 cdx + Matbcd 

8. Multiply a 3 + Safa + Sax 2 + x 3 by a + x. 

Ans. a 4 + 4a 3 « + 6a 2 a 2 + 40X 3 + a 4 . 

9. Multiply x 2 + y 2 by x + y. 

Ans. x 3 + xy 2 + x 2 y + y 8 . 

10. Multiply x 5 + xy 6 + *lax by ax + Sax. 

^Lrcs. Gax 6 + 6aa? 2 y 6 + 42a 2 sc 2 

11. Multiply a 3 + Sa 2 b + Sab 2 + b 3 by a + b. 

Ans. a 4 + 4ta 3 b + Ga 2 b 2 -t- 4aft 3 + bK 

12. Multiply x 3 + x 2 y + xy 2 + y 3 by x + y. 

-4ns. a 4 + 2aj 3 y + 2aj 2 y 2 + 2cey 3 + y*« 

13. Multiply x 3 + 2x 2 + x -f 3 by Sx + 1. 

^lns. 3s 4 -f Vo 3 + 5se 2 + lOa + 3. 
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OBNKBAL EXAMPLES. 

1. Multiply 2ax — Soft 

by 3g — ft. 

The product 602*— 9abx 

becomes after — 2abx + Sab* 

reducing ... .... 6oa?— llabx + Sab\ 

2. Multiply a 4 — 2ft 3 by a — b. 

Am. a* — 20ft 3 — a*ft J- 28*. 
8. Multiply a? — Sx — 7 by x — 2. 

Ans. x 3 — 5a? — x + 14. 

4. Multiply 3a* — bob + 2ft 2 by a 2 — 7aft. 

-4n*. 3a 4 — 26a 3 ft + 37a 2 ft 2 — 14aft*. 

5. Multiply ft* + ft 4 + ft* by ft 2 — 1. Ana. ft 8 - ft 2 . 

~6. Multiply a?— 2a?y + 4a?y 2 — 8ay*-f- ley 4 by « -f- 2y. 

-4n*. «* -f- 32y*. 
1. Multiply 4a? — 2y by 2y. -4;w. 8a?y — 4y 2 . 

8. Multiply 2x + 4y by 2a; — Ay. Arts. Ax 2 — 16y 2 . 

9. Multiply x* + x*y + xy 2 + y 3 by a; — y. 

Ans. x* — y 4 . 
10. Multiply a? + ay + y 2 by x 2 — xy + y 2 . 

Ans. x 4 + a?y 2 + y 4 . 

"* 11. Multiply 2a 2 — 3aa$ + 4a? by 5a 2 — 6ox — 2a?. 

Ana. 10a 4 — 2la 3 x + 34a 2 a? — 18aa? — 8a?. 

12. Multiply 3a? — 2ajy + 5 by a? + 2xy — 3. 

Ans. Sx* + 4a?y — 4a? — 4a?y 2 + 16xy — 15. 

13. Multiply 3a? + 2a?y 2 + 3y 2 by 2a? — 3a?y 2 + 5y\ 

. ( 6a? - 5x^y 2 — 6x*y* -f 6a?y 2 + 
fl8 ' \ 15a?y3 — fcey + 10a?y« + lSy 5 . 

14. Multiply 8oa5 — 6aft — c by 2aaj + aft + c. 
-**•• lea 2 *? — 4a 2 fta* - 6a 2 ft 2 + 6aca? - labc — <?. 
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15. Multiply 3a 2 - 5b 2 + 3c* by a* - b\ 

Arts. 3a* — Sa 2 b 2 + 3a 2 c* + 5J 4 - 3J*A 

16. 3a 2 — hbd + cf 

— 5a 2 + *bd — 3c/. 

Pro.red. — 15a 4 + S1a 2 bd-29a 2 c/^20b 2 d 2 +Ubcdf-Sc i P 

17. Multiply aTx — a?b 2 by a*x*. 

Ans. a* +2 a5* +1 — a 4 to»\ 

18. Multiply a* + b* by u* — b\ Am. a 2m — fl 2 \ 

19. Multiply cr+b n by a* + b\ 

Ans. a 2m + 2a m b n + ft 2 *. 



DIVISION. 

45* Division is the operation of finding from two quan- 
tities a third, which being multiplied by the second, will 
produce the first. 

The first is called the Dividend, the second the Divisor, 
and the third, the Quotient. 

Division is the converse of Multiplication. In it, we have 
given the product and one factor, to find the other. The 
rules for Division are just the converse of those for Multi- 
plication. 

To divide one monomial by another* 

46. Divide 12a 5 by 8a 3 . The division is indicated, 

thus: 

12a 5 

Sa 3 # 

The quotient must be such a monomial, as, being multiplied 
by the divisor, will give the dividend. Hence, the coefficient 

45. What is division ? What is the first quantity called? The second ? 
The third ? What is given in division ? What is required f 

46. What'ifi the rule for the division of monomials? 
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of the quotient must be 9, and the literal part a 1 ; for these 
quantities multiplied by 8a 3 will give 72a 5 . Hence > 

8a 3 

The coefficient 9 is obtained by dividing 72 by 8; and 
the literal part is found by giving to a, an exponent equal 
to 5 minus 3. 

Hence, for dividing one monomial by another, we have 
the following 

RULE. 

I. Divide the coefficient of the dividend by the coefficient 
of the divisor, for a new coefficient : 

II. After this coefficient write aU the letters of the dividend, 
giving to each an exponent equal to the excess of its expo- 
ponent in the dividend over that in the divisor. 

SIGNS IN DIVISION. 

47. Since the Quotient multiplied by the Divisor must 
produce the Dividend : and, since the product of two factors 
having the same sign will be + ; and the product of two 
factors having different signs will be — ;. we conclude : 

1. When the signs of the dividend and divisor are like, 
the sign of the quotient will be +. 

2. When the signs of the dividend and divisor are unlike, 

the sign of the quotient will be — . Again, for brevity, we 

say, 

+ divided by +, and — divided by — , give + ; 

— divided by +, and + divided by — , give — . 

+ ab , x — ab 

+ a — o 

— ab __ -I- ab __ . 

+ a ~~ ~~ ' — a ~ ~ 



47. What is the rule for the signs, in division f 
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EXAMPLES. 



(1.) 



(2) 



+ I8a 5 b 2 c 
+ 9a 3 bc 



= + 2a 2 b. 
(3.) 



— 2 4 a 4 be 
+ Sabc 

5. Divide 

6. Divide 

7. Divide 

8. Divide 

9. Divide 

10. Divide 

11. Divide 

12. Divide 

13. Divide 

14. Divide 

15. Divide 

16. Divide 

17. Divide 

18. Divide 

19. Divide 

20. Divide 

21. Divide 

22. Divide 

23. Divide 

24. Divide 

25. Divide 



= - 8a 3 . 



— 15a 3 se 2 y 



= — 40KB 4 . 



32a 8 ft 3 s fl 



lSoafy 3 by — Say. 
84aft 3 a5 by 12ft 3 . 

— 36a*& 5 c 2 by 9a 3 i 2 c. 

— 99a 4 fl 4 « 5 by lla 3 ^. 
lOSafi^z 3 by 64« 6 s. 
64aj 7 y 5 ^ by — leafyV. 

— 96a 7 £ 6 c 5 by 12a 2 fo. 

— 38aW by 2aW. 

— 64a 6 fl 4 c 8 by 32a 4 fe. 
128a 5 cc 6 y 7 by ISaxy*. 

— 256aWeT by 16a?bc*. 
200a s m 2 n 2 by — 50a 7 mn. 
S00a?y*z 2 by 60ay 2 3. 
2la 5 b 2 c 2 by — 9aftc. 
64a 3 y 6 3 8 by 32ay 5 z 7 . 

— SSaWc 8 by llaW. 
77a 4 y 3 3 4 by — lla 4 yV. 
84a 4 ftW by — 42a 4 &W. 

— SSa^b 1 '^ by SdWc 6 . 
16a 2 by — Sx. 

— 88a"6 2 by lla^ft. 



Ans. — Safy 1 . 

-4w*. 7afce. 

Ans. — 4a& 3 & 

-4w*. — 9a& 2 &. 

^Ltw. 2sey 6 « 2 . 

*4n*. — Axyz. 

Am. — Sa^e 4 . 

-4n*. — 19afte? 3 . 

Arts. — 2aft 3 c 7 . 

Ans. SaHc^y 3 . 

Am. — lGabWcP. 

Ans. — 4amn. 

Ans. ho&y 2 z. 

Ans. — 3a 4 te. 

Ans. 2a 2 yz. 

Ans. —ZcPb 2 *. 

Ans. — 7. 

Ans. — 2. 

Ans. — Haft. 

-4*w. — 2as. 

J.7W. — Qa n ~ m b. 
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26. Divide TlaTb* by - lla'b*. Ans. - 7rf— f »— f 

27. Divide 84a 8 5* by 42aV. ^i*w. 2a 8 — b m ~\ 

28. Divide - SSa v b 7 by Sa n b m . Ans. — lltf— J*-". 

29. Divide 96«S> by 48a*5'. -4rw. 2a ! - n J>-'. 

30. Divide 168rrV by 12afy-. -4n*. 14a— y 1 —. 
81. Divide 256aJV by 16a"JV. -4n*. 16a 1 — S 1 -"*-*. 

MONOMIAL FRACTIONS. 

48. It follows from the preceding rules, that the exact 
division of monomials will be impossible : 

1st. When the coefficient of the dividend is not exactly 
divisible by that of the divisor. 

2d. When the exponent of the same letter is greater in 
the divisor than in the dividend. 

3d. When the divisor contains one or more letters not 
found m the dividend. 

In either case, the quotient will be expressed by a fraction. 
A fraction is said to be in its simplest forrriy when the 
numerator and denominator do not contain a common factor. 
For example, 12a*#W, divided by 8a 2 bc 2 , gives 

12aW # 
8a 2 £c a ; 

which may be reduced by dividing the numerator and de- 
nominator by the common factors, 4, a 2 , ft, and c, giving 

I2a 4 b 2 cd Sa 2 bd 



Also, 



Sa^c 2 2c 

25a»& 2 d 3 _ 5a 
15aW 4 " 3b*d 



48. Under what circumstances will the division of monomials be im- 
possible ? How will the quantities then be expressed ? How is a mono 
mial fraction reduced to its simplest form? 
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Hence, for the reduction of a monomial fraction to its sim- 
plest form, ire have the following 



BULB. 



Suppress every factor, whether numerical or literal^ thai 
is common to both terms of the fraction; the result will be 
the reduced fraction sought. 



EXAMPLES. 

(i.) 

48a 3 J'cd 3 4acP 



8Ga?b 3 c?de Zbce 
(8.) 



: and 



(2.) 

" 6a 2 rf J 



also, 



1a*b 1 , 

— — — — — ~ — — - • Ann — — — 

UaW ~ 2ab' 6a&* 



Qa 3 bc i d 2 

4a 2 b 2 _ 2a 
~ Sb* 



5. Divide 49aW by 14a 3 fc*. 

6. Divide Qamn by Babe. 

7. Divide lSa 2 b 2 mn 2 by 12aWcd. 

8. Divide 28a 5 b*c I <P by 16ab 9 cd r m. 

9. Divide 72aW* by 12a?cW& 

10. Divide 100a*b 5 xmn by 25a 3 fl 4 c?. 

11. Divide 96a 5 & 8 c 9 df by l5a 2 cosy. 



Arts. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 



Ibc* 



2a 
2mn 



be 
Smn 2 



2a 2 b 2 cd 
*la A &d 



4b*m 
6 



a?c 2 bd 
4a 6 bxmn 



d 



A Z2d?b*<*df 
2bxy 



12. Divide 85m*n 3 /a; 2 y 3 by I5am*nf Ans. l1 f**f 



18. Divide \2lcPx 2 y 2 by lBePaty 4 . 



Ans. 



Sam 2 
1 27 
lGdafy 5 
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49* In dividing monomials, it often happens that the 
exponents of the same letter, in the dividend and divisor, 
are equal ; in which case that letter may not appear in the 
quotient. It might, however, be retained by giving to it the 
exponent 0. 

Jf we have expressions of the form 

a a 2 a 3 a 4 a 5 . 
a' a 2 ' a 3 ' a*' tf' *** 
and apply the rule for the exponents, we shall have, 

- = a*-' = a\ ^ = a 2 " 2 = a , ^ = a 3 ' 3 = a , &c 
a a 2 a 3 . 

But since any quantity divided by itself is equal to 1, it fol- 
lows that, 

- = a = 1, -z = a*-* == a? = 1, Ac. ; 
a a 2 

or, finally, If we designate the exponent by wi, we have, 

a m 



a m 



= a m ~ m = a = 1; that is, 



The power of any quantity is equal to 1 : therefore, 
Any quantity may be retained in a term, or introduced 
into a term, by giving it the exponent 0. 

EXAMPLES. 

1. Divide 6a 2 & 2 c 4 by 2a 2 b\ 

^4S- = 3a 2 - 2 &*- 2 c* = 3a°5V = 3c*. 
2a 2 b 2 

2. Divide 8a?b 3 cP by — 4a 4 b 3 c. Am. — 2a°$°c 4 = — 2c* 4 . 

3. Divide - 32m 3 w 2 aV by 4m 3 n 2 ay. 

Ans. — Sm°n°xy = — Qxy. 



49. When the exponents of the same letter in the dividend and divisor 
are equal, what takes place ? May the letter still be retained ? With 
what exponent ? What is the zero power of any quantity equal to ? 



— = —; also, —. = a 2 ~ 5 = a" 3 , by the rale: 
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4. Divide — 96a 4 ft 5 c" by — 24a 4 J 5 . Ans. 4a°b°c n = 4c* 

5. Introduce a, as a factor, into 65 5 c*. -4ns. 6a°# 5 c*. 

6. Introduce a#, as factors, into 9c?d*. Ans. 9a°b c?d*. 

7. Introduce abc, as factors, into 8c? 4 /*. A. ScflbWd 4 /* 1 . 

50. When the exponent of any letter is greater in the 
divisor than it is in the dividend, the exponent of that letter 
in the quotient may be written with a negative sign. Thus, 

a 1 1 , a 2 
— = -=; also, — ; 
a 5 a 3 ' * a* 

hence, a" 3 = -£• 

Since, a~ 3 = -3, we have, b x a~ 3 = -5; 

that is, a in the numerator, with a negative exponent, is 
equal to a in the denominator, with an equal positive ex- 
ponent; hence, 

Any quantity having a negative exponent, is equal to the 
reciprocal of the same quantity with an equal positive ex- 
ponent 

Hence, also, 

Any factor may be transferred from the denominator to 
the numerator of a fraction, or the reverse, by changing th& 
sign of its exponent. 

EXAMPLES. 



1. Divide S2a 2 bc by 16a 5 & 2 . 



. S2a 2 bc ft -3Z-1,, 2e 



50. When the exponent of any letter in the divisor is greater than in 
the dividend, how may the exponent of that letter be written in the quo- 
tient? What is a quantity with a negative exponent equal to? How 
may a factor be transferred from the numerator to the denominator of a 
fraction? 
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3. Reduce g _ *« • -4n*. — — , or — - 

Slaty 3 8 ' 305* 

4. In 5ay~*2~ s , get rid of the negative exponents. 

A ha 

4a 2 fi i x~ mt 
5 - 1° _ 3 ., g > get rid of the negative exponents. 

4o*J» 
6. In _ 6 _ , get nd of the negative exponents. 

4v9B ^J C 



Ans. 



SaW 



7. Reduce ,. a , _ • Ana. - , or -z-r- • 

8. Reduce 72a 6 i 2 -*- 8a 6 ft 3 . Ana. ©a" 1 *- 1 , or t 

aft 

, lSa" 4 ^" 1 . , « . 

9« la -.2A-1 > £ et n< * °f the negative exponents. 

A W 

Ana. -=-• 
a 2 c 

10. Reduce ~~ , z . , • -4n*. 3oftV. 

2b divide a polynomial by a monomial. 

51. To divide a polynomial by a monomial : 

Divide each term of the dividend, separately, by tit 
divisor ; the algebraic sum of the quotients unU be the qvo 
tient sought. 

EXAMPLES. 

1. Divide 3a 2 ft* — a by a. Ans. Sab 2 — 1. 

51. How do you divide a polynomial by a monomial? 
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2. Divide 5a 3 6 2 - 25a 4 J 3 by 5a*b\ Ana. 1 - 5a. 

3. Divide S5a 2 b 2 — 25aft by — 5ab. Ana. — 7ai + 5 

4. Divide 10a£ — 15ac by 5a. ^4n«. 2ft — 3c. 

5. Divide 6a6 — Sax + 4a 2 y by 2a. 

Ana. Zb — 4se + 2ay. 

6. Divide — 15O05 2 + 6SB 3 by — 3s. -4n*. 5ase — 2«*. 

7. Divide — 2\xy 2 + 35a 2 #ty — 7c 2 y by - ty. 

-*4tw. 3ay — 5a 2 J 3 + c*. 

8. Divide 40a 8 6 4 + 8a 4 ft 7 — 82a 4 i 4 c 4 by 8a*5 4 . 

u4n*. 5a 4 + ft 3 — 4c« 

DIVISION OF POLYNOMIALS. 

59. 1. Divide — 2a + 6a 2 — 8 by 2 + 2a. 

Dividend. Divisor. 
6a 2 — 2a — 8 I 2a + 2 



6a 2 + 6a 8a fc — 4 Quotient. 

— 8a — 8 

— 8a — 8 

Remainder. 

"We first arrange the dividend and divisor with reference 
to a (Art. 44), placing the divisor on the left of the dividend. 
Divide the first term of the dividend by the first term of 
the divisor ; the result will be the first term of the quotient, 
which, for convenience, we place under the divisor. The 
product of the divisor by this term (6a 3 + 6a), being sub- 
tracted from the dividend, leaves a new dividend, which may 
be treated in the same way as the original one, and so on to 
the end of the operation. 

62. What is the rule for dividing one polynomial by another ? When 
Is the division exact f When is it not exact f 
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Since all similar cases may be treated in the same way, we 
have, for the division of polynomials, the following 

RULE. 

L Arrange the dividend and divisor with reference to the 
same Utter: 

EL Divide the first term of the dividend by the first term 
of the divisor, for the first term of the quotient. Multiply 
the divisor by this term of the quotient, and subtract the 
product from the dividend: 

IIL Divide the first term of the remainder by the first 
term of the divisor, for the second term of the quotient. 
Multiply the divisor by this term, and subtract the product 
from the first remainder, and so on : 

TV. Continue the operation, until a remainder is found 
equal to 0, or one whose first term is not divisible by that 
of the divisor. 

Note. — 1. When a remainder is found equal to 0, the 
division is exact. 

2. When a remainder is found whose first term is not 
divisible by the first term of the divisor, the exact division 
is impossible. In that case, write the last remainder after 
the quotient found, placing the divisor under it, in the form 
of a fraction. 

SECOND EXAMPLE. 

Let it be required to divide 
61a 2 5 2 + 10a* - 48a 3 * - 15ft 4 + 4a5 3 by 4ab - 5a 2 + 35*. 

We first arrange the dividend and divisor with reference 
to a. 
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Dividend. 
10o4_ 48a 3£ + 5i a 2^2-(_ 4a6 3 — 15&* 
+ 10a*— 8a 3 b — 6a 2 b 2 



— 40a 3 b + Ma 2 b 2 + 4ab 3 —15b* 

— 40a?b + 32a 2 6 2 +24a6 3 

25a 2 * 2 — 20a& 3 — 156* 
25a 2 6 2 — 20a& 3 — 15i* 



Divisor. 
| — 5a l +4a5+86 2 

W"^^^™"^^"^^^^— ^^M^^B^^^^K^^H* ^^^M^M^^^MM^^^^ 

— 2a 2 + 8ad — 50* 
Quotient. 



(8.) 

a 4 + a^y + a?y + ay 2 — 2y 
g* 4- asfy 

+ afy -f- «y a 
+ afy + ay 2 



« + y 



8^+ ay 



2 y 



« + y 



— 2y 

Here the division is not exact, and the quotient is frac- 
tional 



(4.) 



1 + a 

1 - a 



1 - a 



1 + 2a + 2a 2 + 2a 3 + , &c. 



+ 2a 

+ 2a — 2a 1 

4- 2a 2 

+ 2a 2 - 2a 3 

+ 2a 3 

In this example the operation does not terminate. It may 
be continued to any extent. 



BXAMPLBS. 



1. Divide a 2 4- 2aas + a 2 by a + or. Ana. a + <* 

2. Divide a 3 — Sa^ + Say 2 — y 3 by a — y. 

Am. a* — 2ay + y 1 . 

4 
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8. Divide 24a 2 J — 12a 3 cft 2 — 6aft by — Gab. 

Am. — 4a + 2a 2 cft + 1. 

4. Divide 6a 4 — 96 by 3x - 6. 

Am. 2a 3 + 4a 2 + 8a + 16. 

5. Divide a* — 5a 4 a$ + lOdh? — 10a 2 * 3 + Sas 4 - a 5 
by a 7 — 2aa + a 2 . -4n*. a 3 — Sa 2 * + Sao 2 — s 3 . 

6. Divide 48as 3 — I6aa? — 64a 2 » + 105a 3 by 2x — 3a. 

Ana. 24& — 2ax — 35a 2 . 

f , Divide y 6 — Sy 4 * 2 + Sy 2 ^ 4 — cb 6 by y 3 — Sy 2 ® + 

Sysc 2 — a 3 . v Am. y 3 + Sy 2 ^ + Sya 2 + a? 3 . 

8. Divide 64o 4 ft 6 - 25a 2 ft 8 by 8a*ft 3 + 5a* 4 . 

uin*. 8a 2 * 3 — 5aft 4 . 
0. Divide 6a 3 + 23a 2 ft + 22aft 2 +5ft 3 by 3aH- 4aft+ft 2 . 

Ana. 2a y + 5ft. 

10. Divide ease* + Qaa?y* + 42a 2 a* by ax + box. 

Ana. a 5 + ay 6 + 7aas. 

11. Divide — 15a 4 + 37a 2 fttf — 29a 2 c/- 20ft 2 <F + 44ftc#* 
— 8c 2 / 2 by 3a 2 — 5bd + qf. Ana. — 5a 2 + 4fttf - 8</. 

12. Divide a 4 + afy 2 + y 4 by a 2 — ay + yV 

.4n*. sb 2 + ay + y*. 

13. Divide as 4 — y 4 by a? — y. 

-4n*. a 3 + a?y + ay 2 + y 3 . 

14. Divide 3a 4 - 8a 2 ft 2 + 3a 2 c 2 + 5ft 4 - 3ft 2 c 2 by a 2 — b 2 

Am. 3a 2 — 6ft 2 + 3c*. 

15. Divide 6a! 6 - 5a*y 2 - 6aV+ 6aj 3 y 2 + 15ay- Oa^y 4 
+ lOary + lSy 8 by 3a 3 + 2a 2 y 2 + 3y 2 . 

Am. 2a 3 - 3ajy + 5y 3 . 

16. Divide — c*+ leaW— Yaftc — 4a 2 fta — 6a 2 ft*+ 6a«B 
by 8aa — 6aft — c. Ana. 2aa + aft + & 

17. Divide 3a 4 + 435^ — 4a* - 4ay + 16ay — 15 by 
2ay + as 2 — 8. Am. %& — 2ay + 5. 
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18. Divide x 5 + 32y 5 by x + 2y. 

Ans. x* — 2aj»y + 4a?y 2 — 8a?y 3 + 16yS 

19. Divide 3a 4 - 26a 3 ft — 14a* 3 + 37a 2 ft 2 by 2ft 2 — Bad 
-I- 3a 2 . Ans. a 2 — 7aft. 

20. Divide a 4 - ft 4 by a 3 + a 2 ft + aft 2 + J 3 . 

-4n*. a — ft 

21. Divide a 3 — 3« 2 y + y 3 by x + y. 

8v 3 
-4/w. ob 2 — 4sy + 4y« f— • 

9 * + y 

22. Divide 1 + 2a by 1 — a — a\ 

Ans. 1 + 3a + 4a« + 7a 3 + , &a 
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CHAPTER m. 

USEFUL FORMULAS. FACTORING. GREATEST COMMON DIVISOR. 

LEAST COMMON MULTIPLE. 

USEFUL FORMULAS. 

53* A Formula is an algebraic expression of a general 
rule, or principle. 

Formulas serve to shorten algebraic operations, and are 
also of much use in the operation of factoring. When trans- 
lated into common language, they give rise to practical rules. 

The verification of the following formulas affords addi- 
tional exercises in Multiplication and Division. 

(1.) 
54. To form the square of a + b 9 we have, 

(a + by = (a + b) (a + b) = a % + 2ab + b\ 

That is, 

The square of (he sum of any two quantities is equal to 
the square of thefirst, plus twice the product of the first by 
the second, plus the square of the second. 

1. Find the square of 2a + 3b. We have from the rule, 
(2a + Sb) 2 = 4a 2 + \2ab + 9b 2 . 

68. What is a formula? What are the uses of formulas ? 

54. What is the square of the sum of two quantities equal to? 



f 
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2. Find the square of bob + Sac. 

Am. 25a 2 V* + 30a 2 ftc + 9a 2 c*. 
8. Find the square of 5a 2 + 8a 2 b. 

Am. 25a 4 + 80a 4 ft -f 64a 4 ft*. 
4. Find the square of 6ax + QahP. 

Am. sea 2 ^ 2 -h lQQafa? + 81aW ) 

55. To form the square of a difference, a — ft, we have, 

(a - ft) 2 = (a - ft) (a - ft) = a 2 - 2aft + ft 2 . 
That is, 

The square of the difference of any two quantities is 
equal to the square of the first, minus twice the product of 
the first by the second, plus the square of the second. 

1. Find the square of 2a — ft. We have, 

(2« — ft)* = 4a 2 — 4aft + ft 2 . 

2. Find the square of 4ac — be 

Am. 16a 2 c 2 — Babe 2 + ft 2 A 

3. Find the square of 7a 2 ft 2 — 12aft 3 . 

Am. 49a 4 ft 4 - 168a 3 ft 5 + 144a 2 ft 6 . 

(3.) 

56. Multiply a + ft by a — ft. We have, 

(a + ft) X (a - ft) = a 2 — ft 2 . Hence, 

The sum of two quantities, multiplied by their difference^ 
is equal to the difference of their squares. 

1. Multiply 2c + ft by 2c — ft. Am. 4c 2 — ft 2 

2. Multiply 9ac + 3bc by 9ac — Bbc. 

Am. 8la 2 c 2 — 9ft 2 c 2 

55. What is the square of the difference of two quantities equal to ? 

56. What is the sum of two quantities multiplied by their difference 
equal to? 
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8. Multiply 8a 3 + lab 2 by 8a 8 - 7aft 2 . 

Ans. 64a 6 — 4©a 2 ft 9 , 

&T Multiply a 2 + ab + ft 2 by a — b. We have, 
(a 2 + ab + b 2 ) (a - b) = a 3 - ft 3 . 

(5.) 

58. Multiply a 2 — aft + ft 2 by a + b. We have, 

(a 2 -ab + ft 2 ) (a + b) = a 3 + ft 3 . 

(6.) 

59. Multiply together, a + J, a — 5, and a 2 + 6*. 
We have, 

(a + ft) (a - ft) (a 2 + ft 2 ) = a 4 - ft 4 . 

60* Since every product is divisible by any of its factors, 
each formula establishes the principle set opposite its number. 

1. The sum of the squares of any two quantities, plus 
twice their product^ is divisible by their sum. 

2. The sum of the squares of any two quantities, minus 
twice their product, is divisible by the difference of the 
quantities. 

3. The difference of the squares of any two quantities 
is divisible by the sum of the quantities, and also by their 
difference. 

4. The difference of the cubes of any two quantities is 
divisible by the difference of the quantities; also, by the 
sum of their squares, plus their product. 

5. The sum of the cubes of any two quantities is divisi- 

60. By what is any product divisible ? By applying this principle, what 
/?^ W8 ™ 0mFormula ( 1 ) ? What from (2)? What from (3)? What from 
(4)? What from ( 6) ? Wi at from (6) f 
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He by the sum of the quantities ; also, by the sum of theit 
squares minus their product. 

6. The difference between the fourth powers of any two 
quantities is divisible by the sum of the quantities^ by their 
difference^ by the sum of their squares^ and by the dif 
ference of their squares. 



FACTORING. 

61. Factoring is the operation of resolving a quantity 
into factors. The principles employed are the converse of 
those of Multiplication. The operations of factoring are 
performed by inspection. 

1. What are the factors of the polynomial 

ac + ab + od. 

We see, by inspection, that a is a common factor of all 
the terms ; hence, it may be placed without a parenthesis, 
and the other parts within ; thus : 

ac •+- ab + ad = a(c + b + d). 

2. Find the factors of the polynomial a 2 b 2 + a 2 d — a 2 f 

Am. a 2 (b 2 + d — /). 
8. Find tne factors of the polynomial Sa 2 b — 6a 2 b 2 + b 2 d. 

Ans. b(3a 2 — 6a 2 b -f bd). 

4. Find the'fectors of Za 2 b — 9a 2 c — 18aVy. 

Ans. da 2 (b — 3c — 6.r?/). 

5. Find the factors of 8a 2 cx - ISacx 2 -f 2ac*y — 30«V q . 

Ans. 2ac(4ax — 9a; 2 + c 4 y — lSuV), 

0. Factor 30a 4 J 2 c - 6a 3 b 2 cP + 1 SaWc 2 . 

Ans. 6a 3 6 2 (5ac - d* + 3c 2 ). 

1. Factor 12cW 3 — 15c 3 <J 4 — Cc 2 ^ 3 /. 

Ans. Zc 2 d\lc 2 b - bed - 2/), 



61. What le factoring ? 
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8. Factor 15a*bcf — lOabc* — 25abcd. 

Ans. habc(Sa 2 f — 2& — bd). 

69. When two terms of a trinomial are squares, and 
positive, and the third term is equal to twice the product of 
their square roots, the trinomial may be resolved into factors 
by Formula (l). 

1. Factor a 2 + 2ab + b* Ans. (a + b) (a + b). 

2. Factor 4a 2 + 12ab + 9b 2 . 

Ans. (2a + Si') (2a + Sb). 

3. Factor 9a 2 + 12ab + 4b 2 . 

Ans. (3a + 2b) (3a + 2b). 

4. Factor 4s 2 + Sx + 4. Ans. (2x + 2) (2x + 2). 

5. Factor 9a 2 * 2 + \2abc + 4c 2 . 

Ans. (Sab + 2c) (Sab + 2c). 

6. Factor l&xh/ 2 + IQxy 3 + 4y*. 

Ans. (4xy + 2y 2 ) (4xy + 2y 2 ). 

63. When two terms of a trinomial are squares, and 
positive, and the third term is equal to minus twice their 
square roots, the trinomial may be factored by Formula 

1. Factor a 2 — 2ab + b 2 . Ans. (a — b) (a — b). 

2. Factor 4a 2 — 4ab + b 2 . Ans. (2a -» b) (2a — b). 

3. Factor 9a 2 — Qac + c 2 . Ans. (3a — c) (3a — c). 

4. Factor a 2 * 2 — 4ax + 4. Ans. (ax — 2) (ax — 2) 

5. Factor 4a 2 — 4xy + y 2 . Ans. (2x — y) (2x — y). 

* — ■ 

62. When may a trinomial be factored ? 

68. When may a trinomial be factored by this method? 
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6, Factor 36a 2 — 24ay + 4y 2 . 

Ans. (6a — 2y) (6a — 2y)., 

64. When the two terms of a binomial are squares and 
have contrary signs, the binomial may be factored by 
Formula (3). 

1. Factor 4c 8 — b\ Ans. (2c + b) (2c - b) 

2. Factor 81 a 2 c 2 — 95 2 c 2 . 

Ans. (9ac + Zbc) (9ac — 3bc). 

3. Factor 64a 4 * 4 — 25a 2 y 2 . 

Ans. (Sa 2 b 2 + 5ay) (Sa 2 b 2 — Say). 

4. Factor 25a 2 c 2 — 9aty 2 . 

Ans. (5ac + %&y) (Sac — 3« 2 y). 

5. Factor 36a 4 & 4 c* — 9a 6 . 

^W5. (6a 2 * 2 c + 3a 3 ) (6a 2 £ 2 c — 3a 3 ). 

6. Factor 49a* - 36y 4 . Ans. (7a 2 + 6y 2 ) (7a 2 — 6y 2 ). 

65. When the two terms of a binomial are cubes, and 
have contrary signs, the binomial may be factored by 
Formula (4). 

1. Factor 8a 3 — c 3 . Ans. (2a — c) (4a 2 -f 2ac + c 2 ). 

2. Factor 27a 3 — 64. 

Ans. (3a — 4) (9a 2 + 12a + 16). 

3. Factor a 3 — 645 3 . 

Ans. (a — 4b) (a 2 + 4a5 + 165 2 ). 

4. Factor a 3 — 27& 3 . Ans. (a - 3 J) (a 2 + 3a J + 9 J 2 ). 

64. When may a binomial be factored ? 

65. When may a binomial be factored by tb'fl method? 

4* 



82 ELEMENTAEY ALOEBBA. 

66. When the terms of a binomial are cubes and have 
dke signs, the binomial may be factored by Formula ( 5 ). 

1. Factor 8a 3 + c 3 . Ana. (2a + c) (4a 3 — 2ac + c 3 ). 

2. Factor 27a 3 4- 64. 

Ana. (8a + 4) (9a 3 - 12a + 16). (I 

3. Factor a 3 + 34ft 3 . 

Ana. (a + 4ft) (a 3 - 4aft + 16ft 3 ). 

4. Factor a 3 + 2Yft 3 . Ana. (a + 8ft) (a 3 - Soft + 9ft 3 ). 

67. When the terms of a binomial are 4th powers, and 
have contrary signs, the binomial may be factored by 
Formula (6). 

1 What are the &ctors of a 4 — ft 4 ? 

Ana. (a + ft) (a - ft) (a 3 + ft 3 ). 

2 What are the factors of 81a 4 — 16ft 4 ? 

Ana. (3a + 2ft) (3a — 2ft) (9a 3 +- 4ft 3 ). 

*. What are the factors of 16a 4 ft 4 — 81c 4 ** 4 ? 

Ana. (2aft + Bed) (2aft - Zed) (4a 2 ft 3 + Oc 3 ** 3 ). 



GREATEST COMMON DIVISOR. 

69. A Common Dcvisob of two quantities, is a quantity 
(hat will divide them both without a remainder. Thus, 
3a 2 6, is a common divisor of 9a 2 ft 2 c and 3a 2 ft a — 6a 3 6 3 . 

66. When may a binomial be factored by this method? 

67. When may a binomial be factored by this method? 

68. What is the common divisor of two quantities ? 
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69. A Simple or Prime Factor is one that cannot bo 
resolved into any other factors. 

Every prime factor, common to two quantities, is a com- 
mon divisor of those quantities. The continued product of 
any number of prime factors, common to two quantities, is 
also a common divisor of those quantities. 

TO. The Greatest Common Divisor of two quantities, 
is the continued product of all the prime factors which are 
common to both. 

VI. When both quantities can be resolved into prime 
factors, by the method of factoring already given, the great- 
est common divisor may be found by the following 

RULE. 

L Resolve both quantities into their prime factors : 
H. Find the continued product of all the factors which 
are common to both ; it will be the greatest common divi- 
sor required. 

EXAMPLES. 

1. Required the greatest common divisor of I5a 2 b*c and 
25aM. Factoring, we have, 

I5a 2 b 2 c = 3 X 5 x 5adbbc 
25abd = 5 X 5abd. 

The factors, 5, 5, a and J, are common ; hence, 

5 X 5 X a X } = 25afl, 

is the divisor sought. 

69. What is a simple or prime factor ? Is a prime factor, common to 
two quantities, a common divisor ? 

70. What is the greatest common divisor? 

71. If both quantities can be resolved into prime factors, how do you 
find the greatest common divisor? 
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VERIFICATION. 

I5a 2 b 2 c -*- 25ab t= Zabc 
25abd -*- 25ab = d\ 

and since the quotients have no common factor, they cannot 
be further divided. 

2. Required the greatest common divisor of a* — 2ab 4 
b 2 and a 2 — b 2 . Ans. a - b 

3. Required the greatest common divisor of a 2 + 2ab 4 
b 2 and a + b. Arts, a + b 

4. Required tho greatest common divisor of a 2 x 2 — 4ax 
f- 4 and ax — 2. u4ns. ax — 2* 

5. Find the greatest common divisor of Za 2 b — 9a 2 o 
*-- ISa 2 ^ and b 2 c — Sbc 2 — Qbcxy. An$. b — 3c — 6«y. 

6. Find the greatest common divisor of 4a 2 c — 4a«e and 
8a 2 # .- 3agz. Ans. a(a — a), or a 2 — ckc. 

7. Find the greatest common divisor of 4c 2 — 12cx + dx 2 
and 4c 2 — 9a 2 . Ans. 2c — 3a. 

8. Find the greatest common divisor of x 3 — y 3 and 
x 2 — y 2 . ^ln«. a; — y. 

9. Find the greatest common divisor of 4c 2 + Abe + b 2 
and 4c 2 — b 2 . Ans. 2c + b. 

10. Find the greatest common divisor of 25a 2 c 3 — 9x*y* 
and $acd 2 + Bd 2 x 2 y 2 . Ans. lac + Sx 2 y 2 . 

Note. — To find the greatest common divisor of three 
quantities. First find the greatest common divisor of two 
of them, and then the greatest common divisor between this 
result and the third. 

1. What is the greatest common divisor of 4oa 2 y, 16aJa 2 , 
and24oco 2 ? Ans. ±aar. 

2. Of 3a 2 — 6a, 2a 3 — 4a 2 , and a 2 y — 2xy ? Ans. x —2x< 

12. When is one quantity a multiple of another ? 
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LEAST COMMOK MULTIPLE. 

72. One quantity is a multiple of another, when it can 
be divided by that other without a remainder. Thus, &a?b, 
h a multiple of 8, also of a 2 , and of b. * 

78. A quantity is a Common Multiple of two or more 
quantities, when it can be divided by each, separately, with- 
out a remainder. Thus, 24a 3 a 3 , is a common multiple of 
Qax and 4a 2 x. 

74. The Least Common Multiple of two or more quan- 
tities, is the simplest quantity that can be divided by each, 
without a remainder. Thus, 12a 2 b 2 x\ is the least common 
multiple of 2a 2 se, 4ab\ and 6a 2 ^2jB 2 . 

75. Since the common multiple is a dividend of each of 
the quantities, and since the division is exact, the common 
multiple must contain every prime factor in all the quanti- 
ties ; and if the same factor enters more than once, it m«ust 
enter an equal number of times into the common multiple. 

When the given quantities can be factored, by any of the 
methods already given, the least common multiple may be 
found by the following 

rule. 

I. Resolve each of the quantities into its prime factors : 
II. Take each factor as many times as it enters any one 
of the quantities, and form the continued product of tJiese 
factors / it will be the least common multiple. 

73. When is a quantity a common multiple of several others? 

74. What is the least common multiple of two or more quantities ? 

75. What does the common multiple of two or more quantities contain, 
as factors ? How may the least common multiple be found ? 

• The tmUUpU of a quantity, is simply % dividend which will give an exact quotient 
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EXAMPLES. 

1. Find the least common multiple of 12a 8 ftW and 8a 2 ft*. 

12a*V& = 2.2.S.aaabbce. 
8a 2 * 3 =■ 2.2.2.aaftftft. 

Now, since 2 enters 8 times as a factor, it most enter 91 
times in the common multiple: 3 inust enter once; a, 3 
times ; ft, 3 times ; and c, twice ; hence, 

2.2.2.Saaabbbcc = 24a 3 ft 3 c 2 , 

is the least common multiple. 

Find the least common multiples of the following : 

2. 6a, 5a 2 ft, and 25aftc 2 . Arts. 150a 2 bc* 

3. 3a 2 ft, 9aic, and 2Ya 2 a 2 . Ans. 2la 2 bc&. 

4. 4a 2 s 2 y 2 , 8a*xy, 16ay, ^^ 24a 5 y 4 x. Ans. 48a 5 sc 2 y 4 . 

5. ax — bxj ay — by, and afy 2 . 

-4n*. (a — b)xj%.yy = aaj 2 ^ 2 — ftafy 2 . 

6. a + ft, a 2 — J 2 , and a 2 + 2aft + ft 2 . 

Ans. (a 4- ft) 2 (a — ft). 
1. 8a 8 ft 2 , QaV, 18a*y 3 , 3a 2 y 2 - ^*w. ISa'ftWy 3 . 

8. 8a 2 (a ft), 15a 5 (a - ft) 2 , and 12a 3 (a 2 - ft 2 ). 

Am. 120a 5 (a - ft) 2 (a + ft). 
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CHAPTER IV. 

FRACTIONS. 

76. If the unit 1 be divided into any number of equal 

parts, each part is called a fractional unit. Thus, -,-, 

11 2 * 

t- . t , are fractional units. 

10 

77. A Fraction is a fractional unit, or a collection of 
fractional units. Thus, §, J, J, J, are fraction* 

7§. Every fraction is composed of two parts, the De- 
nominator and Numerator. The Denominator shows into 
how many equal parts the unit 1 is divided ; and the Nu- 
merator how many of these parts are taken. Thus, in the 

fraction t , the denominator J, shows that 1 is divided into 

b equal parts, and the numerator a, shows that a of these 
parts are taken. The fractional unit, in all cases, is equal to 
the reciprocal of the denominator. 

76. If 1 be divided into any number of equal parts, what is each part 
called? 

11. What is a fraction ? 

78. Of how many parts is any fraction composed? What are they 
called? What does the denominator show? What the numerator? 
What is the fractional unit equal to ? 
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79. An Entire Quantity is one which contains no 
fractional part. Thus, 7, 11, a a x, 4x 2 — 3y, are entire 
quantities. 

An entire quantity may be regarded as a fraction who.se 

denominator is 1. Thus, 7 = - , ab = — • 

80 A Mixed Quantity is a quantity containing both 

bx 

entire and fractional parts. Thus, ^, 8},a-| , are 

c 

mixed quantities. 

§1* Let j- denote any fraction, and q any quantity 

a 
whatever. From the preceding definitions, ■= denotes that 

t is taken a times: also, ~ denotes that ■=- is taken 
o oo 

aq times ; that is, 

aq a , 

-f- = T x q\ hence, 

o o 

Multiplying the numerator of a fraction by any quan- 
tity, is equivalent to multiplying the fraction by that 
quantity. 

We see, also, that any quantity may be multiplied by a 
fraction, by multiplying it by the numerator, and then 
dividing the result by the denominator. 

82. It is a principle of Division, that the same result will 
be obtained if we divide the quantity a by the product 
of two factors, p x q, as would be obtained by dividing it 



79. What is an entire quantity ? When may it be regLrdcd as a frao 
tion ? 

80. What is a mixed quantity ? 

81. How may a fraction be multiplied by any quantity ? 
82 How may a fraction be divided by any quantity » 
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first by one of the factors, jo, and then dividing that result 
by the other factor, q. That is, 

a (a\ a (a\ , 

— = 1 - I "*" ?» or, — = I - J -*- J»; bence, 
pq \p) *' pq \ql *' ' 

Multiplying the denominator of a fraction by any quan 
tity, is equivalent to dividing the fraction by that quantity 

8$. Since the operations of Multiplication and Division 
are the converse of each other, it follows, from the preced 
ing principles, that, 

Dividing the numerator of a fraction by any quantity ', 
is equivalent to dividing the fraction by that quantity / 
and, 

Dividing the denominator of a fraction by any quantity \ 
is equivalent to multiplying the fraction by that quantity, 

84. Since a quantity may be multiplied, and the result 
divided by the same quantity, without altering the value, 
it follows that, 

Both terms of a fraction may be multiplied by any quan- 
tity, or both divided by any quantity, without changing the 
value of the fraction. 



TRANSFORMATION OF FRACTIONS. 

85. The transformation of a quantity, is the operation 
of changing its form, without altering its value. The term 
reduce has a technical signification, and means, to Trans' 
form. 

83. What follows from the preceding principles ? 

84. What operations may be performed without altering the value of 
a fraction ? 

85. What is tiie transformation of a quantity? 
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FIBST TRANSFORMATION. 

To reduce an entire quantity to a fractional form homing a 

given denominator. 

86. Let a be the quantity, and b the given denomi- 
nator. We have, evidently, a = — ; hence, the 

BULB. 

Multiply the quantity by the given denominator^ and 
write the product over this given denominator. 

SECOND TRANSFORMATION. 

To reduce a fraction to its lowest terms. . 

87. A fraction is in its lowest terms, when the numerator 
and denominator contain no common factors. 

It has been shown, that both terms of a fraction may be 
divided by the same quantity, without altering its value. 
Hence, if they have any common factors, we may strike 
them out. 

RULE. 

Resolve each term of the fraction into its prime fac- 
tors ; then strike out aU that are common to both. 

The same result is attained by dividing both terms of the 
fraction by any quantity that will divide them, without a 
remainder ; or, by dividing them by their greatest common 
divisor. 



86. How do you reduce an entire quantity to a fractional form having 
a given denominator ? 

87. How do you reduce a fraction to its lowest terms f 
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EXAMPLES. 

~. , 15a 2 c 2 . , 
1. Reduce — — -. to its lowest terms. 
2oacd 

« A . 15a 2 c 2 S.5aacc 

Factonn S' 2W = TJ^> 

Canceling the common factors, 5, a, and c, we have, 

15a 2 c 2 dac 



25acd bd 



Am. 



_ -, , 85ft 7 c# , 1? 

2. Reduce * ^n*. —s« 

ISftVa 5 3c 7 

3. Reduce — .£-. ^. _. 

. _» , aft — ac * a 

4. Reduce -=■ • Ans. - = a. 

ft — c 1 

*-oj n 2 — 2rc + 1 . ra — 1 

5. Reduce 5 ; — -• Ans. — -— • 

n 2 — 1 n + 1 

— » , a 3 — aa 3 * as 2 

6. Reduce -r - — ;• Ans. 



a 2 — 2ax + a 2 « — a 

» *> j 96a 3 ft 2 c , 8 

7. Reduce — ^r-sir" ' - 4w *» — • = — 8. 

— 12a 3 ft 2 c 1 

24ft« — 36aft 4 - 4ft - 6a 

8. Reduce _ M , A -rz—m* Ans. 



48a 4 ft* — 66a 5 ft 6 ' 8a* — lla 6 ft 2 

^•o^ a 2 — ft 2 . a + ft 

9. Reduce -r ft . , ^i ' ^n*. ?• 

a 2 — 2aft + ft 2 a — ft 

,~ t> 3 5a 3 - 10a 2 ft + 5aft 2 A &(a - ft) 

10. Reduce -— z — ^ • -4/w. -*-= -• 

8a 3 — 8a 2 ft 8a 

„ „ 3a 2 + 6a 2 ft 2 . 1 + 2ft 2 

11. Reduce ,^ . , „ . * -an*. 



12a 4 + 6a 3 c 2 * 4a 2 + 2ac 2 

.« -d j « 2 + 2aa? + a; 2 . a + a 

12. Reduce . , 4r— • -4n*. ^? r 

3(a 2 — as 8 ) 3(a — a) 
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THIRD TRANSFORMATION. 

To reduce a fraction to a mixed quantity. 

§§. When any term of the numerator is divisible by any 
term of the denominator, the transformation can be effected 
by Division. 

RULE. 

Perform the indicated division, continuing the operation 
as far as possible ; then uorite the remainder over the deno- 
minator, and annex the result to the quotient found. 

EXAMPLES. 

1. Reduce • Ans. a • 

X X 

— . , ax — x 2 

2. Reduce • Ans. a — x. 

x 

3. Reduce 7 • Ans. a =- • 

o 

Q? — x 2 

4. Reduce • Ans. a + x. 

a — x 

gg3 — 4/3 

5. Reduce — • Ans. x 2 + xy + y\ 

x y 

6. Reduce • Ans. 2x — 1 + — - • 

5x 5x 



Y. Reduce — • . . 4a5* — 8 + 



82a 2 se 



9x 9 



8 . R educ e 18ac f ~ »*f ~ * ad . . £_!*-±. 

Zadf d a 3/ 

9. Reduce* • Ans. x — 1 — 



x + 2 a5 + 2 



88. How do you reduce a fraction to a mixed quartity f 
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in T> A <# + & A jl , 25' 

10. Reduce ,— =- • Ana. a — b + 



a + b a +b 

n t> a a 2 + 305- 25 . , . , 3 

11. Reduce • Ana. x + 1 + 



x — 4 as — 4 

FOURTH TRANSFORMATION. 

To reduce a mixed quantity to a fractional form. 

89. This transformation is the converse of the preced- 
ing, and may be effected by the following 

RULE. 

Multiply the entire part by the denominator of the frac- 
tion, and add to the product the numerator ; write the result 
ever the denominator of the fraction. 

EXAMPLES. 

1. Reduce 6| to the form of a fraction. 
6 X 7 = 42; 42 + 1 = 43; hence, 6$ = ~ 
Reduce the following to fractional forms : 

a 2 — a 3 x 2 — (a 2 — x 2 ) . 2oj 2 — a 2 

A. X — = — _ . JLn8. • 

XX X 

aaj + a 2 A ax — x* 

8 * x WZ — • Ana. — • 

2a 2a 

1 K _L_ 2g - * A 11X ~ * 

*• o -+- — • An8. — • 

Sx Bx 

ri «5 — a — 1 . 2a — 05 + 1 

5. l . Ana. ' — 

a a 

6.1 + 2*-^. An* W V* + ■! 

005 5x 



89. How do you reduce a mixed quantity to a fractional form ? 
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* « . «. 3c + 4 . 16a + 8ft - 3c - 4 

7. 2a + ft 5 — • Ans. 

~ ~ . • z Ga 2 ^ — «ft ^ ISa 2 ^ -f 5aft 

8. 6ox + ft • Ans. 

4a 4a 

8 + 6a 2 ft V 

12afta* 

. 96aftaj* + SOaWb 4 — 8 
Ans. _- x : 



9. 8 + Soft — 



FIFTH TBANSFORMATION. 

To reduce fractions having different denominators, to equi- 
valent fractions having the least common denominator. 

90. This traDsformation is effected by finding the least 
common multiple of the denominators. 

1. Reduce -, -, and — . to their least common denomi- 
.3' 4* 12' 

nators. 

The least common multiple of the denominators is 12, 
which is also the least common denominator of the required 
fractions. If each fraction be multiplied by 1 2, and the result 
divided by 12, the values of the fractions will not be changed. 

- X 12 = 4, 1st new numerator ; 

3 

2 X 12 = 9, 2d new numerator; 

-— x 12 = 5, 3rd new numerator; hence, 

5? h mi ii are *• nCTr eqDivalent fracti0M - 

90. How do you reduce fractions having different denominators, to equi- 
valent fractions having the least common denominator ? When the nu- 
merators have no common factor, how do you reduce them ? 
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BULB. 

L Find the least common multiple of the denominators: 
II. Multiply each fraction by it, and cancel the denom- 
inator : 

HL Write each product over the common multiple, and 
the results wiU be the required fractions. 

GENERAL RULE. 

Multiply each numerator by aU the denominators except 
its own, for the new numerators, and aU the denominators 
together for a common denominator. 

EXAMPLES. 

1. Reduce —= ^ and — — -= to their least common 

a 2 — b 2 a + ft 

denominator. 

The least common multiple of the denominators is (a + ft) 
(a -ft): 

X (a + ft) (a — 6) = a 



a* -ft* 
c 

a + ft 



X (a + ft) (a — ft) = c(a — ft; hence, 



(a + »)% - b) «* (a + 1) (a- by « ** req,drcd 
fractions. 

Reduce the following to their least common denominators : 
A 8a; 4 , 12a? A 45a; 40 48a? 

2 ' 7' e> "* IT- ^ Wao'lo- 

3ft 2 , 5c 3 , 12a 9ft 2 10c 3 

8. &• — • and — • JLns. — • — • 

> 4 » e 12 ' 12 12 

8a; 2ft A 9«b 4oft 6ac<? 

4« :r- » ;r- « ana a* -4n*. - — • - — 9 — — 

2a 9 8c 9 6ae 6ao 6ac 
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r 8 2d! , 2aj - 9a Sax 12a 2 + 2405 

4* 3 * a 12a' 12a' 12a 



„ 05 V? -SB 3 

6. : 



^^ (1 - xy ' (1 - a) 3 » "^ (l - «)* 



^ c c — b , c 



fin* c • a + 6 

oo* + fo 2 5a 2 c — 5a 2 & + babe — Soft 8 Sao 1 

5a*c + babe' ba 2 c + babe ' 6a 2 c + £aflc" 

ex dx 2 , a 3 

o. ■ . , And • 

a — » a 4- a a + a 

a 2 - jb 2 * a 2 — a 2 ' a 2 - a 2 



ADDITION OP FRACTIONS. 

91. Fractions can only be added when they have a com- 
mon unit, that is, when they have a common denominator. 
In that case, the sum of the numerators will indicate how 
many times that unit is taken in the entire collection. 
Hence, the 

BULB. 

L Reduce the fractions to be added, to a common denorru 
inator: 

TL Add the numerators together for a new numerator^ 
and write the sum over the common denominator. 



EXAMPLES. 

2 

2' 3' ~~~ 5 



1. Add -, r, and -, together. 



91. What i8 the rule f 0P adding fractions ? 
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By reducing to a common denominator, we have, 

6 x 3 X 5 = 90, let numerator. 

4 x 2 x 5 = 40, 2d numerator. 

2x3x2 = 1 2, 3d numerator* 

2 x 3 x 5 = 30, the denominator. 

Hence, the expression for the sum of the fractions becomes 

90 40 12 _ 142 # 

30 30 + 30 " 30 ; 

which, being reduced to the simplest form, gives 4J-J. 
2. Find the sum of T , -^, and -• 

Here, a x d x / = adf \ 

c X b X f = cbf \ the new numerators. 

e X b x d = ebd ) 
and b x d X / = bdf the common denominator. 

Hence ^ + &,<**_ adf + cbf + ebd ^ 

MW * bdf ^ bdf ^ bdf ~ 4e|r 

Add the following : 

3s 2 .,,2005" gate - 3ca* 

3. a — t- , and ft H • Ans. a + o + ^ 

4. |, J, and J. ^^J 

« - 2 4<e .19a — _U 

5. — - — and ^' An8 ' 21 

0. * + ^* an4 3* + ^=^- ^«.4«+- 



12 

». 4a;, ™ and i±^- -*»- 4 « + 2^ 

8. 2", 22, and *£i- -Ana- 2 * + ~" So 

3 4 * 5 

44« 

0.4^ £, and S+|. *«• a + 4ae " V --« 
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10. 8a + — and x — --. Arts. Zx A 

6 9 45 

11. ac — — - and 1 — -^- 

8a a 

- , , 6bd 4- 8<w 
Ans. I + ac -^ — « 

Sad 

8 3 ^ 4 

12. t rr,, t tt7, ana -• 

(x — l) 3 ' (« — l) 2 x — 1 

- 4a? — 5a5 + 4 

An8 ' (x - I) 3 



4(1 + a)' 4(1 - a) • 2(1 - a 2 ) 1 - a 2 



SUBTRACTION OF FRACTIONS. 

92* Fractions can only be subtracted when they have 
the same unit; that is, a common denominator. In that 
case, the numerator of the minuend, minus that of the sub- 
trahend, will indicate the number of times that the common 
unit is to be taken in the difference. Hence, the 

BULB. 

L Reduce the two fractions to a common denomi- 
inator : 

H. Then subtract the numerator of the subtrahend from 
that of the minuend for a new numerator, and write the 
remainder over the common denominator. 

EXAMPLES. ' 

3 2 

1. What is the difference between -r and - - 

7 8 

3 2 24 14 10 5 - 

= — = — = — » Ans. 

7 8 56 56 56 28 

es. What to the role for subtracting fractions 
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2. Find the difference of the fractions — — r— and 

2ft 3c 

„ j (x — a) X 3c = 3«e — Sac ) A , 
Here, j /ft v ' _, . _ ft _ >■ the numerators, 

' ( (2a — 4x) x 2ft = 4aft — Bbx ) 

and, 26 x 3c = 6ftc the common denominator, 

jt 3ca5— 3oc 4oft— 8fta5 3caj— 3oc— 4aft4-8ftos A 

Hence, — -r -r = — * Ana 

^ 6ftc 6ftc 6ftc 

3. Required the difference of -^- and — •" Ans. 



4. Required the difference of 5y and 



3y 

8 



5. Required the difference of — and — < 

6. From X y subtract x ~~ & . 

x — y sb + y 

1 , 1 



7. From 



subtract 



-4ns. 



J1./19, 


35 


Ans. 


37y 

8 


Ans. 


132 

63 


ns Axy 


™- *» - 


-y 2 


.V +2 


— 1 



y 2 — « 2 



y — 2 y 2 — a 8 

Find the differences of the following : 

^ Sx + a -2z+1 A 24jb 4- 8a — lOftaj — 35ft 
8. — r^ — and — = — • Ans. 



5ft 



8 



40ft 

ex + bx — oft 



9. 3as + T and x -• Ans. 2x + T 

be be 



a — 05 , a + »B 
10. a 4 — ; — : — r and 



a(a + x) a(a — x) 



Ans. a — 



Ax 



a 2 — x* 



MUIUPLIOATION OP FRACTIONS, 
been shown (Art. 81), that any quantity may be multiplied 



98. What is the rule for the multqflfcation of fractions? 
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by a fraction, by first multiplying by the numerator, and 
then dividing the result by the denominator. 

ft s» OC 

To multiply j- by -^, we first multiply by c, giving — 
then, we divide this result by d> which is done by multiply- 

OC 

ing the denominator by d; this gives for the product, j-j\ 

that is, 

a c ac , 

l x d= w ; henc * 

* 

RULE. 

I. If there are mixed quantities^ reduce them to a fro* 
Uonal form; then^ 

H. Multiply the numerators together for a new numera- 
tor, and the denominators for a new denominator. 

EXAMPLES. 

- tut i*- i . bx T. c -n.- x \ bx aX\- bx 

1. Multiply a H by -v First, a A = . 

J a y d a a 

, a 2 -+- bx c v a 2 c + hex A 

hence, --^- X -, = -= Ans. 

a a ad 

Find the products of the following quantities : 

2x Sab .Sac A 

2. — , — , and •—=- Ans. 9ax, 

o * i ^ j « A ab + bx 

3. o H and -• Ans. • 

ax x 

x*—b * _ a-2 + & , x* - 6* 

*c & + o b 2 c + be* 

a a 4- fl a 2 + a£ 

6. a 4- ___S* , a 2 - x 2 A a?+ a*x 
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* 

t Multiply ^—j by — - 

We have, by the role, 

2a g» — ft> _ 2a(g»-ft») _ 2a(a -h ft) (a - ft) 

a - ft X 3 - 3(a — ft) ~ 3(a - ft) 

= !(«+*>. 

After indicating the operation, we factored both numera- 
tor and denominator, and then canceled the common factors, 
before performing the multiplication. This should be done* 
whenever there are common factors. 

8. by *-. An*. — 

x — y J a 

9. — - — by « -***• § 

10. ( g + *>* by 4a? • ^ «*C a + *> 

11 (* ~ *>' by ^±- J >^. An,. 

y 3 J aj—l 

12. (^J) by 1+-. J*. ~~* 

1 — X 2 J 



13. x+ ^ 



x — y 



m 

a 


Ax 


x + 2 


4x* 


(a + ft) 


(x + l)y* m 


x — 1 


1 + * 


a 4- a? 


2aey 


6a — 26 







, 2a — b , 6a — 26 J.r*s. 

U ' —la~ by P^-2^6 

14. .-I? by 5+5- ^* «?y 

a? ^ y « 
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DIVISION OP FRACTIONS. 

M Since - = p x - , it follows tuat, dividing by a 

quantity is equivalent to multiplying by its reciprocal. But 

c d 

the reciprocal of a fraction, 3, is - (Art. 28); conse- 

a c 

quently, to divide any quantity by a fraction, we invert the 
terms of the divisor, and multiply by the resulting fraction. 
Hence, 

a % c a d ad 

b "*" d ~~ b c ~~ be 

Whence, the following rule for dividing one fraction by 
another : 

RULE. 

I. Reduce mixed quantities to fractional forms: 

II. Invert the terms of the divisor^ and multiply the 
dividend by the resulting fraction. 

Note. — The same remarks as were made on factoring 
and reducing^ under the head of Multiplication, are appli- 
cable in Division. 

EXAMPLES. 

» 

1. Divide a — — by - • 

2c J g 

b 2ac — b 

a = 

2c 2c 

94. What is the role for the division of fractions? 
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2. Divide ^ + y> by *~*. 

g( g + y) x « _ 2(a? + y) a 

a tf-y* a {x + y) {x - y) 



a — y 



3. Let — be divided by —• .4n*. -— • 

4. Let — be divided by 6z. Ans. — . 

7 35 

5. Let !^ti bedividedby ?5. .4n*. !L±i. 

d. Let be divided by - • Ans. • 

85—1 * 2 « — 1 

7. Let ■— be divided by -7 • Ana. —— • 

3 J Zb 2a 

8. Let J~\ be divided by —7 • 4n*. . , • 

Divide the following fractions: 

A 4as 2 — 805, 05 2 — 4 . 4a 

9. by — - — • Ans. 



3 J 3 a 4- 2 

a 4 -* 4 ,«*+** A , b* 

10 - *-m» + » by 1T=T- An8 ' * + *- 

.. , 4a* (a + 5) 2 

11. 2x(a + b) by j-j-j. -4n«. *-g~- 

12. by **-• -4«*. — - 3 

y ' « — 1 y 3 

a 2 _ ax 3(c — a;) . 4or(q 2 — x 2 ) 
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14 . -Zl? by l + • 



1 -sr 



a + x 



Asm. 



a* — a * 

1 — a? 



15 as* by as — 



2sy 
* + y 



Ans. *±m. 

Z — y 



,„ ft — Sa 6a — 2b 

16. ^ . Dy 



2ab 



6 2 - 2aft 



,* as* - y* a , y 

a^y y as 

18, tn* + 1 T -^ bym + i+1. 



-4n*. 



-4n*. 



2a — & 

4a 

as* — y* 
as 



Ans. m H 1. 

m 



\ 1 + »y/ ' V 1 + ay/ ' 

as -f 2y , as\ , (x + 2y x \ . 

20. 7—^ + -) ^ 1 y : — )• Am 1 

x aj + y y/ ' V y x + yj 
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CHAPTER V. 

EQUATIONS OF THE FIBST DEQBEB. 

95. An Equation is the expression of equality between 
two quantities. Thus, 

x = b + Cj 

is an equation, expressing the fact that the quantity as, is 
equal to the sum of the quantities b and c. 

96* Every equation is composed of two parts, connected 
by the sign of equality. These parts are called members : 
the part on the left of the sign of equality, is called the first 
member- j that on the right, the second member. Thus, in 
the equation, 

x + a = b — c y 

as + a is the first member, and b — c, the second member. 

97. An equation of the first degree is one which involves 
only the first power of the unknown quantity ; thus, 

6x + dx — 5 = 13 ; ( 1 ) 
and ax + bx + c = d; (-2) 

are equations of the first degree. 

95. What is an equation ? 

96. Of how many parts is every equation composed? How are the 
parts connected? What are the parts called? What is the part on the 
left called? The part on the right ? 

9*7. What is an equation of the first degree 
5* 
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98* A numerical EQUATION is one in which the coeffi- 
cients of the unknown quantity are denoted by numbers. 

99. A literal equation is one in which the coefficients 
of the unknown quantity are denoted by letters. 

Equation ( 1 ) is a numerical equation ; Equation ( 2 ) is a 
literal equation. 

EQUATIONS OF THE FIRST DEGREE CONTAINING BUT ONE 

UNKNOWN QUANTITY. 

100. The Transformation of an equation, is the opera- 
tion of changing its form without destroying the equality 
of its members. 

101. An Axiom is a self-evident proposition. 

109. The transformation of equations depends upon the 
following axioms: 

1. If equal quantities be added to both members of an 
equation, the equality wiU not be destroyed. 

2. If equal quantities be subtracted from both members 
qf an equation, the equality wiU not be destroyed. 

3. If both members of an equation be multiplied by the 
same quantity \ the equality will not be destroyed. 

4. If both members of an equation be divided by the same 
quantity, the equality will not be destroyed. 

5. lake powers of the two members of an equation are 
equal. 

6. Like roots of the two members of an equation are 
equal. 

98. What is a numerical equation ? 
99 What is a literal equation ? 
100. What is the transformation of an equation ? 
101 What is an axiom ? 

102. Name the axioms on which the transformation of an equation 
depends. 
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103. Two principal transformations are employed in the 
solution of equations of the hrsl degree: Clear iny of frao* 
tiwis, and Transposing. 

CLEARING OF FRACTIONS. 

1, Take the equation, 

■ ^_*? + ? -ii 

3 4 + 6 ' 

The least common multiple of the denominators is 12. If 
we multiply both members of the equation by 12, each term 
■will reduce to an entire form, giving, 

8x — 9a? + 2x = 132. 

Any equation may be reduced to entire terms in the same 
manner. 

104. Hence for clearing of fractions, we have the fol- 
lowing 

RULE. 

L Find the least common multiple of the denominators: 
II. Multiply both members of the equation by it, reduc- 
ing the fractional to entire terms. 

Note. — 1. The reduction will be effected, if we divide the 
least common multiple by each of the denominators, and 
then multiply the corresponding numerator, dropping the 
denominator. 

2. The transformation may be effected by multiplyirg 
each numerator into the product of all the denominators 
except its own, omitting denominators. 

108. How many transformations ire employed in the solution of equa- 
tions of the first degree ? What are they ? 

104. Give the rule for clearing an equation of fractions ? In what throe 
ways may the reduction be effected? 
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3. The transformation may also be effected, by multiplying 
both members of the equation by any multiple of the de- 
nominators. 

EXAMPLES. 

Clear the following equations of fractions: 

x x 
1. - + ^ — 4 = 3. Ans. 1x + 5x — 140 = 105 

XXX 

2 * e + 9 "" 27 = 8 * jAn9 ' 9as + 6a; — 2a; = 432. 

X t X X . X 

Ans. l%x + 12« — 4a; + Bx = 720. 

X X X 

4 - 5 + Jj — 2 = 4 - - 4w «- 14aj + 10* — 35a; = 280. 

XXX 

5 - 4 — 5 + e = 15- AnS ' l5x ~~ 12aj + 10x = 900 
a; — 4 g — 2 5 

3 ~ 6 ~" 3* 

-4ns. — 2a? + 8 — a; + 2 = 10. 



6. - 



*• 8 _ x + 4 = r ' -4*w. 5a; + 60 — 20a; = 9 — 3a% 



X X . SB 25 

-4*w. 18aj — 12a; + 9a; + 8a; = 864. 
»• £ — ^ + / = #. Ans. ad — be + bdf = fld^r 
1A ax 2c 2 a; • 4bc?x 5a 3 2c* 

The least common multiple of the denominators is a?b* 
o 4 da - 2a*bc*x + 4tfb 2 = 4J 3 c*a; - 5a« + 2a 2 $ 2 c* - 3a 3 b\ 
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rRAXSPOGEXQ. 

105. Transposition is the operation of changing a term 
from one member to the other, without destroying the 
equality of the members. 

]» Take, for example, the equation, 

5x — 6 = 8 + 2sc 

I£ in the first place, we subtract 2x from both members* 
the equality will not be destroyed, and we have, 

te — 6 — 2x = 8. 

Whence we see, that the term 2as, which was additive in 
the second member, becomes subtractive by passing into 
the first. 

In the second place, if we add 6 to both members of 
the last equation, the equality will still exist, and we have, 

5x — 6 — 2x + 6 = 8-f6, 

or, once — 6 and + 6 cancel each other, we have, 

5x — 2x = 8 + 6. 

Hence, the term which was subtractive in the first member, 
passes into the second member with the sign of addition. 

106. Therefore, for the transposition of the terms, we 
have the following 

RULE. 

Any term may be transposed from one member of a:i 
equation to the other, if the sign be changed, 

105. What is transposition ? 

106. What is the rule for the transposition of the tsrms of an equation? 
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EXAMPLES. 

Transpose the unknown terms to the first member, and 
the known terms to the second, in the following : 

1. Sx + 6 — 5 = 2x — 1. Ans. Qx — 2x=z — 7 — 0+5. 

2. ax + b = d — ex. Ans. ax + ex = d — b. 
8. 4x — 8 = 2as + 5. Ans. 4x — 2x = 5 + 3. 

4. 9x + e = ex — d. Ans. 9x — ex = — d — c. 

5. ax + f r=z dx + b. Ans. ax — dx = ft — /. 

6. 6« — c = — ax + b. Ans. 6« + ax = b + c 



solution op equations. 

107* The Solution of an equation is the operation of 
finding such a value for the unknown quantity, as will 
satisfy the equation ; that is, such a value as, being sub- 
stituted for the unknown quantity, will render the two mem- 
bers equal. This is called a boot of the equation. 

A Moot of an equation is said to be verified, when being 
substituted for the unknown quantity in the given equation, 
the two members are found equal to each other. 

1. Take the equation, 

2 4 - 8 + 8 " 

Clearing of fractions (Art. 104), and performing the opera- 
tions indicated, we have, 

1235 — 32 = 4x — 8 + 24. 



107. When is the solution of an equation? What is the found value 
of the unknown quantity called ? When is a- root of an equation said to 
be verified. 
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Transposing all the unknown terms to the first member, 
and the known terms to the second (Art. 106), we have, 

12x — 4x = — 8 + 24 + 32. 

Reducing the terms in the two members, 

88 = 48. 

Dividing both members by the coefficient of a, 

* = T = 6 - 

VERIFICATION. 

— 2 * - q + . ' ° r » 

+ 9 — 4 = 2 + 3 = 5. 
Hence, 6 satisfies the equation, and therefore, is a root. 

108. By processes similar to the above, all equations of 
the first degree, containing but one unknown quantity, may 
be solved. 

RULE. 

I. Clear the equation of fractions, and perform att the 
indicated operations ; 

II. Transpose all the unknown terms to the first member, 
and all the known terms to the second member : 

HE. Reduce aR the terms in the first member to a single 
term, one factor of which will be the unknown quantity, 
and the other factor will be the algebraic sum of its coeffi- 
cients : 

IV. Divide both members by the coefficient of the unknown 
quantity : the second member wiU then be the value of the 
unknown quantity. 

108. Give the rule for solying equations of the first degree with one 
unknown quantity. 
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EXAMPLES. 

1. Solve the equation, 

12 ¥ ""8 T" 

Clearing of fractions, 

10s — 32x — 312 = 21 — 52a. 

By transposing, 

10« — 32a; + 52x = 21 + 312. 

By reducing, 30x = 383 ; 

, 333 111 

hence, * = _ = _ = n . 1; 

a result which may be verified by substituting it for x in 
the given equation. 

2. Solve the equation, 

(3a — x) (a — V) + 2ax = 4b(x + a). 

Performing the indicated operations, we have, 

3a a — ax — Sab + bx + 2ax = 4bx + 4a&. 
By transposing, 

— ax + bx + 2ax — 4bx — 4ab + Sab — Sa\ 
By reducing, ax — Sbx = lab — 3a 8 ; 

Factoring, (a — Sb)x = lab — 3a 2 . 

Dividing both members by the coefficient of sc, 

tab — Sa* 
a — Sb 

3. Given Sx — 2 + 24 = 31 to find a. Arts, x = 8, 

4. Given x + 18 = 3a; — 5 to find x Arts, x =■ 11 } 
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6. Given 6 — 2a; + 10 c= 20 — Zx — 2, to find as. 

Ans. x = 2. 

6. Given as + Ja; + Jas = 11, to find as. Ans. x = 6, 

7. Given 2a; — ±x + 1 = 5aj — 2, to find x. 

Ans. x = f. 

Solve the following equations: 

a , - 6 — 8a 

8. Zax + -— 3 = ae — a. -4tw. as = -z • 

2 6a — 26 

_ x — 3 aj aj — 19 - __. 

9. — h: = 20 • Ans. x = 23J* 

L o 2 

1A a + 3 . a) as — 5 . 

10. — h - = 4 — . ^ln«. a; = 3^. 

11. — + x = — - — 3. -4/w. aj = 4. 

, A 8oas 2ftas , _ - c^+ 4c<? 

12. 3 4 = /. Ans. x = - *V ft , 

c d J dad — 2ftc 

* 

, as — a 2a; — 3ft a — x ^ , ,,* 

13. = 10a 4- lift. 

3 5 2 

-4n*. a; = 25a + 245. 

mA x 8— a; 5 +aj , 11 A . 

14. — + — = 0. -4ns. x = 12. 

„ a + o . a — e 2ft 3 , a* — b 

15. — ■ = — Ans. x = 

a + » a — x a 2 — x 2 c 

, „ 8aas — ft 3ft — c . » 

13. z — = 4 — ft. 

7 2 

. 56 + Oft - 7c 

■4?w a ~- rr 

16a 

,._ CD as — 2 a; 13 - 

17 5 -_- + 5 = _. 4tw. » = 10. 
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05 05 05 05 _ 

18. - - £ f - - -j = /. 

abed" 



A abedf 

Arts, x = * 



bed — acd + aid — a6c 

Note. — What is the numerical value of as, when a = 1, 
6=2, c = 3, d = 4, and / = 6 ? 

10. j? - — — = — 12ft • Ans. x = 14. 

3a« — 5 4x — 2 

20 x 1 = x + 1. Ans. x = 6. 

13 T 11 ^ 

21. + - + - — - = 2x — 43. Ans. x = 60. 

4 5 6 

*-* n. 4« — 2 8se — 1 - 

22. 2x — = — - — • Ana. x = 3. 



bx — d . 3a + d 

23. Sx -4 — = 05 + a. Ans. x = 



6 + 6 



^. tw-i , a bx bx — a 

24. ; (■: = •! 



4 ' 8 2 3 

36 



.4ft*. x = 



8a — 2fr* 



4as 20 — 405 15 A J 

25. = — • Ans. x = 3-- • 

6 — x x x 11 

M 2x + 1 402 — 305 „ 471 — 605 

26. — ^ ^ = • « • 

29 12 2 

-4n*. as = 72. 

27 (« + »(— JQ _ 3a = 4£-£ _ „ + *-*. 
a— 6 a + 6 6 

. a 4 + 3a 3 ft + 4a 2 * 2 - 6a* 3 + 26* 

-Ans. 05 = ^t/~ » —* * ?^v • 

26(2a 2 + ab — J 2 ) 
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PROBLEMS. 

109. A Problem is a question proposed, requiring a 
solution. 

The Solution of a problem is the operation of finding a 
quantity, or quantities, that will satisfy the given conditions. 
The solution of a problem consists of two parts : 

I. The statement, which consists in expressing^ algebra* 
icaHt/y the relation between the known and the required 
quantities. 

II. The solution, which consists in finding the values 
of the unknown quantites, in terms of those which are 
known. 

The statement is made by representing the unknown 
quantities of the problem by some of the final letters of the 
alphabet, and then operating upon these so as to comply 
with the conditions of the problem. The method of stating 
problems is best learned by practical examples. 

1. What number is that to which if 5 be added, the sum 
will be equal to 9 ? 
Denote the number by as. Then, by the conditions, 

x + 5 = 9. 
This is the statement of the problem. 

To find the value of cc, transpose 5 to the second member ; 

then, 

x = 9 — 5 = 4. 

This is the solution of the equation. 

VERIFICATION. 

x + 5 = 9. 

109. What is a problem ? "What is the solution of a problem ? Of 
how many parts does it consist? What are they? What is the state- 
ment? What is the solution ? 
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2. Find a number such that the sum of one-half^ one-third, 
and one-fourth of it, augmented by 45, shall be equal to 448 

Let the required number be denoted by as. 

X 

Then, one-half of it will be denoted by -, 
one-third u tt by 



as 
3' 



x 

_ • 

4' 



one-fourth " M by 

and, by the conditions, 

XXX 

2 + 3 + J + 45 = 448. 

This is the statement of the problem. 

Clearing of fractions, 

Gx + 4x + 3x + 540 = 5376 , 
Transposing and collecting the unknown terms, 

132 = 4836; 

. 4836 o . . 

hence, x = — — = 372. 

VERIFICATION. 

872 372 372 

4" + -T- + -T- + 45 = 186 + 124 + 93 ^ 45 = 448, 
2 o 4 

3. What number is that whose third part exceeds its 
fourth by 16? 

Let the required number be denoted by as. Then, 

-x = the third part, 

-as = the fourth part 
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and, by the conditions of the problem, 

1 l 

-x — -x = 16. 

3 4 
This is the statement. Clearing of fractions, 

4a — 3a = 192, 
and hence, x = 192. 

VERIFICATION. 

192 192 

-^ - ^ = 64 ~ 48 = 16. 
3 4 

4. Divide $1000 between A, B, and (7, so that A shall 
have $72 more than J5, and C $100 more than A. 

Let x denote the number of dollars which B received. 

Then, x = B*8 number, 

x + 72 = A* 8 number, 
and, aj+172 = C'a number; 

and their sum, Zx + 244 = 1000, the number of dollars. 

This is the statement. By transposing, 
3« = 1000 — 244 = 756 ; 

and, x = !£ = 252 = &s share. 

Hence, x + 72 = 252 + 72 = 324 = A J 8 share, 
and, x + 172 = 252 + 172 = 424 = C>8 share. 

VERIFICATION. 

252 + 324 + 424 = 1000. 

5. Out of a cask of wine which had leaked away a third 
part, 21 gallons were afterwards drawn, and the cask being 
then guaged, appeared to be half full : how much did it 
hold? 
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Let x denote the number of gallons, 

x 
Then, - = the number that had leaked away. 

and, - + 21 = what had leaked and been drawn. 
^ 3 

Ilence, by the conditions, - + 21 = - • 

This is the statement. Clearing of fractions, 

2x + 126 = .88, 
and, — x = — 126 ; 

and by changing the signs of both members, which does not 
destroy their equality (since it is equivalent to multiplying 
both members by — 1), we have, 

x = 126. 



VERIFICATION. 

12^ . «, AC . «, «« 126 

— + 21 =42 + 21 = 63 = — 



6. A fish was caught whose tail weighed 9 lbs., his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together : what was 
the weight of the fish ? 

Let 2x = the weight of the body, in pounds. 

Then, 9 + x = weight of the head ; 

and since the body weighed as much as both head and tail, 

2sc = 9 + 9 + sc, 
which is the statement. Then, 

2as — x = 18, and x = 18. 
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Hence, we have, 

2x = 36$. = weight of the body, 
9 + x = 27 lb. =. weight of the head, 
9lb. = weight of the tail ; 

hence, I2tf>. = weight of the fish. 

7. The snm of two numbers is 67, and their difference 19 . 
what are the two numbers ? 

Let x denote the less number. 

Then, x + 19 = the greater; and, by the conditions, 

2x + 19 = 67. 

This is the statement. Transposing, 

2x = 67 — 19 = 48; 
48 

hence, x = —- = 24, and x + 19 = 48. 

VERIFICATION. 

43 + 24 = 67, and 43 — 24 = 19. 

ANOTHER SOLUTION. 

Let x denote the greater nnmber. 

Then, 05 — 19 will represent the less, 

and, * 2x — 19 = 67 ; whence 2x = 67 + 19. 

ftfl 

Therefore, x = — = 43; 

z 

and, consequently, x — 19 = 43 — 19 = 24. 

GENERAL SOLUTION OF THIS PROBLEM. 

The sum of two numbers is a, their difference is d: what 
are the two numbers ? 
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Let x denote the less number. 

Then, x + d will denote the greater, 
and 2x + d = *, their sum. Whence, 

x — 2 - 2 ~~ 2 5 

and, consequently, 

, , e d , , s d 

x 4- a = V d =t — I--- • 

T 2 2 22 

As these two results are not dependent on particular 
values attributed to s or d, it follows that : 

1. The greater of two numbers is equal to half their sum, 
plus half their difference : 

2. The less is equal to half their sum, minus half their 
difference. 

Thus, if the sum of two numbers is 32, and their differ- 
ence 16, 

the greater is, -— + -— = 16 + 8 = 24; and 

, , 82 16 

the less, — =16 — 8= 8. 

z J* 

VERIFICATION. 

24 + 8 = 32 ; and 24 — 8 = 16. 

8. A person engaged a workman for 48 days. For each 
day that he labored he received 24 cents, and for each day 
that he was idle, he paid 12 cents for his board. At the 
end of the 48 days, the account was settled, when the laborer 
received 504 cents. Required, the number of working days, 
and the number of days he was idle. 

If the number of working days, and the number of idle 
days, were known, and the first multiplied by 24, and the 
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second by 12, the difference of these products would "be 
504. Let ns indicate these operations by means of algebraic 
3igns. 

Let x denote the number of working days. 

Then, 48 — x = the number of idle days, 
24 x 05 = the amount earned, 
and, 12(48 — x) = the amount paid for board. 

Then, 24« - 12(48 — a?) = 504, 

what was received, which is the statement. 

Then, performing the operations indicated, 

24as — 576 + 12a; = 504, 
or, 36a5 = 504 + 576 = 1080, 

and, x = — — = 30, the number of working days; 

GO 

whence, 48 — 30 = 18, the number of idle days. 

VERIFICATION. 

Thirty days' labor, at 24 cents ) ft/v _ . HM 
, \ . h 30 X 24 = 720 cents, 

a day, amounts to ) 

And 18 days' board, at 12 cents ) nt% „„ _,„ 
, \ . ' 5-18 X 12 = 216 cents, 
a day, amounts to ) 

The difference is the amount received .... 504 cents. 

GENERAL SOLUTION. 

This problem may be made general, by denoting the whole 
number of working and idle days, by n ; 

The amount received for each day's work, by a ; 

The amount paid for board, for each idle day, by b ; 

And what was due the laborer, or the balance of the 
account, by c. 
6 
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As before, let the number of working days be denoted 
by X. 

The number of idle days will then be denoted by n — as. 

Hence, what is earned will be expressed by oas, and the 
som to be deducted, on account of board, by b(n — #), 

The statement of the problem, therefore, is, 

ax — b(n — as) = c. 
Performing indicated operations, 

ax — bn + bx = c, or, (a + b)x = c + bn ; 

whence, »t = — — r = number of working days ; 

, c + bn an + bn—c—bn 

and, n — as = n rr = TT > 

a + b a + ft 

or. n — x = r- = number of idle days, 

' a ■+• b ' 

Let us suppose n = 48, a — 24, ft = 12, and c = 504 ; 
these numbers will give for as the same value as before 
found. 

9. A person dying leaves half of his property to his wife, 
one-sixth to each of two daughters, one-twelflh to a scrvaut, 
and the remaining $600 to the poor ; what was the amount 
of the property ? 

Let as denote the amount, in dollars, 

% as 
Then, - = what he left to his wife, 

as 

- = what he left to one daughter, 

2uo as 
and, — = - what he left to both daughters, 

as 
also, — = what he left to his servant, 

and, $600 = what he left to the poor. 
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Then, by the conditions, 

X X X 

- + - + —- -H 600 = as, the amount of thepioperty, 

which gives, x = $7200. 

10,-4 and B play together at cards. A sits down with 
$8*, and B with $48. Each loses and wins in turn, when 
it appears that A has five times as much as B. How much 
did A win? 

Let x denote the number of dollars A won* 

Then, A rose with 84 4- x dollars, 

and B rose with 48 — x dollars. 

But, by the conditions, we have, 

84 + x = 5(48 — a), 
hence, 84 + x = 240 — 5a; 

and, 62 = 156, 

consequently, x = 26 ; or A won $26. 

VERIFICATION. 

84 + 26 = 110 ; 48 — 26 = 22; 
110 = 5(22) = 110. 

11. A can do a piece of work alone in 10 days, B in 13 
days; in what time can they do it if they work together? 

Denote the time by se, and the work to be done, by 1. 
Then, in 

1 day, A can do — of the wort and 

B can do — of the work; and in 

13 
X 

ce days, A can do — of the work, and 

x 
B can do — of the work. 
13 



124 ELEMENTARY ALGEBRA. 

Hence, by the conditions, 

X X 

— + — = 1 which gives, IZx + 10as = 130; 

130 
hence, 23a; = 130, x = — = 5£f days. 

23 

12 A. fox, pursued by a hound, has a start of 60 of his 
own leaps. Three leaps of the hound are equivalent to 7 of 
the fox ; but while the hound makes 6 leaps, the fox makes 
9 : how many leaps must the hound make to overtake the 
fox? 

There is some difficulty in this problem, arising from the 
different units which enter into it. 

Since 3 leaps of the hound are equal to 1 leaps of the fox, 

1 leap of the hound is equal to - fox leaps. 

3 

Since, while the hound makes 6 leaps, the fox makes 9, 

*. - Ho„d „*. X ^ 1. te * ^ I . | 
leaps. 

Let x denote the number of leaps which the hound makes 
before he overtakes the fox ; and . let 1 fox leap denote the 
unit of distance. 

1 
Since 1 leap of the hound is equal to - of a fox leap, x 

1 
leaps will be equal to ~x fox leaps ; and this will denote the 

distance passed over by the hound, in fox leaps. 

3 

Since, while the hound makes 1 leap, the fox makes - 

3 
leaps, while the hound makes x leaps, the fox makes -a; leaps ; 

and this added to 60, his distance ahead, will give 

3 

-a + 60, for the whole distance passed over by the fox. 
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Hence, from the conditions, 



1 3 

-as = -a? + 60 ; wnence, 

3 2 

14aj = 9x + 360 ; 

x = 72. 



The hound, therefore, makes 72 leaps before overtaking 

3 
2 



3 
the fox ; in the same time, the fox makes 72 x - = 108 



leaps. 

VERIFICATION. 

108 + 60 = 168, whole number of fox leaps, 

12 X I = 168. 
3 

13. A father leaves his property, amounting to $2520, to 
four sons, A, J2, (7, and D. C is to have $360, B as much 
as C and D together, and A twice as much as J?, less $1000 : 
how much do A, J5, and D receive ? 

Arts. A, $760 ; i?, $880 ; J9, $520. 

14. An estate of $7500 is to be divided among a widow, 
two sons, and three daughters, so that each son shall receive 
twice as much as each daughter, and the widow herself $500 
more than all the children : what was her share, and what 
the share of each child ? 

{Widow's share, $4000. 
Each son's, 1000. 

Each daughter's, 500. 

15. A company of 180 persons consists of men, women, 
and children. The men are 8 more in number than the 
women, and the children 20 more than the men and women 
together : how many of each sort in the company ? 

Am. 44 men, 36 women, 100 children. 
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16. A father divides $2000 among five sons, so that each 
elder should receive $40 more than his next younger bro- 
ther : what is the share of the youngest? Ans. $320. 

17. A purse of $2850 is to be divided among three per- 
sons, A y B, and C. A* 8 share is to be to B y s as to 11, 
and C is to have $300 more than A and B together : what 
is each one's share? A% $450 ; B*s, $825 ; C% $1575. 

18. Two pedestrians start from the same point and travel 
in the same direction; the first steps twice as far as the 
second, but the second makes 5 steps while the first makes 
but one. At the end of a certain time they are 300 feet 
apart. Now, allowing each of the longer paces to be 3 feet, 
how far will each have traveled ? 

Ans. 1st, 200 feet ; 2d, 500. 

19. Two carpenters, 24 journeymen, and 8 apprentices 
received at the end of a certain time $144. The carpenters 
received $1 per day, each journeyman, half a dollar, and 
each apprentice, 25 cents : how many days were they em- 
ployed ? Ana. 9 days. 

20. A capitalist receives a yearly income of $2940 ; four- 
fifths of his money bears an interest of 4 per cent., and the 
remainder of 5 per cent. : how much has he at interest ? 

Ans. $70000. 

21. A cistern containing 60 gallons of water has three 
unequal cocks for discharging it ; the largest will empty it 
in one hour, the second in two hours, and the third, in three : 
in what time will the cistern be emptied if they all run to- 
gether ? Ans. 32 T 8 T min. 

22. In a certain orchard, one-half are apple trees, one- 
fonrth peach trees, one-sixth plum trees; there are also, 120 
cherry trees, and 80 pear trees : how many trees in the 
orchard? Ans. 2400. 

23. A farmer being asked how many sheep he had. 
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answered, that he had them in five fields ; in the 1st he had 
J, in the 2d, £, in the 3d, J, and in the 4th, T ^, and in the 
5th, 450 : how many had he ? Ans. 1200. 

24. My horse and saddle together are worth $132, and 
the horse is worth ten times as much as the saddle : what 
is the value of the horse ? Ans. $120. 

25. The rent of an estate is this year 8 per cent, greater 
than it was last. This year it is $1890 : what was it last 
year? Ans. $1750. 

26. What number is that, from which if 5 be subtracted, 
§ of the remainder will be 40 ? Ans. 65. 

27. A post is i in the mud, £ in the water, and 10 feet 
above the water : what is the whole length of the post ? 

Ans. 24 feet. 

28. After paying J and \ of my money, I had 66 guineas 
left in my purse : how many guineas were in it at first ? 

Ans. 120. 

29. A person was desirous of giving 3 pence apiece to 

some beggars, but found, he had not money enough in his 
pocket by 8 pence ; he therefore gave them each 2 pence 
and had 3 pence remaining : required the number of beg- 
gars. Ans. 11. 

30. A person, in play, lost | of his money, and then won 
3 shillings ; after which he lost £ of what he then had ; and 
this done, found that he had but 12 shillings remaining: 
what had he at first ? Ans. 20s. 

31. Two persons, A and 2?, lay out equal sums of money 
in trade; A gains $126, and B loses $87, and A's money is 
then double of IPs : what did each lay out? Ans. $300. 

32. A person goes to a tavern with a certain sum of 
money in his pocket, where he spends 2 shillings : he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also; then borrowing 
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again as much money as was left, he went to a third tavern, 
where likewise he spent 2 shillings, and borrowed as much 
as he had left : and again spending 2 shillings at a fourth 
tavern, he then had nothing remaining. What had he at 
first ? Ans. 3d. 9d. 

33. A tailor cut 19 yards from each of three equal piece* 
of cloth, and 17 yards from another of the same length, 
and found that the four remnants were together equal to 
142 yards. How many yards in each piece? Ans. 54. 

34. A fortress is garrisoned by 2600 men, consisting of 
infantry, artillery, and cavalry. Now, there are nine times 
as many infantry, and three times as many artillery soldiers 
as there are cavalry. How many are there of each corps ? 

Ans. 200 cavalry; 600 artillery; 1800 infantry. 

35. All the journeyings of an individual amounted to 2970 
miles. Of these he traveled 3| times as many by water as 
on horseback, and 2 \ times as many on foot as by water. 
How many miles did he travel in each way ? 

Ans. 240 miles; 840 m.; 1890 m. 

36. A sum of money was divided between two persons, 
A and B. A?s share was to B>s in the proportion of 5 to 3, 
and exceeded five-ninths of the entire sum by 50. What 
was the share of each? Arts. A*s share, 450; B?s y 270. 

37. Divide a number a into three such parts that the 
second shall be n times the first, and the third m times a? 
great as the first. 

Ist* r-i ; — ; 2d, — j — ; 3d, 



1 4- m + n* ' 1 + m + n' 1 + m + n 

38. A father directs that $1170 shall be divided among 

his three sons, in proportion to their ages. The oldest is 

twice as old as the youngest, and the second is one-third 

older than the youngest How much was each to receive ? 

Ans. $270, youngest; $300, second; $540, oldest, 
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89. Three regiments are to furnish 594 men, and each to 
furnish in proportion to its strength. Now, the strength of 
the first is to the second as 3 to 5 ; and that of the second 
to the third as 8 to 7. How many must each furnish ? 

Ans. 1st, 144 men; 2d, 240; 3d, 210 

40. Five heirs, -4, J5, C, 2>, and E, arc to divide an inher 
itance of $5600. J? is to receive twice as much as -4, and 
$200 more ; G three times as much as A, less $400 ; D the 
half of what B and C receive together, and 150 more ; and 
E the fourth part of what the four others get, plus $475. 
How much did each receive ? 

A% $500; &8, 1200; C"«, 1100; 2*s, 1300; E% 1500. 

41. A person has four casks, the second of which being 
filled from the first, leaves the first four-sevenths full. The 
third being filled from the second, leaves it one-fourth full, 
and when the thh d is emptied into the fourth, it is found to 
fill only nine-sixteenths of it. But the first will fill the third 
and fourth, and leave 15 quarts remaining. How many 
gallons does each hold ? 

Ans. 1st, 35 gal. ; 2d, 15 gal. ; 3d, 11} gal. ; 4th, 20 gal. 

42. A courier having started from a place, is pursued by 
a second after the lapse of 10 days. The first travels 4 
miles a day, the other 9. How many days before the 
second will overtake the first ? Ans. 8. 

43. A courier goes 31 J miles every five hours, and is fol- 
lowed by another after he had been gone eight hours. The 
second travels 22J miles every three hours. How many 
hours before he will overtake the first? Ans. 42. 

44. Two places are eighty miles apart, and a person leaves 
one of them and travels towards the other at the rate of 3^ 
miles per hour. Eight hours after, a person departs from 

6* 
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the second place, and travels at the rate of 5} miles per hour 
How long before they will be together ? 

Arts. 6 hours, 

EQUATIONS CONTAINING TWO UNKNOWN QUANTITIES. 

1 lO* If we have a single equation, as, 

2x + 3y = 21, 

containing two unknown quantities, x and y, we may find 
the value of one of them in terms of the other, as, 

21 - 3y 

Now, if the. value of y is unknown, that of x will also be 
unknown. Hence, from a single equation, containing two 
unknown quantities, the value of x cannot be determined. 

If we have a second equation, as, 

5x + 4y = 35, 

we may, as before, find the value of a; in terms of y, giving, 

35 — Ay , _ x 

* = ~ (2.) 

Now, if the values of x and y are the same in Equations 
( 1 ) and ( 2 ), the second members may be placed equal to 
each other, giving, 

21 — 3y 85 — 4y ,^„ „ „_ 

£ = — -2 or 105 — 15y = 10 — 8y ; 

2 5 ' * 

from which we find, y = 5. 



110. In one equation containing two unknown quantities, can you find 
the value of either ? if you have a second equation involving the same 
two unknown quantities, con you find their values ? What are such equa- 
tions called f 
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Subtituting this value for y in Equations ( 1 ) or ( & ), we 
find x = 3. Such equations are called Simultaneous 
equations. Hence, 

111. Simultaneous Equations are those in which the 
Values of the unknown quantity are the same in both. 

ELIMINATION. 

112. Elimination is the operation of combining two 
equations, containing two unknown quantities, and deducing 
therefrom a single equation, containing but one. 

There are three principal methods of elimination : 

1st. By addition or subtraction. 
2d. By substitution. 
3d. By comparison. 

We shall consider these methods separately. 

Elimination by Addition or Subtraction. 

1. Take the two equations, 

3a — 2y = 7, 
Qx + 2y = 48. 

If we add these two equations, member to member, we 

obtain, 

11a = 55; 

which gives, by dividing by 11, 

x = 5; 

and substituting this value in either of the given equations, 
we find, 

y = *• 

111. What are simultaneous equations ? 

112. What is elimination? How many methods of elimination are 
there f What are they ? 
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2. Again, take the equations, 

8a; + 2y = 48, 
3a; + 2y = 23. 

If we subtract the 2d equation from the 1st, we obtain, 

5a; = 25; 

which gives, by dividing by 5, 

x = 5; 

and by substituting this value, we find, 

y = 4. 

3. Given the sum oi two numbers equal to *, and their 
difference equal to d y to find the numbers. 

Let x = the greater, and y the less number. 

Then, by the conditions* as + y = «. 

and, x — y = d. 

By adding (Art. 102, Ax. 1), 2x = 4 + d. 

By subtracting (Art. 102, Ax. 2), . . . 2y =■? e — d. 

Each of these equations contains but one unknown quantity. 

From the first, we obtain, .."...* x = - ' -. 

2 ' 

and from the second, x «/ = - 

These are the same values as were found in Prob. 7, page 
120. 

4. A person engaged a workman for 48 days. For each 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cents for his board. 
At the end of the 48 days the account was settled, when the 
laborer received 504 cents. Required the number of work 
ing days, and the number of days he was idle. 



ELIMINATION. 133 

Let x = the number of working days, 

y = the number of idle days. 

Then, 24a = what he earned, 

and, 12y = what he paid for his board. 

Then, by the conditions of the question, we have, 

x + y = 48, 
and, 24a — 12y = 504. 

This is the statement of the problem. 

It has already been shown (Art. 102, Ax. 3), that the two 
members of an equation may be multiplied by the same num- 
ber, without destroying the equality. Let, then, the first 
equation be multiplied by 24, the coefficient of a in the 
second ; we shall then have, 

24s -f 24y = 1152 ■ ; ; 
24a; — 12y = 504 '. * / 

and by subtracting, 36y = 648 

648 ,„ \a 

•*• y = le = 18 - 

Substituting this value of y in the equation, 
24as — 12y = 504, we have, 24s — 210 = 504; 

which gives, 

720 
24» — 504 + 216 = 720, and x = — - = 30. 

VEKIPICATluW. 

x + y r= 48 gives 80 + 18 = 48. 

24# — 12y = 504 gives 24 x 30 — 12 X 18 = 504. 
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113. In a similar manner, either unknown quantity may 
be eliminated from either equation ; hence, the following 



RULE. 



L Prepare the equations so that the coefficients of the 
quantity to be eliminated shall be numerically equal: 

II. If the signs are unlike, add the equations, member 
to member; if alike, subtract them, member from member. 



EXAMPLES. 



Find the values of as and y, by addition or subtraction, 
in the following simultaneous equations : 



iSx- y = 8) 
I y + 2oj = 1 S 

6 U*-*y=-22> 
( Bx + 2y = 37 ) 

7 J 2s + 6y = 42 ) 
( 805 — 6v = 3 ) 



8 ia.-* = i ) 

( 6x — 3y = 4as ) 

9 j 1405 — 15y = 12 ) 
' ( 1x + By = 37 1 



1 _L_ 1 

3* + & = 6* 



«- y = - 2 



uln*. o$ = 2, y = 3. 



Ans. x = 5, y = 6. 



«4n«. 8 = 4}, y = 5J. 



jln*. » = |, y = J. 



.4n*. sb = 3, y = 2. 



uin*. < « = 6, y = 9. 



4n*. < a; = 14, y = 16. 



118. What Is the rale for elimination by addition or subtraction f 
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12. Says A to B 9 yon give me $40 of your money, and 
I shall then have five times as much as you will have left. 
Now they both had $120 : how much had each ? 

. Ans. Each had $60. 

13 A father says to his son, " twenty years ago, my ago 
was four times yours ; now it is just double : " what were 
their ages? . j Father's, 60 years. 

* ( Son's, 30 years. 

14. A father divided his property between his two sons. 
At the end of the first year the elder had spent one-quarter 
of his, and the younger had made $1000, and their property 
was then equal. After this the elder spent $500, and the 
younger made $2000, when it appeared that the younger had 
jast double the elder: what had each from the father? 

A j Elder, $4000. 
m ' ( Younger, $2000. 

15. If John give Charles 15 apples, they will have the 
same number; but if Charles give 15 to John, John will 
have 15 times as many, wanting 10, as Charles will have left. 
How many has each ? . j John, 60. 

An8 ' ( Charles, 20. 

16. Two clerks, A and B, have salaries which are together 
equal to $900. A spends -^ per year of what he receives, 
and B adds as much to his as A spends. At the end of the 
year they have equal sums : what was the salary of each? 

j A>8 = $500. 
^ m * ( B>8 = $400. 

Elimination by Substitution. 
114. Let us again take the equations, 

5x + 1y = 43, ( 1.) 

lis + 0y = 69. (2.) 

■ ** " ■ - ■ -^» ■ ■ ■ ■ ■ ■ ■ ■■ . . -■■■ — ■■■« »^—^M ■■ ■■ I ■! ■ ■■■ ■ ^ 

1 14 Gftrt the rule for elimination by substitution. When is this method 
used to the greatent advantage ? 
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Find the value of & in the first equation, which gives, 

43 - ly 



x 



5 



Substitute this value of as in the second equation, and we 

lave, 

43 — 1v 

11 X — 2 + 9y = 69; 

5 

or, 473 — 77y + 45y = 345 ; 

or, — 32y = — 128. 

Here, or has been eliminated by substitution. 

In a similar manner, we can eliminate any unknown quan- 
tity ; hence, the 

RULE. 

I. Find from either equation the value of the unknown 
quantity to be eliminated : 

IL Substitute this value for that quantity in the other 
equation. 

Note. —This method of elimination is used to great advan- 
tage when the coefficient of either of the unknown quantities 
is 1. 

EXAMPLES. 

Find, by the last method, the values of x and y in the 
following equations : 

1. Sx — y = 1, and 3y — 2x = 4. 

Ans. x = 1, y = 2 

2. 5y — 405 = — 22, and 3y + ix = 38. 

Ans. x = 8, y = 2, 

3. a + By ss 18, and y — Zx = — 29. 

^Itw. a = 10, y = L 
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2 
4. 5s - y = 13, and 8a + -y = 29. 



Arts, x = 3J, y = 4}, 



5. 10a? - ? = 69, and lOy — ? = 49. 
5 7 



«4ws. as = 7, y = 5. 



6. 05 + -05 — ^ = 10, and - 4- ^- = 2. 
2 5 ' 8 10 



-4n*. 85 = 8, y = 10. 



»• f ~ f + 6 = 2 > * + f = »*• 



.4/is. as = 15, y = 14. 



V 05 , V 05 1 



.4ns. 05 = 3|, y = 4. 

9. ^ — - + 6 = 5, and — — — = 0. 
8 4 * 12 16 

Ans. 05 = 12, y = 16. 

10. | - y — 1 = - 9, and 5a5 — -| «= 29. 

Ans. 05 = 6, y = 7. 

11. Two misers, A and 2?, sit down to count over their 
money. They both have $20000, and 2? has three times as 

much as A : how much has each ? , A &- nnrk 

Ans l Ay * 00 °- 
AMm \ JS, $15000. 

12. A person has two purses. If he puts $7 into the first, 
the whole is worth three times as much as the second purse : 
but if he puts $7 into the second, the whole is worth five 
times as much as the first: what is the value of each purse? 

Ans. 1st, $2 ; 2d, $3. 
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13. Two numbers have the following relations : if the 
first be multiplied by 6, the product will be equal to the 
second multiplied by 5 ; and 1 subtracted from the first 
leaves the same remainder as 2 subtracted from the second : 
what are the numbers? Ans. 5 and 6. 

14. Find two numbers with the following relations : the 
first increased by 2 is 3£ times as great as the second*, 
and the second increased by 4 gives a number equal to half 
the first: what are the numbers? Ans. 24 and 8. 

15. A father says to his son, "twelve years ago, I was 
twice as old as you are now: four times your age at that 
time, plus twelve years, will express my age twelve years 
hence : w what were their ages ? 

- ( Father, 72 years. 
AnMm (Son, 30 " 

Elimination by Comparison. 

115. Take the same equations, 

to + ty = 43 
lloj + 9y = 69. 

Finding the value of x from the first equation, we have! 

43 - 1y 

5 ' 

and finding the value of x from the second, we obtain, 

69 - 9y 



x = 



11 



116. Give the rule for elimination by comptirtam. 
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Let these two values of x be placed equal to each other, 

and we have, 

43 — 7y __ 69 — 9y 

5 ~~ lT * 

Or, 473 — lly = 345 — 45y ; 

or, — 32y = — 128. 

Hence, y = 4. 

a * 69 — 36 

And, x = — — — = 3. 

This method of elimination is called the method by com- 
parison, for which we have the following 

BULB. 

I. Find, from each equation^ the value of the same 
unknown quantity to be eliminated: 

II. Place these values equal to each other. 



EXAMPLES. 



Find, by the last rule, the values of x and y, from the 
following equations, 



yx 

y 22 
Ana. as = 11, y = 15, 



1. 3s + I + 6 = 42, and y - — = 14J, 



Ans. x = 28, y = 20. 

1/ x 22 
3. i - _ + _ = l, and 3y - « = 6. 

,4ws. as = 9, y = 5. 

1 , fl5 -4- v 

4> y — 3 = -a f- 5 and -^-* = y - 3 J . 

Ans. as = 2, y = 9. 



\ 
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5. *f^ + f = y-2, and | + | = .-!».■ 

-4n*. as = 16, y = 7 

0. yiL5+y^ = a5 _|, and * +y = 10. 

J^n*. » = 10, y = 6 

y . *LrJy = „ _ 2| , «r-^ = o. 

ulntf. as = 1, y = 3. 

8, 2y + 3s = y + 43, y — ^— = y — g- 

^/w. as = 10, y = 13. 

9 - 4 y — ^ 7 y = « + 18, and 27 — y = as + y + 4. 

u4?w. a; = 9, y = 7. 

10 . i_LZLf? + 4 = y _i6|, | - 2 = |- 

.471$. as = 10, y = 20. 



116. Ilaving explained the principal methods of elimina- 
tion, we shall add a few examples which may be solved by 
any one of them ; and often indeed, it may be advantageous 
to employ them all, even in the same example. 

GENERAL EXAMPLES. 

Find the values of x and y in the following simultaneous 
equations : 

1. 2as + 3y = 16, and Sas — 2y = 11. 

Ana. as = 5, y =■ 2. 
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* 5+? 



J_, and ?? + ^ = 
20 • 4^5 



61 
120 
1 



Ana. x = -, y = - 



1 
3 



x 



3. f + ty 



y 



99, and | + fce = 51. 

7 



-4;w. aj = 7, y = 14 



4. f-12=f+8, -±Jf + J- 8as fc- + ». 

.4n«. SB = 60, y = 40. 



M 



4iB 

« - \y + y = «t 



x— y 



+ 1x = 41 



6. ^ 



?. -^ 



*»-*• + **y = 12 * , 

3y — a 2a: — y ' 

—6— + —4— = 6 

8 — 2x 
6« - y + — 3 — = 43J 



32-8 v - 6 

-r- + y -T- + V = ISA 



M 



895 — 3 — 



6 - y _ 



9. 



f4a—_4 y - 
J 3 4 



= 79 



+ 6 = 12| 



i«-iy + 



y — 4 _ 



3 



* 



-4715. •< 



x = 0. 



y = 8. 






ly 



85 = 



5. 
3. 

9. 



Ana. 4 



y = s. 



-4n*. 



a = 10. 



I 



y=i2. 



.4w*. « 



» = 6. 



y = 5. 
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10. 



ax — by = c 



o — y + « = d 



Ans. < 



x = 



y = 



c + ab — bd 
a-~b 

a 2 + c — on? 
a — b 



jj J13x + 7y-341 = 7Jy+43Ja) . J sb = — 12. 
' I 2a+{y=l J ^ n N y =50. 

12. i (*+«)(y+») = («+i) (y-9)+iis ) ■ 1 x = 3. 

( 2se+10 = 3y+l f <***' ( y = 6. 

r &> 

X = -. 



ax = by 



x + y = c 



r 



y = 



ac 



a + ft 



14. 






az + ty = e 



fx +gy = h 



Ans 



15. «{ 



a 



j 

b * 



b + y 3a + x 
ax + 2by 



- 



^ins. < 



a = 



y = 



i«B = cy — A 



16. ^ I 

A2 . «(«" - *') 2 ^ , , f 



J «W - bf 

ah — cf 

2fl 2 — 6a 2 + d 
da 

3a 2 - b 2 + d 
3* 

\ mss £- 



.4n« 



y= 



a + 2b 



17. < 



to + 6y = < 8 » - 2 /)$n 

y - x = zl_ 2 J>1* 

S 2 -/ 2 



r—-* 



-4n*. h 



»-/ 



y = FT?* 
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PROBLEMS. 

1. What fraction is that, to the numerator oi which if 1 

he added, the value will be - , hut if 1 be added -to its 

1 
denominator, the value will be - ? 

Let the fraction be denoted by - • 
Then, by the conditions, 



= - , and, 



— • 



y 3' ' y + 1 4 

whence, Zx + 3 = y, and Ax = y +1. 

Therefore, by subtracting, 

x —3 = 1, and x = 4. 

Hence, 12 + 3 = y; 

.\ y = 15. 

2. A market-woman bought a certain number of eggs at 
2 for a penny, and as many others at 3 for a penny ; and 
having sold them all together, at the rate of 5 for 2d y found 
•that she had lost 4d: how many of both kinds did she buy ? 

Let 2x denote the whole number of eggs. 

Then, x = the number of eggs of each sort. 

Then will, -a; = the cost of the first sort, 
and, ros = the cost of the second sort. 

9 

But, by the conditions of the question, 

4x 
5 : 2x : : 2 : -— ; 

5 

4x 
hence, -— will denote the amount for which the eggs 

were sold. 
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Bat, by the conditions, 

-x H — as — — = 4; 

2 T 8 5 ' ■ 

therefore, 15a + lOsc — 24a = 120; 

• % a = 120 ; the number of eggs of each sort. 

8. A person possessed a capital of 30,000 dollars, for 
which he received a certain interest ; but he owed the sum 
of 20,000 dollars, for which he paid a certain annual interest. 
The interest that he received exceeded that which he paid 
by 800 dollars. Another person possessed 35,000 dollars, for 
which he received interest at the second of the above rates ; 
but he owed 24,000 dollars, for which he paid interest at the 
first of the above rates. The interest that he received, an- 
nually, exceeded that which he paid, by 310 dollars. Re- 
quired the two rates of interest. 

Let x denote the number of units in the first rate of 
interest, and y the unit in the second rate. Then each may 
be regarded as denoting the interest on $100 for 1 year. 

To obtain the interest of $30,000 at the first rate, denoted 
by x > we form the proportion, 

30,000a; 
100 : 80,000 : : x : ' , or 300s. 

' 100 ' 

And for the interest of $20,000, the rate being y, 

20,000v 
100 : 20,000 : : y : ' y , or 200y. 

But, by the conditions, the difference between these two 
amounts is equal to 800 dollars. 

We have, then, for the first equation of the problem, 

300a? — 200y = 800 
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By expressing, algebraically, the second condition of the 
problem, we obtain a second equation, 

350y — 240a = 310. 

Both members of the first equation being divisible by 100 
and those of the second by 10, we have, 

$x — 2y =8, 35y — 24a = 31. 

To eliminate sc, multiply the first equation by 8, and then 
add the result to the second ; there results, 

19y = 95, whence, y = 5. 

Substituting for y, in the first equation, this value, and 
that equation becomes, 

3se — 10 = 8, whence, x = 6. 

Therefore, the first rate is 6 per cent, and the second 5. 

VERIFICATION. 

$30,000, at 6 per cent, gives 30,000 X .06 = $1800. 
$20,000, 5 " " 20,000 X .05 = $1000. 

And we have, 1800 — 1000 = 800. 

The second condition can be verified in the same manner, 

4. What two numbers are those, whose difference is 7, 
and sum 33 ? Arts. 13 and 20. 

5. Divide the number 75 into two such parts, that three 
times the greater may exceed seven times the less by 15. 

Am. 54 and 21. 

6. In a mixture of wine and cider, | of the whole plus 25 
gallons was wine, and £ part minus 5 gallons was cider : how 
many gallons were there of each ? 

Arts. 85 of wine, and 35 of cider. 

7 
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7. A bill of £120 was paid in gnineas and moidores, and 
the number of pieces used, of both sorts, was just 100. If 
the guinea be estimated at 21.9, and the moidore at 27.s, hew 
many pieces were there of each sort? Ans. 50. 

8. Two travelers set out at the same time from London 
and York, whose distance apart is 150 miles. One of them 
travels 8 miles a day, and the other 7 : in what time will 
they meet ? Ans. In 10 days. 

9. At a certain election, 375 persons voted for two candi- 
dates, and the candidate chosen had a majority of 01 : how 
many voted for each ? 

Aixs. 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth £50. 
Now, if the saddle be put on the back of the first horse, it 
makes their joint value double that of the second horse; 
but if it be put on the back of the second, it makes their 
joint value triple that of the first: what is the value of each 
horse? Ans. One £30, and the other £40. 

11. The hour and minute hands of a clock are exactly to- 
gether at 12 o'clock: when will they be again together? 

Ans. lh. bfyrn* 

12. A man and his wife usually drank out a cask of beer 
in 12 days ; but when the man was from home, it lasted the 
woman 30 days : how many days would the man alone be 
in drinking it ? Ans. 20 days. 

13. If 32 pounds of sea-water contain 1 pound of salt, how 
much fresh water must be added to these 32 pounds, in order 
that the quantity of salt contained in 32 pounds of the new 
mixture shall be reduced to 2 ounces, or | of a pound ? 

Am. 2*4 lbs, 

14. A person who possessed 100,000 dollars, placed the 
greater part of it out at 5 per cent interest, an<* the other 
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at 4 per cent. The interest which he received for the whole, 
amounted to 4640 dollars. Required the two parts. 

Arts. $64,000 and $38,000. 

15. At the close of an election, the successful candidato 
bad a majority of 1500 votes. Had a fourth of the votes of 
'he unsuccessful candidate been also given to him, he would 
ixave received three times as many as his competitor, want- 
ing three thousand five hundred : how many votes did each 
receive? - j 1st, 6500. 

AMm \ 2d, 5000. 

16. A gentleman bought a gold and a silver watch, and a 
chain worth $25. When he put the chain on the gold watch> 
it and the chain became worth three and a half times more 
than the silver watch ; but when he put the chain on the 
silver watch, they became worth one-half the gold watch 
and 15 dollars over : what was the value of each watch ? 

. j Gold watch, $80. 
AnB ' (Silver " $30. 

17. There is a certain number expressed by two figures, 
which figures are called digits. The sum of the digits is 11, 
and if 13 be added to the first digit the sum will be three 
times the second: what is the number ? Arts. 56. 

18. From a company of ladies and gentlemen 15 ladies 
retire; there are then left two gentlemen to each lady. 
After which 45 gentlemen depart, when there are left 5 
ladies to each gentleman : how many were there of each at 
first ? A j 50 gentlemen. 

40 ladies. 



■•{ 



19. A person wishes to dispose of his horse by lottery. 
If he sells the tickets at $2 each, he will lose $30 on his 
horse ; but if he sells them at $3 each, he will receive $30 
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more than his horse cost him. What is the value of the 
horse, and number of tickets? A j Horse, $150. 

( No. of tickets, 60, 

20. A person purchases a lot of wheat at $1, and a lot of 
rye at 75 cents per bushel ; the whole costing him $117.50. 
He then sells \ of his wheat and \ of his rye at the same rate, 
and realizes $27.50. How much did he buy of each ? 

. (80 bush, of wheat. 
( 50 bush, of rye. 

21. There are 52 pieces of money in each of two bags. A 
takes from one, and B from the other. A takes twice as 
much as B left, and B takes 7 times as much as A left. 
How much did each take ? . j A, 48 pieces. 

( By 28 pieces. 

22. Two persons, A and B, purchase a house together, 
worth $1200. Says A to -#, give me two-thirds of your 
money and I can purchase it alone ; but, says B to A, if 
you will give me three-fourths of your money I shall be able 
to purchase it alone. How much had each ? 

Ana, A) $800 ; 2?, $600. 

23. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to 1, the mixture will be worth 78s. per 
dozen ; but if he mixes them in the proportion of 7 to 2, he 
can get 79*. a dozen. What is the price of each liquor per 
dozen? * Ans+ Sherry, 81 s. ; brandy, 72*. 

Equations containing three or more unknown quantities. 

117. Let us now consider equations involving three or 
more unknown quantities. 
Take the group of simultaneous equations, 

117. Give the rule for solving any group of simultaneous equations 7 
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6x — 6y + 4« = 15, 
1x -f 4y — 32 = 19, 
2<c + y + 62 = 46. . ■ 


• • (1.) 
. . (2.) 

. . (3.) 



To eliminate z by means of the first two equations, multi- 
ply the first by 3, and the second by 4 ; then, since the 
coefficients of z have contrary signs, add the two results 
together. This gives a new equation : 

43a; — 2y = 121 (4.) 

Multiplying the second equation by 2 (a factor of the 
coefficient of 2 in the third equation), and adding the result 
to the third equation, we have, 

16a; + 9y = 84 (5.) 

The question is then reduced to finding the values of x 
and y, which will satisfy the new Equations (4) and (5). 

Now, if the first be multiplied by 9, the second by 2, and 
the results added together, we find, 

419a; = 1257; whence, x = 3. 

We might, by means of Equations (4) and (5) deter- 
mine y in the same way that we have determined x ; but 
the value of y may be determined more simply, by substi- 
tuting the value of a; in Equation ( 5 ) ; thus, 

ao . * *>* 84 — 48 ^ 
48 + 9y = 84. .*. y = = 4. 

In the same manner, the first of the three given equations 
becomes, by substituting the values of a; and y, 

15 — 24 + 42 = 15 .*. 2 ==?-- = 6. 

4 

In the same way, any group cf simultaneous equations 
may be solved Hence, the 
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BULB. 

L Combine one equation of the group with each of the 
others, by eliminating one unknown quantity ; there will 
result a new group containing one equation less than the 
original group: 

IL Combine one equation of this new group with each 
of the others, by eliminating a second unknown quantity ; 
there will result a new group containing two equations less 
than the original group: 

ILL Continue the operation until a single equation is 
found, containing but one unknown quantity : 

IV. Find the value of this unknown quantity by the 
preceding rules ; substitute this in one of the group of 
two equations, and find t/ie value of a second unknown 
quantity; substitute these in either of the group of three, 
finding a third unknown quantity / and so on, tiU the 
values of all are found. 

Notes. — 1. In order that the value of the unknown quan- 
tities may be determined, there must be just as many inde- 
pendent equations of condition as there are unknown quan- 
tities. If there are fewer equations than unknown quantities, 
the resulting equation will contain at least two unknown 
quantities, and hence, their values cannot be found (Art. 110). 
If there are more equations than unknown quantities, the 
conditions may be contradictory, and the equations impossible. 

2. It often happens that each of the proposed equations 
docs not contain all the unknown quantities. In this case, 
with a little address, the elimination is very quickly per- 
formed. 

Take the four equations involving four unknown quanti- 
ty s: 

2« - 3y + 22 = 13. (1.) 4y + 22 = 14. (3.) 

4m - 2a =r 80. ( 2.) by + 3w = 32. ( 4.) 
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By inspecting thdse equations, we see that the elimination 
of * in the two Equations, ( 1 ) and (3), will give an equa- 
te n involving x and y\ and if we eliminate u in Equa- 
tions (2) and (4), we shall obtain a second equation, in- 
volving x and y. These last two unknown quantities may 
therefore be easily determined. In the first place, the 
elimination of z from ( 1 ) and ( 3 ) gives, 

*ly — 2x = 1 ; 

That of u from (2) and (4) gives, 

20y + 605 = 38. 

Multiplying the first of these equations by 3, and adding, 

41y = 41; 

Whence, y = 1. 

Substituting this value in 1y — 2x = 1, we find, 

x = 3. 

Substituting for x its value in Equation ( 2 ), it become* 

4u — 6 = 30. 

Whence, u = 9. 

And substituting for y its value in Equation (3), there 

results, 

= 5. 

EXAMPLES. 



f « + v + « = 29' 

, r- J « + 2y + 33 = 62 

1. Given 1 T J i f 



f+tf + ? = 10 

Ana. 2 = 8, y = 9, e = 12. 



to find g, y, and & 
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2. Given < 



2x -f- 4y — 32 = 22 " 
4as — 2y + 52 = 18 ► to find a, y, and a 
k 6a; + 7y — 2 = 63 ^ 

^4w«. as = 3, y = 7, 2 = 4. 



3. Given - 



1.1 
85 + 2 y + 3 2 = 



o* + - A y + *« = is r t0 find *> y> md z 

3 4 5 



1,1.1 

-as H 1/4 2 = 12 

L 4 T 5 y ^ 6 



-4w»*. as = 12, y = 20, 2 = 30. 



4. Given 



x + y + z = 29J 

18| y to find as, y, and 2. 
13? 
Ans. a; = 16, y = 7$, 2 = 5J 



iven < a; + y — 2 = 
A x — y + 2 = 



5. Given 



3a; + 5y = 161 

7x + 2z = 209 

2y + 2 = 89 

Ans. x 



(I 1 

- + - = a 
x y 



to find as, y, and 2. 
= 17, y = 22, z = 45. 



6. Given « 



1 ,1 

- +- = c 

y a 



--{--= b \ to find as, y, and z. 



x = 






2 = 



d+c — a 



Vote. — In this example we should not proceed to clear 
the equation of fractions; but subtract immediately tLe 
second equation from the first, and then add the third : we 
thus find the value of y. 
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PROBLEMS. 

1. Divide the number 90 into four such parts, that the 
first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall be equal 
each to each. 

This problem may be easily solved by introducing a new 
unknown quantity. 

Let a, y, 2, and w, denote the required parts, and desig- 
nate by m the several equal quantities which arise from the 
conditions. We shall then have, 

u 
x + 2 = m, y — 2 = m, 2s = m, - = m. 

From which we find, 

a* = m — 2, y = m + 2, s = — , w = 2m. 

And, by adding the equations, 

m 
x + y + z + u = m + m + — + 2w = 4Jm. 

And since, by the conditions of the problem, the first 
member is equal to 90, we have, 

A\m = 90, or \m = 90; 

hence, m = 20. 

Having the value of m, we easily find the other valueis ; 
viz. : 

aj = 18, y = 22, z = 10, w = 40. 

2. There are three ingots, composed of different metals 
mixed together. A pound of the first contains 1 ounces of 
silver, 3 ounces of copper, and 6 of pewter. A pound of - 
the second contains 12 ounces of silver, 3 ounces of copper, 
and 1 of pewter. A pound of the third contains 4 ounces 
of silver, *J ounces of copper, and 5 of pewter. It is required 

7* 
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to find how much it will take of each of the three ingots to 
form a fourth, which shall contain in a pound, 8 ounces of 
silver, 3 j of copper, and 4J of pewter. 

Let Xj y, and z, denote the number of ounces which it 
is necessary to take from the three ingots respectively, in 
order to form a pound of the required ingot. Since ther 
are 7 ounces of silver in a pound, or 16 ounces, of the first 
ingot, it follows that one ounce of it contains VV of an ounce 
of silver, and, consequently, in a number of ounces denoted 

by Xj there is — ounces of silver. In the same manner, 

12v 4tZ 

we find that, —^, and --, denote the number of ounces 

of silver taken from the second and third ; but, from the 
enunciation, one pound of the fourth ingot contains 8 ounces 
of silver. We have, then, for the first equation, 

16 f ie 16 ' 

or, clearing fractions, 

1x + 12y + 4s = 128. 

As respects the copper, we should find, 

Sx + Sy + 1z = 60 ; 
and with reference to the pewter, 

6a; + y + 5s = 68. 

As the coefficients of y in these- three equations are the 
most ample, it is convenient to eliminate this unknown 
quantity first. 

Multiplying the second equation by 4, and subtracting the 
first from it, member from member, we have, 

5as + 242 = 112. 
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Multiplying the third equation by 3, and subtracting the 
second from the resulting equation, we have, 

15a + 82 = 144. 

Multiplying this last equation by 3, and subtracting the 
preceding one, we obtain, 

40aj = 320; 
whence, x = 8. 

Substitute this value for x in the equation, 

15a + 82 = 144; 
it becomes, 120 + 8s = 144, 

whence, 2 = 3. 

Lastly, the two values, as = 8, z = 3, being substituted 
in the equation, 

6» + y + 52 = 68, 
give, 48 + y + 15 = 68, 

whence, y = 5. 

Therefore, in order to form a pound of the fourth ingot, 
we must take 8 ounces of the first, 5 ounces of the second, 
and 3 of the third. 

VERIFICATION. 

If there be 1 ounces of silver in 16 ounces of the first 
ingot, in eight ounces of it there should be a number of 
ounces of silver expressed by 

7X8 

16 
In like manner, 

12 X 5 ,4x3 

— — • and — — « 
16 f 16 * 

will express the quantity of silver contained in 5 ounces of 
the second ingot, and 3 ounces of the third. 
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Now, we have, 

7X8 12 X 5 4x3 128 = 

16 + 16 + 16 16 ~~ ' 

therefore, a pound of the fourth ingot contaius 8 ounces of 
silver, as required by the enunciation. The same conditions 
may be verified with respect to the copper and pewter. 

3. A'8 age is double IPs, and JPs is triple of C*, and the 
sum of all their ages is 140 : what is the age of each ? 

Ans. A's = 84; B's = 42; and C f s = 14. 

4. A person bought a chaise, horse, and harness, for £60 ; 
the horse came to twice the price of the harness, and the 
chaise to twice the cost of the horse. and harness : what did 
he give for each? i £13 6s. 8c?. for the horse. 

Ans. < £6 135. 4c?. for the harness. 
( £40 for the chaise. 

5. Divide the number 36 into three such parts that \ of 
the first, \ of the second, and | of the third, may be all 
equal to each other. Ans. 8, 12, and 16. 

6. If A and B together can do a piece of work in 8 days, 
A and C together in 9 days, and B and C in ten days, how 
many days would it take each to perform the same work 
alone? Ans. A, 14f£; B, 17f f ; C, 23^. 

1. Three persons, -4, J5, and C, begin to play together, 
having among them all $600. At the end of the first game 
A has won one-half of B*s money, which, added to his own, 
makes double the amount B had at first. In the second 
game, A loses and B wins just as much as C had at the be* 
ginning, when A leaves off with exactly what he had at first : 
now much had each at the beginning ? 

Ans. A y $300 ; B, $200 ; C $100. 

8. Three persons, A 9 B, and (7, together possess $3640, 
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It' B gives A $400 of his money, then A will have $320 
more than B\ but if B takes $140 of C's monqv, then B 
and C will have equal sums : how much has each ? 

Ana. A, $800 ; i?, $1280; (7, $1560. 

9. Three persons have a bill to pay, which neither alone 
is able to discharge. A says to J?, " Give me the 4th of 
your money, and then I can pay the bill." B says to C 
" Give me the 8th of yours, and I can pay it." But C says 
to -4, " You must give .me the half of yours before I can 
pay it, as I have but $8 " : what was the amount of their 
bill, and how much money had A and B ? 

. j Amount of the bill, $13. 
'(.4. had $10, and B $12. 

10. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
10000 dollars more than the first, and who put out his capital 
1 per cent, more advantageously, had an annual income 
greater by 800 dollars. A third person, who possessed 
15000 dollars more than the first, putting out his capital 2 
per cent, more advantageously, had an annual income greater 
by 1500 dollars. Required, the capitals of the three per- 
sons, and the rates of interest. 

. j Sums at interest, $30000, $40000, $45000. 
' ( Rates of interest, 4 5 6 pr. ct. 

11. A widow receives an estate of $15000 from her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
more than all the children together : what was her share, 
and what the share of each child ? 

The widow's share, $8000 

Ans. ^ Each son's, $2000 

Each daughter's, $100C 
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12. A certain sum of money is to be divided between 
three persons, -4, i?, and (7. A is to receive $3000 leaf 
than half^>f it, B $1000 less than one-third part, and C to 
receive $800 more than the fourth part of the whole : what 
is the sum to be divided, and what does each receive ? 

Sam, $38400. 

A receives $16200 
$11800. 
$10400. 



Ans. 



i -A recer 
) B " 
I C " 



13. A person has three horses, and a saddle which is worth 
$220. If the saddle be put on the back of the first horse, it 
will make his value equal to that of the second and third ; 
if it be put on the back of the second, it will make his value 
double that of the first and third ; if »t be put on the back 
of the third, it will make his value triple that of the first 
and second : what is the value of each horse ? 

Ans. 1st, $20; 2d, $100; 3d, $140. 

14. The crew of a ship consisted of her complement of 
sailors, and a number of soldiers. There were 22 sailors to 
every three guns, and 10 over ; also, the whole number of 
hands was five times the number of soldiers and guns to- 
gether. But after an engagement, in which the slain were 
one-fourth of the survivors, there wanted 5 men to make 
13 men to every two guns: required, the number of guns, 
soldiers and sailors. 

Ans. 00 guns, 55 soldiers, and 670 sailors. 

15. Three persons have $96, which they wish to divide 
equally between them. In order to do this, A, who has the 
most, gives to B and C as much as they have already ; then 
B divides with A and G in the same manner, that is, by 
giving to each as much as he had after A had divided with 
them • C then makes a division with A and 2?, when it is 
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(band that they aL have equal sums : how much had each 
at first? Ana. 1st, $52 ; 2d, $26 ; 3d, $16. 

16. Divide the number a into three such parts, that the 
first shall be to the second as m to n, and the second to the 
third as p to q. 

amp __ anp anq 

~~ mp+np+nq' * ~~ mp+np+nq* ~~~ mp+np+nq 

17. Three masons, A, 2?, and (7, are to build a wall. A 
and B together can do it in 12 days ; B and C in 20 days ; 
and A and C in 15 days : in what time can each do it alone, 
and in what time can they all do it if they work together ? 

Am. Ay in 20 days; B y in 30 ; and (7, in 60 ; all, in 10. 
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CHAPTER VL 



FORMATION OF POWERS 



118. A Power of a quantity is the product obtained by 
taking that quantity any number of times as a factor. 

If the quantity be taken once as a factor, we have the first 
power ; if taken twice, we have the second power ; if three 
times, the third power; if n times, the n tk power, n being 
any whole number whatever. 

A power is indicated by means of the exponential sign 

thus, 

a = a 1 denotes first power of a.* 

ax a = a 2 " square, or 2d power of a. 

ax ax a = a 3 " cube, or third power of a, 

axaxaxa = a 4 " fourth power of a. 

axaxaxaxa = a 5 " fifth power of a. 

axaxaxa.... = a* " m th power of a. 

In every power there are three things to be considered : 

1st. The quantity which enters as a factor, and which is 
called the first power. 

2d. The small figure which is placed at the right, and 
a little above the letter, is called the exponent of the 

•Since a 9 = 5 (Art. 49), o° X a = 1 X a = a 1 ; bo that the two 
factors of a 1 , aio 1 and a. 

118. What is a power of a quantity? What is the power when the 
quantity is taken once as a factor ? When taken twice ? Three times 1 
u times? How is a power indicated ? In every power, how many things 
are considered ? Name them. 
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power, and shows how many times the letter enters as a 
factor. 

8d. The power itself, which is the final product, or result 
of the multiplications. 

POWERS OF MONOMIALS. 

1 19. Let it be required to raise the monomial 2a 3 b 2 to 
the fourth power. We have, 

(2a 3 b 2 ) A = 2a 3 b 2 x 2a 3 b 2 X 2a 3 #> X 2<&b\ 

which merely expresses that the fourth power is equal to 
the product which arises from taking the quantity four 
times as a factor. By the rules for multiplication, this pro- 
duct is 

(2a 3 b 2 Y = 2 4 a 3 + 3 + 3 + 3 & 2 + 2 + 3 + 2 = 2 4 a 12 & 8 ; 

from which we see, 

1st. That the coefficient 2 must be raised to the 4th 
power; and, 

2d. That the exponent of each letter must be multiplied 
by 4, the exponent of the power. 

As the same reasoning applies to every example, we hav«, 
for the raising of monomials to any power, the following 

BULK. 

I. liaise the coefficient to the required power : 

II. Multiply the exponent of each Utter by the exponent 
of the power. 

EXAMPLES. 

1. What is the square of Ba 2 y 3 ? Ans. 9a A y* 

119. What is the rule for raising a monomial to any power ? When 
the monomial is positive, what will be the sign of its powers ? When 
negative, what powers will be plus? what minus? 
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2. What is the cube of 6ay*e? Ans. 216a l8 yW- 

8. Wlmt is the fourth power of 2aV* i? 16a 12 y l2 ft». 

4. Wliat is the square of oWy 3 ? Ans. a?b w y*. 

b. What is the seventh power of cPbcd 3 ? 

Ana. a u Ve l d n 

6. What is the sixth power of a 2 ftW? 

Ans. a l2 b"c*d*. 

1. What is the square and cube of — 2a 2 b 2 ? 

Square. Cube. 

— 2a 2 6 a — 2a 2 b* 

— 2a 2 # - 2a 2 ft 2 



- + 404J4, + 4^4 

- 2a 2 ft 2 



— 8a*b*. 



By observing' the way in which the powers are formed, 
we may conclude, 

1st. When the monomial is positive, all the powers will 
be positive. 

2d. When the monomial is negative, aU even powers imU 
be positive, and aU odd will be negative. 

8. What is the square of — 2a A b 5 ? Ans. 4a 8 6 10 . 

9. What is the cube of — 5a n b 2 ? Ans. — 125a 3 "J«. 

10. What is the eighth power of — a*xy 2 ? 

Ans. + aPa**/™. 

11* What is the seventh power of — aPb n c? 

Ans. — a 7 ■ , J 7 "c ,, . 

12. What is the sixth power of 2ab*y* ? 

Ans. e^dWy 80 . 
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13. What is the ninth power of — a n bc 2 ? 

Ans. — a 9 *b*c 19 . 

14. What is the sixth power of — Sab 2 d? 

Ans. I29a«b l2 d* 

15. What is the square of — lOa^c 3 ? 

Ans. I00a 2m b 2m ^ 

16. What is the cube of — 9art>*d 3 f* ? 

Ans. — ?29a 3 *ft 3,| J f /*. 

17. What is the fourth power of — 4a 5 b 3 c i d 5 ? 

Ans. 256a 20 i l2 c 16 tf 2a 

18. What is the cube of — 4a 2w & 2l, cW 

Ans. — 64a 6w J 6 *c 9 rf* 

19. What is the fifth power of 2a 3 b 2 xy ? 

Ans. S2a} 5 b 10 &y*. 

20. What is the square of 20a5"y" , c 5 ? Ans. 400x 2n y 2m c l °. 

21. What is the fourth power of SaW'c*? 

Ans. 81a 4n J 8 *c 12 . 

22. What is the fifth power of — c n d 3m x 2 y 2 ? 

Ans. — c 5 *df 15, "a5 1( y o . 

23. What is the sixth power of — a n b 2% (f ? 

Ans. W*b l2n cP m . 

24. What is the fourth power of — 2a 2 <?d 3 . 

Ans. 16aW 12 . 

POWERS OF FRACTIONS. 

120. From the definition of a power, and the rule for 
the multiplication of fractions, the cube of the fraction ^ , is 

written, 

(a\ 3 _ a a a __ a 3 
b) - b X I X b - b* ; 

ISO. What is the rule for raising a fraction to any power t 
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and since any fraction raised to any power, may be written 
under the same form, we find any power of a fraction by 
the following 

RULE. 

Raise the numerator to the required power for a new, 
numerator, and the denominator to the required power for 
a new denominator. 

The rule for signs is the same as in the last article. 

EXAMPLES 

Find the powers of the following fractions : 

/ a — c \ 2 A a 2 — 2ac+ c 2 

lm \F+7r An8m &+2bc+<* 

. ( dx\» - dh? 

*■ (-ser- *» sb?- 

8. Fourth pa** of ^ Ans. ~ 

9. Cube of *-=V. Ans. *-**V + **!fi-*. 

* + y sb 3 + Sarty + Zxy % + y 3 
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10. Fourth power of • Ans. ,„ . . • 

11. Fifth power of — r^—— - • Ans. — on . .„ • 

r I8yp& 32y b Pz 5 * 

POWERS OF BINOMIALS. 

121. A Binomial, like a monomial, may be raised to any 
power by the process of continued multiplication. 

V 

1. Find the fifth power of the binomial a + b. 

a + b 1st power. 

a + b 



a 2 + ab 








+ ab + b 2 












a 4- b 






• 


a 3 + 2a 2 b + 


ab 2 






+ a 2 b + 


2ab 2 + 


ft 3 




a 3 + Sa 2 b + 


Sab 2 + 


b 3 . . 


. . 3d power. 


a + b 








a 4 + Sa 3 b + 


Sa 2 b 2 + 


ab 3 




+ a 3 b + 


3a 2 5 2 + 


Sab 3 + 


»* 


a 4 -r ±a?b + 


6a 2 6 2 + 


4a& 3 + 


J 4 4th power. 


a + b 








a 5 + 4a?b + 


6a 3 5 2 + 


4a 2 ft 3 + 


ab* 


+ a*b + 


4a 3 5 2 + 


6a 2 * 3 + 4aft 4 + b 5 


a* + 5a 4 5 + 10a 3 b 2 + lOa 2 ^ 3 + bob* + b 5 Am. 



121. How may a binomial be raised to any power? 

122. How does the number of multiplications compare with the ex- 
ponent of the power? If the exponent is 4, what is the number of 
multiplications? How many when it is m? How many things are con* 
sidered in the raising of powers ? Name them. 
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Note. — 122. It will be observed that the number of 
multiplications is always 1 less than the units in the expo- 
nent of the power. Thus, if the exponent is 1, no multipli- 
cation is necessary. If it is 2, we multiply once ; if it if* 3, 
twice; if 4, three times, Ac. The powers of polynomials 
may be expressed by means of an exponent. Thus, to 
express that a + b is to be raised to the 5th power, we 

write 

(a + by ; 

if to the mth power, we write 

(a + b) m . 

2. Find the 5th power of the binomial a — b. 

a — b 1st power. 

a — b 



a 2 — ab 

— ab + b* 

a 2 — 2ab + b 2 2d power. 

a — b 

o 3 — 2a 2 b + ab 2 

— a?b 4- 2ab 2 — ft 3 

a 3 - Sa 2 b + Sab 2 — b 3 .... 3d power. 
a — b 

a 4 — Sa 3 b + Sa 2 b 2 — ab 9 

— a?b + 3a 2 & 2 — Sab 3 + & 4 

a* _ 4a 3 b + Qa 2 b 2 — 4a6 3 + b* . 4th power. 

a -6 

a » — 4a«j 4- ea 3 £ 2 — 4a 2 6 3 + ab 4 

— a*b + Aa 3 b 2 — 6a 2 & 3 + 4a6 4 — £* 

a» — 5a*6 + 10a 3 & 2 — 10a 2 & 3 + bob 4 — ft* An&. 
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In the same way the higher powers may be obtained. By 
examining the powers of these binomials, it is plain that four 
things must be considered: 

1st. The number of terms of the power. 
2d. The signs of the terms. 
3d. The exponents of the letters. 
4th. The coefficients of the terms. 

Let us see according to what laws these are formed. 

Of the Terms. 

123. By examining the several multiplications, we shall 
observe that the first power of a binomial contains two terms; 
the second power, three terms ; the third power, four terms ; 
the fourth power, five ; the fifth power, six, <fec. ; and hence 
we may conclude : 

That the number of terms in any power of a binomial^ 
is greater by one than the exponent of the power. 

Of the Signs of the Terms. 

124. It is evident that when both terms of the given 
binomial are plus, all the terms of the power will be plus. 

If the second term of the binomial is negative, then all 
the odd terms, counted from the left, will be positive, and 
all the even terms negative. 



123. How many terms does the firat power of a binomial contain? The 
second ? The third ? The nth power ? 

124. If both terms of a binomial are positive, what will be the signs 
of the terms of the power? If the second term is nogative, how are the 
signs of the terms ? 
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* 



Of the Exponents. 

135. The letter which occupies the first place in a bino- 
mial, is called the leading letter. Thus, a is the leading 
letter in the binomials a + b, and a — b. 

1st. It is evident that the exponent of the leading letter 
in the first term, will be the same as the exponent of the 
power; and that this exponent will diminish by one in each 
term to the right, until we reach the last term, when it will 
be (Art. 49). 

2d. The exponent of the second letter is in the first 
term, and increases by one in each term to the right, to the 
last term, when the exponent is the same as that of the given 
power. 

3d. The sum of the exponents of the two letters, in &ny 
term, is equal to the exponent of the given power. This 
last remark will enable us to verify any result obtained by 
means of the binomial formula. 

Let us now apply these principles in the two following 
examples, in which the coefficients are omitted : 

(a + b)« . . . a 6 + a 6 b + a*J 2 + a 3 £ 3 -f- a 2 ft 4 + ab 5 + b*, 
(a - b)* . . .a 6 - a 5 b + a 4 b 2 - a 3 & 3 + a 2 £* - ab 5 + ft 6 . 

As the pupil should be practised in writing the terms with 
their proper signs, without the coefficients, we will add a 
few more examples. 

125. Which is the leading letter of a binomial ? What is the exponent 
of this letter in the first term ? How does it change in the terms towards 
the right ? What is the exponent of the second letter in the second term ? 
How does it change in the terms towards the right ? What is it in the 
last term f What is the sum of the exDonents in any term equal to ? 
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1. (a + b)K . a u +a 2 b+ab 2 f b\ 

2. (a — by . . a*-a?b+a 2 b 2 — ab 3 + b\ 

3. (a + b) 5 . . a 6 +a 4 b+a 3 b 2 +a 2 b 3 +ab* + b 5 . 

4. (a —by . . tf-atb+aW-aW+aW-aW+abt—W. 

Of the Coefficients. 

126* The coefficient of the first term is 1. The coeffi 
dent of the second term is the same as the exponent of the 
given power. The coefficient of the third term is found by 
multiplying the coefficient of the second term by the expo- 
nent of the leading letter in that term, and dividing the 
product by 2. And finally : 

If the coefficient of any term be multiplied by the expo- 
nent of the leading letter in that term, and the product 
divided by the number which marks the place of the term 
from the left, the quotient will be the coefficient of tJie 
neat term. 

Thus, to find the coefficients in the example, 

(a - b) 1 . . . a 1 - a*b + a 5 b 2 - a 4 6 3 + a 3 £ 4 - a 2 b 5 + ab*- b\ 

we first place the exponent 7 as a coefficient of the second 
term. Then, to' find the coefficient of the third term, we 
multiply 7 by 6, the exponent of a, and divide by 2. The 
quotient, 21, is the coefficient of the third term. To find the 
coefficient of the fourth, we multiply 21 by 5, and divide 
the product by 3 ; this gives 35. To find the coefficient of 
the fifth term, wo multiply 35 by 4, and divide the product 
by 4 ; this gives 35. The coefficient of the sixth term, found 

126. What is the coefficient of the first term ? What is the coefficient 
of the second term ? How do you find the coefficient of the third term 
How do you find the coefficient of any term ? What are the coefficients 
of the first and last terms ? How are the coefficients of the exponents 
of any two terms equally distant from the two extremes? 

8 



170 111M1HT1BT ALOBBBA. 

in the same way, is 21 ; that of the seventh, 7 ; and that of 
the eighth, 1. Collecting these coefficients, 

(a - ty = 

a 7 - lefib -f 21a 5 * 2 — dbatf? + 35a 3 * 4 — 21a 2 ft 5 + 7aft* - 6'. 

Kotb. — We see, in examining this last result, that tie 
CoeffiHeiUa of the extreme terms are each 1, and that the 
coefficients of terms equally distant fnmi the extreme terms 
are equal. It will, therefore, be sufficient to tind the coeffi- 
cients of the first half of the terms, and from these the 
others may be immediately written. 

EXAMPLES 

1. Find the fourth power of a + b. 

Ana. a* + 4a 3 ft + 6a 2 ft* + 4a* 3 + ft*. 

2* find the fourth power of a — ft. 

Ana. a? — 4a 3 ft + 6a 2 ft* - 4a* 3 + ft*. 

8. Find the fifth power of a + b. 

Ana. a 5 + Scfib + 10a 3 * 2 + 10a 2 * 3 + bob* + ft*. 

4. find the fifth power of a — ft. 

Ana. a* — 5a*ft + lOa 3 * 2 — 10a 2 6' + bob' — ft*. 

5. find the sixth power of a + ft. 

a* + 6a 5 ft + ISO 4 * 2 + 20a 3 ft 3 + lfta'ft 1 + 6aft f + V 

6. Find the sixth power of a — ft. 

d 6 — 6a fi ft + lfta 4 * 2 — 20a 3 * 3 + 15a 7 ft* — Baft" + ft*. 

1«7. When the terms of the binomial have coefficients, 
we may still write out any power of it by means of the 
Binomial Formula. 

7. Let it be required to find the cube of 2c + 3d. 

(a + ft) 3 = a» + 3a 2 ft + Soft 2 + ft 3 . 
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Here, 2c takes the place of a in the formula, and 3c? the 
place of b. Hence, we have, 

(2c+3tf) 3 = (2c) 3 +3.(2c) 2 .3eJ+3(2c)(3tf) 2 +(3tf) 3 . (1.) 

And by performing the indicated operations, we have, 

(2c + 3c?) 3 = 8c 3 + 36c 2 c? + 54ctf ? + 2ld\ 

If we examine the second member of Equation ( 1 ), we 
see that each term is made up of three factors: 1st, the 
numerical factor ; 2d, some power of 2c ; and 3d, some 
power of Zd. The powers of 2c are arranged in descend- 
ing order towards the right, the last term involving the 
power of 2c or 1 ; the powers of 3d are arranged in ascend* 
ing order from the first term, where the power enters, to 
the last term. 

The operation of raising a binomial involving coefficients, 
is most readily effected by writing the three factors of each 
term in a vertical column, and then performing the multipli- 
cations as indicated below. 

Find, by this method, the cube of 2c + 3d. 

OPERATION. 

1+3 +3 +1 Coefficients. 
8c 3 + 4c 2 + 2c +1 Powers of 2c 
1 + Sd + 9d 2 + 21d* Powers of Sd 

(2c + d) 3 = 8c 3 + 36c2tf + 5icd 2 + 27rf 3 

The preceding operation hardly requires explanation. In 
the first line, write the numerical coefficients corresponding 
to the particular power ; in the second line, write the de- 
scending powers of the leading term to the power ; in the 
third line, write the ascending powers of the following term 
from the power upwards. It will be easiest to commence 
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the second line on the right hand. The multiplication should 
be performed from above, downwards. 

8. Find the 4th power of Sa 2 c — 2W. 

(a + by = a 4 + 4a 3 ft + 6a 2 & 2 + 4aft 3 + J 4 . 

1+4 +6 4-4 +1 

81aV+ 2la*cr + 9a 4 c 2 + 3a 2 c + 1 
1 — 2Mf + 4b 2 d* — 8#W 3 + 16b*d . 

81aV — 216a 6 c 2 *<* + 216a 4 cW 2 — 96a 2 ci 3 c? 3 + 16£ 4 d 4 .* 

9. What is the cube of 3a — 6y ? 

-4n*. 27s 3 — 162^ + 324zy* - 216^. 

10. What is the fourth power of a — 35? 

Ana. a 4 — 12a 3 & + 54a 2 6 2 — 108aft 3 + 81«\ 

11. What is the fifth power of c — 2d? 

Ana. c* — 10c*d + 40c 3 rf 2 - 80c 2 tf 3 + 80cd* — 32tf\ 

12. What is the cube of 5a — 3d? 

Ana. 125a 3 - 225d>d + 125od 2 - 2ld*. 



• This Ingenious method of writing the development of a binomial is due to 
Professor William G. Tbok, of Colombia College. 
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CHAPTER VIL 

SQUARE BOOT. EADICALS 07 THE SECOND 

DEGBEE. 

128. The Square Root of a number is one of its two 
equal factors. Thus, 6x6 = 36; therefore, 6 is the square 
root of 36. 

The symbol for the square root, is ^/ , or the fractional 
exponent \ ; thus, 

r \ 

ya y or a , 

indicates the square root of a, or that one of the two equal 
factors of a is to be found. The operation of finding such 
factor is called, Extracting the Square Hoot. 

129. Any number which can be resolved into two equal 
integral factors^ is called a perfect square. 

The following Table, verified by actual multiplication, in- 
dicates all the perfect squares between 1 and 100. 

TABLE. 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, squares. 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, roots. 

128. What is the square root cf a number ? Wha is the operation of 
finding the equal factor called ? 

129. What is a perfect square ? How man y perfect squares are there 
between I and 100, including both, numbers ? What are they? 



174 ELEMENTARY ALGEBRA. 

We may employ this table for finding the square root of 
any perfect square between 1 and 100. 

Look for the number in the first line ; if it is found 
there* its square root wiU be found immediately under it. 

If the given number is less than 100, and not a perfect 
square, it will fall between two numbers of the upper line* an J 
Us square root will be found between the two numbers directly 
below ; the lesser of the two will be the entire part of the 
root* and wiU be the true root to within less than 1. 

Thus, if the given number is 55, it is found between the 
perfect squares 40 and 64, and its root is 7 and a decimal 
fraction. 

Note.— There are ten perfect squares between 1 and 100, 
if we include both numbers ; and eight, if we exclude both. 

If a number is greater than 100, its square root will be 
greater than 10, that is, it will contain tens and units. Let 
.AT denote such a number, x the tens of its square root, and 
y the units ; then will, 

HT = (x + y)* = & + 2xy + y 2 = a* + (2x + y)y. 

That is, the number is equal to the square of the tens in its 
roots, plus twice the product of the tens by the units* plus 
the square of the units. 

EXAMPLE. 

1. Extract the square root of 6084. 

Since this number is composed of more than 
two places of figures, its root will contain more 60 84 

than one. But since it is less than 10000, which 
is the square of 100, the root will contain but two figures, 
that is, units and tens. 
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Now, the square of the tens must be found in the two 
left-hand figures, which we will separate from the other two 
by putting a point over the place of units, and a second over 
the place of hundreds. These parts, of two figures each, 
are called periods. The part 60 is comprised between the 
two squares 49 and 64, of which the roots are 7 ami 8 ; hence, 
*l expresses the number of tens sought ; and the required 
root is composed of 7 tens and a certain number of units. 

The figure 7 being found, we 



write it on the right of the given 60 84 

number, from which we separate 49 



IS 



it by a vertical line : then we 1 x 2 = 14 8 1 118 4 
subtract its square, 49, from 60, 118 4 

which leaves a remainder of 11, 

to which we bring down the two 

next figures, 84. The result of this operation, 1184, con- 
tains twice the product of the tens by the units, plus the 
square of the units. 

But since tens multiplied by units cannot give a product 
of a less unit than tens, it follows that the last figure, 4, can 
form no part of the double product of the tens by the units , 
this double product is therefore found in the part 118, which 
we separate from the units' place, 4. 

Now if we double the tens, which gives 14, and then 
divide 118 by 14, the quotient 8 wiU express the units, or a 
number greater than the units. This quotient can never be 
too small, since the part 118 will be at least equal to twice 
the product of the tens by the units ; but it may be too 
large, for the 118, besides the double product of the tens by 
the units, may likewise contain tens arising from the square 
of the units. To ascertain if the quotient 8 expresses the 
right number of units, we write the 8 on the right of the 14, 
A'hich gives 148, and then we multiply 148 by 8. This 
multiplication being effected, gives for a product, 1184. a 
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number equal to the result of the first operation. Hav- 
ing subtracted the product, we find the remainder equal 
to ; hence, 78 is the root required. In this operation, 
we form, 1st, the square of the tens; 2nd, the double 
product ot the tens by the units ; and 3d, the square of 
the units. 

Indeed, in the operations, we have merely subtracted from 
the given number 6084 : 1st, the square of 7 tens, or of 70 ; 
2d, twice the product of 70 by 8 ; and, 3d, the square of 8 ; 
that is, the three parts which enter into the composition of 
the square, 70 + 8, or 78 and since the result of the sub- 
traction is 0, it follows tha'j 78 is th6 square root of 6084. 

130. The operations in the last example have been per- 
formed on but two periods, but it is plain that the same 
methods of reasoning are equally applicable to larger num- 
bers, for by changing the order of the units, we do not 
change the relation in which they stand to each other. 

Thus, in the number 60 84 95, the two periods 60 84, 
havo the same relation to each other as in the number 
60 84 ; and hence the methods used in the last example are 
equally applicable to larger numbers. 

131. Hence, for the extraction of the square root of 
numbers, we have the following 

RULE. 

L Point off the given number into periods of two figures 
each, beginning at the right hand: 

n. Note the greatest perfect square in t/ie first period on 
the lefty and place its root on the rights after the manner of 

131. Give the rule for the extraction of the square root of numbers? 
What is the first step? What the secind? What the third ? What the 
fourth? What the fifth ? 
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a quotient in division ; then subtract the square of this 
root from the first period, and bring down the second period 
for a remainder : 

UL Double the root already found, and place the result 
on the left for a divisor. Seek how many times the divisor 
is contained in the remainder, exclusive of the right-hand 
figure, and place the figure in the root and also at the right 
of the divisor : 

IV. Multiply the divisor, thus augmented, by the last 
figure of the root, and subtract the product from the r& 
mainder, and bring down the next period for a new remain- 
der. But if any of the products should be greater than 
the remainder, diminish the last figure of the root by one : 

V. Double the whole root already found, for a new di- 
visor, and continue the operation as before, until all the 
periods are brought down. 

132. Note. — 1. IS, after all the periods are brought 
down, there is no remainder, the given number is a perfect 
square. 

2. The number of places of figures in the root will always 
be equal to the number of periods into which the given 
number is divided. 

3. If the given number has not an exact root, there will 
be a remainder after all the periods are brought down, in 
which case ciphers may be annexed, forming new periods, 
for each of which there will be one decimal place in the root. 

182. What takes place when the given Dumber is a perfect square ? 
How many places of figures will there be in the root? If the given num- 
ber is not a perfect square, *hat may be done after all the periods arc 
brought down ? 
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EXAMPLES. 

1. What is the square root of 36729 ? 



In this example there are 
two periods of decimals, 
and, hence, two places of 
decimals in the root. 



3 67 29 191.64+ 
1 



29 



267 
261 



381 


629 

381 


382 6 


24800 
22956 


3832 4 


184400 
153296 



31104 Rem. 



2. To find the square root of 7225. 
8. To find the square root of 17689. 

4. To find the square root of 994009. 

5. To find the square root of 85673536. 

6. To find the square root of 67798756. 

7. To find the square root of 978121. 

8. To find the square root of 956484. 

9. What is the square root of 36372961 V 

10. What is the square root of 22071204 ? 

1 1. What is the square root of 106929 ? 

12. What of 12088868379025 ? 

13. What of 2268741 ? 

14. What of 7596796 ? 

15. What is the square root of 96 ? 

16. What is the square root of 153 ? 

17. What is the square root of 101 . 



Ans. 85. 

Am. 133. 

Am. 997. 

Ans. 9256. 

Ans. 8234. 

Ans. 989. 

Ans. 978. 

Ans. 6031. 

Ans. 4698. 

Ans. 327. 

Ans. 3476905. 

Ans. 1506.23 + 

Ans. 2756.22 + 

Ans. 9.79795 -h 

Am. 12.36931 +. 

Am. 10.04087 +. 
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18. What of 285970396644 ? Ans. 534762, 

19. What of 41605800625 ? Arts. 203975. 

20. What of 48303584206084 ? Ans. 6950078. 

EXTRACTION OF THE SQUARE ROOT OF FRACTIONS. 

1 33. Since the square or second power of a fraction is 
obtained by squaring the numerator and denominator sepa- 
rately, it follows that 

Tlie square root of a J Taction will be equal to the square 
root of the numerator divided by the square root of the 
denominator, 

a?" a 

For example, the square root of ^ is equal to t : for, 

a a a 2 
b * b b* 

1. What is the square root of j^ Ans. - • 

2. What is the square root of -— ? Ans. -• 

8. What is the square root of -- ? Ans. - • 

«i n 256^ M 16 

4. What is the square root of — -r Ans. — • 

n 361 19 

16 1 

5. What is the square root of -— ? Ans. - • 

* 64 2 

__ 4096 64 

6. What is the square root of „,--- f Ans. —- • 

^ 61009 247 

h TrrL , t A . 582169 - 763 

7. What is the square root of r Ans. --- • 



188. To what is the square root of a fraction equal f 
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134. II* the numerator and denominator are not perfect 
squares, the root of the fraction cannot be exactly found. 
We can, however, easily find the approximate root. 

RULE. 

Multiply both term* of the fraction by the denominator : 
Then extract the square root of the numerator^ and divide 
this root by the root of the denominator ; the quotient %oUL 
be the approximate root. 

Q 

1. Find the square root of - • 

Multiplying the numerator and denominator by 5 



5 V25- 5 =( 3 ' 8 ' 2 °+) +*; 

hence, (3.8729 +) + 5= .7745 + = Ans. 

2. What is the square root of - ? Ans. 1.32287 +. 

14 

3. What is the square root of — ? Ans. 1.24721 +. 

4. What is the square root of 11—? Ans. 3.41869 K 

16 

13 

5. What is the square root of 7— ? Ans. 2.71313 +. 

• 36 

15 

6. What is the square root of 8—? Ans. 2.88203 -K 

7. What is the square roc t of -— ? 'Ans. 0.64549 +. 

3 

8. What is the square root of 10—? Ans. 3.20936 +. 



i i *■< 



134. What is the rule when the numerator and denominator are not 
perfect square* ? 
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135. Finally, instead of the last method, we may, if we 
please, 

Change the common fraction into a decimal, and continue 
the division until the number of decimal places is double 
the number of place* required in the root. Then extract 
the root of the decimal by the last rule. 

EXAMPLES. 

1. Extract the square of — to within .001. Thisnum 

14 

ber, reduced to decimals, is 0.785714 to within 0.000001 ; but 
the root of 0.785714 to the nearest unit, is .886; hence, 

0.886 is the root of — to within .001. 

14 




2. Find the \/2— to within 0.0001. Ans. 1.6931 +. 

V 15 

3. What is the square root of — ? Ans. 0.24253 +. 

7 

4. What is the square root of - ? Ans. 0.93541 -f-. 

8 

g 

5. What is the square root of - ? Ans. 1.29099 K 



EXTRACTION OF THE SQUARE ROOT OF MONOMIALS. 

136. In order to discover the process for extracting the 
square root of a monomial, we must see how its squai e is 
formed. 

By the rule for the multiplication of monomials (Art. 42), 
we liave, 

(5a 2 6 3 c)* = 5a 2 b*c x Sa 2 b*c = 25a 4 b*c 2 ; 

185. What is a second method of finding the approximate root ? 

186. Give the rale for extracting the square root of monomials? 
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that is, in order to square a monomial, it is necessary to 
square its coefficient and double the exponent of each of the 
letters. Hence, to find the square root of a monomial, we 
have the following 

BULB. 

L Extract the square root of the coefficient for a new 
coefficient : 

II. Divide the exponent of each letter by 2, and then 
annex aU the letters with their new exponents. 

Since like signs in two factors give a plus sign in the pro- 
duct, the square of — a, as well as that of + a, will be 
+ a 2 ; hence, the square root of a 2 is either + a, 01 
— a. Also, the square root of 25a 2 A 4 , is either + Soft 2 , 
or — bob 2 . Whence we conclude, that if a monomial is 
positive, its square root may be affected either with the sign 
+ or — ; thus, 's/W' = ± 3a 2 ; for, + 8a 2 or — 3a 2 , 
squared, gives -f- 9a 4 . The double sign ±, with which the 
root is affected, is read plus and minus. 

EXAMPLES. 

1. What is the square root of 64a 6 fl 4 ? 

</64a 6 6 4 = + 8a 3 & 2 ; for + 8a 3 ft 2 x +8a 3 ft 2 = +64a 6 J 4 
and, </64a 6 6 4 = — 8a 3 £ 2 ; for -8a 3 ft 2 x -8a 3 & 2 = +64a 6 6 4 
Hence, \ftea 6 b A = ± 8a 3 J 4 . 

2. Find the square root of 625a 2 i 8 c 8 . ± 25a6V. 
8. Find the square root of BlQaWc*. ± 24a 2 b 3 c\ 
4. Find the square root of lOGafyV. ± Hafyz 2 . 
b. Find the square root of 441aWc l0 rf 16 . ± 2ia 4 #W 8 , 

6. Find the square root of 784a I2 & l4 c 16 tf 2 > ± 28a 6 6 7 c 8 c£ 

7. Find the square root of 81a*& 4 c*. ± Oa^V, 
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Notes. — 137. 1. From the preceding rule it follows, 
that when a monomial is a perfect square, its numerical 
coefficient is a perfect square, and all its exponents even 
numbers. Thus, 25a A b 2 is a perfect square. 

2. If the proposed monomial were negative, it would be 
impossible to extract its square root, since it has just been 
shown (Art. 130) that the square of every quantity, whether 
positive or negative, is essentially positive. Therefore, 



-/— 9, -/— 4a 2 , -/— 8 « 2 *> 

are algebraic symbols which indicate operations that cannot 
be performed. They are called imaginary quantities, or 
rather, imaginary expressions, and are frequently met with 
in the resolution of equations of the second degree. 

IMPERFECT SQUARES. 

13§. When the coefficient is not a perfect square, or 
when the exponent of any letter is uneven, the monomial is 
an imperfect square : thus, dSab 4, is an imperfect square* 
Its root is then indicated by means of the "adical sign ; thuSj 

-/98a6 4 . 

Such quantities are called, radical quantities, or radicals of 
the second degree : hence, 

A radical quantity, is the indicated root of an imperfect 
power. 



187. When is a monomial a perfect square? What monomials are 
these whose square roots cannot be extracted ? What are such expres* 
lions called ? 

138. When is a monomial an imperfect square ? What are such qnan 
titles called ? What is a radical quantity ? 
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TRANSFORMATION OP RADICALS. 

139, Let a and b denote any two numbers, and p 
the product of their square roots: then, 

ja X i/b = p (1.) 

Squaring both members, we have, 

a x b = />* .... (2.) 

Then, extracting the square root of both members of ( 2 ), 

<s/ab = p (3.) 

And since the second members are the same in Equations 
( 1 ) and ( 3 ), the first members are equal : that is, 

The square root of the product of two quantities is equal 
to the product of their square roots. 

140* Let a and b denote any two numbers, and q 
the quotient of their square roots ; then, 

$-' <■•> 

Squaring both members, we have, 

i = t m 

then extracting the square root of both members of (2), 

5 = f -...,, (3) 

and since the second members are the same in Equations ( 1 ) 
and ( 3 ), the first members are equal ; that is, 

139. To what is the square root of the product of two quantities equal) 

140. To what is the square root of the quotient of two quaatittos 
equal? 
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The square root of the quotient of two quantities is equal 

to the quotient of their square roots. 

These principles enable us to transform radical expres- 
sions, or to reduce them to simpler forms ; thus, the expres- 
sion, 

98a& 4 = 49& 4 X 2a ; 

hence, -/98a6 4 = <y/49& 4 x 2a; 

and by the principle of (Art. 139), 

l/idb* x 2a = «/W>* x i/2a =: 1b 2 ^2a. 
In like manner, 

i/AbaW&d = -i/QaWc 2 x hbd = Babcy^bd. 

«/864a 2 6 5 c n = </ 144 a 2 ^ 10 X Qbc = 12a5VV^. 

The coefficient of a radical is the quantity without the 
sign ; thus, in the expressions, 

Tb 2 y/2o\ Sabc/hEd, 12ab 2 <?y/Qbc, 

the quantities *lb\ Sabc, 12oft 2 c 5 , are coefficients of the 
radicals. 

14 1. Hence, to simplify a radical of the second degree, 
we have the following 

BULB. 

L Divide the expression under the radical sign into two 
factors, one of which shaU be a perfect square : 

II. Extract the square root of the perfect square, and 
then multiply this root by the indicated square root of the 
remaining factor. 

,m ■ ■ ■-- ■■-'- 

141. Give the rule for simplifying radicals of the second degree. How 
do you determine whether a given number has a factor which is a perfect 
square? 
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Note. — To determine if a given number has any factor 
which is a perfect square, we examine and see if it is divi- 
sible by either of the perfect squares, 

4, 9, 16, 25, 36, 49, 64, 81, <fca; 

if it is not, we conclude that it doe? not contain a factor 
which is a perfect square. 

examples. 
Reduce the following radicals to their simplest form : 

Arts. ha^Zabc. 



1. ^1Sa 3 bc. 

2. ^!2Sb*a*d 2 . 

3. i/z2a 9 b B c. 

4. V^eWc 8 . 

5. </l024a 9 £V. 

6. V^29a 7 J 5 c 6 tf. 
1. <s/Mba t b*c l d. 

8. <y/lU5aWd 4 . 

9. <^100Sa*d 1 m*. 

10. <s/2\b(Sa}*b*cfi. 

11. -/ 4 05a 7 6 6 rf 8 . 

149. Notes. — 1. A coefficient, or a factor of a coeffi- 
cient, may be carried under the radical sign, by squaring it* 
Tims, 

1. Za*y/bc = -/( 3 « 2 ) ? x 6e = s/^ctbc 

2. 2rt*y / rf = ly/dWd = y/TaWd. 



Ana. Sb 2 a 3 di/2b. 

Arts. ia*b*y/2ac. 

Arts. 16a^ 2 c*. 

-4ra*. 32a 4 ^c 2 V«^ 

«4/w. 27a 3 ^ 2 c 3 V / ^^ 

-4n*. 15a?b 2 c^3abd. 

An*. Yla&d^^ha. 

An*. Watdhni^lad. 

Ana. 14a 5 5 4 c 3 y / lL 

-4ws. 9a 3 J 2 cf 4 n/6aI 



142. How may a coefficient or factor be carried under the radical sign 
To what is the square root of a negative quantity equal ? 
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3. 4(«4-^)v / a :=: * = 4 V(«+*) 2 («--S)=4V(« 2 --* 2 )(« + *) 

4. 5bc</a 2 - c 2 = 5 y / lN L {a 2 — c 2 ). 

2. The square root of a negative quantity may also be 
amplified; thus, 



V^~9 = -/9 x - 1 = V® * */— ^ = 3 -/-~i> 
and, -/— 4a 2 = y/icP X -/— * = 2a-/-- 1 ; also 
/— 8a 2 ft = v"4a 2 x —2ft = 2ay r — 2ft = 2a-v/2ft X V^l; 

that is, ^ square root of a negative quantity is equal to 
the square root of the same quantity with a positive sign> 
multiplied into the square root of — 1. 

Reduce the following: 



1. -/— 64a 2 ft 2 . 

2. /— 128^. , 

3. </— ?2tf 5 ft 7 c 6 . 

4. -/- 48a 3 ftc*. 



-4rw. 8aft-/ — 1. 

Ans. Za 2 b 2 ^b^\. 

Am. ^a 2 b z <^^/2ab^/^l. 

Ans. 4ac 2 -/3aftc-v/--l« 



ADDITION OF RADICALS. 

143. Similar Radicals, of the second degree, are those 
in which the quantities under the sign are the same. Thus, 

the radicals 3 -/ft, and 5c -/ft are similar, and so also are 

9/2, and ly/2. 

144* Radicals are added like other algebraic quantities 
hence, the following 

1 43. W hat are similar radicals of the second degree ? 

144. Give the rule for the addition of radicals of the second degree ? 
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BULB. 

L If the radicals are similar, add their coefficients, and 
to the sum annex the common radical: 

IL If the radicals are not similar, connect them together 
with t/ieir proper signs. 

Thus, 8a y/b + he Jo = (3a -t- 6c)y/b. 
In like manner, 

7y^a + Zy/2a = (7 + S)^2a = 10 y^a. 

Notes. — 1. Two radicals, which do not appear to be sim- 
ilar at first sight, may become so by transformation (Art. 
141.) 

For example, 
JiSab 2 + by/l&a = iby/Za + bb^Za = 9ft y/Ba; 

2y^5 + 3^5 = 6y/5 + Zy/b = 9y/Z. 

2. When the radicals are not similar, the addition or sub- 
traction can only be indicated. Thus, in order to add 3 \/b 
to 5<|/a, we write, 

b^/a + 3yfo 

Add together the following : 

1. J2la 2 and y^8a a . Ans. fay/si 

2. y/$QaW and -/72o 4 ft*. -<£n*. lla^y^ 

3. y^! and ^ Ans. Aa^ 

4. -|/125 and y/500a\ Ans. (5 + 10a) y/b. 

5 " Vl47 "* V294 ^ 21^ 
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6. ^dSa^x and V 36 ® 2 — 3 ^a 2 . 

Ans. *la<fix + 6-/JB 2 — a 2 . 
1. <\/98cPx and ^28Qa?x*. Ans. (la + \2a 2 x t )<)/2x. 
8. V^2 and yT28. uln*. 14y^ 

0. y^7 and V^7* -4w*. 10\/£ 

10. yf and y/±L. An8 -™0^ 

11. 2y^ and 3-/64&B*. -4n*. (2a + 24<e 2 ) v /£ 

12. -v/243 and 10^363. Am. 119^3*. 

13. yS20aW and -v/245a 8 6 6 . -4/w. (8a J + 7a 4 * 3 ) y^ 

14. y^Sa^ and V^OOo^. -4na. (5a 3 ft 3 + 10a 3 J 2 ) y/sb. 



SUBTRACTION OF RADICALS. 

145. Radicals are subtracted like other algebraic quan- 
tities; hence, the following 

BULL 

L Jf the radicals are similar, subtract the coefficient of 
the subtrahend from that of the minuend, and to the differ* 
ence annex the common radical: 

II. If the radicals are not similar, indicate the operation 
by the minus sign. 

EXAMPLES. 

1. What is the difference between Za^/b and ay^b? 
Here, Za-y/b — ay/b = 2a^/b. Ans. 

■■■'■■ ■ ■ ■ — ^» ■■■ ■..,_■ ■■-,|| . . . .1 ! .■ ■ II — ^^— — ^P— — 

145. Give the role for the subtraction of radicals. 
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2. From 9a y/2W subtract *ay/2W. 
First, 9a-v/27? 2 = 21ab^ and bay/rib* = \$aby/h\ 
and, 21ab^B — lSab-)/5 = 9aby/3. Arts. 

Find the differences between the following: 

3. y/15 and i/48. -4n*. y/s. 

4. -/24a 2 6 2 and y<543*. Am. (2ab — 3£ 2 ) ^6. 

5. y/l and ^/A. ^^. lyi^ 

6. V 128a3 * a and V^o 5 - -<**w- (8aft — 4a 4 ) V^ 

7. <^48a 3 b? and y5a5. -4n*. 4a£y / 3a£ — Z*^ab. 

8. -Z 242 * 5 * 5 a 11 ^ v^ 3 * 3 - - 4n «- (Ha 2 * 3 — a*) V2aJ. 

9# V 4 Mld V 9 # -4n * 6^ 

10. \/ 32 0a 2 and y^Oo 2 . -4n*. 4a y^. 

11. -y/nOaW and y r 245o*c 2 rf 2 . 

-4n«. (12ofl — *lcd)*)/bab. 

12. -/068a 2 & 2 and V^OOa 2 ^. .4n*. 12a*y^ 

13. vTl2aW and -/28a 8 6 6 . -4>w. 2a 4 * 3 V^ 



MULTIPLICATION OF BADIOALS. 

146. Radicals are multiplied like other algebraic quan- 
tities ; hence, we have the following 

BULB. 

L Multiply the coefficients together for a new coefficient: 



146. Give the rule for the multiplication of radical*. 
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IL Multiply together the quantities under the radical 
signs : 
III. Then reduce the result to its simplest form. 

1. Multiply Zay/bc by 2y/ab. 

Zay/bc X 2y/ab = 3a X 2 X y/bc X y/ab. 
which, by Art. 139, = 6ay/b 2 ac = Qab^ac. 

Multiply the following : 

2. Sy/bab and 4y^20a. Ans. 120a V^ 
8. 2a^bc and Sa^be. Ans. 6a 2 bc. 
4. 2a y/aF+l? and — 3a-/a 2 +» 2 . A. — 6a 2 (« 2 + * 2 -) 
6. 2ab\/a + b and ao/a — ft. -4n*. 2a 2 bc^a 2 — ft 2 . 
6. 3^/2 and 2-^/8. -4w«. 24. 
r. Iv^fa 2 * and fti/f^- 4/w - A^V^ 

8. 2aj + y/b and 2a; — >/&. Ans. \& — b 

9. \/a + 2y/b and -/<* — 2>/ft. -4w*. lA* 2 - 4 *- 
10. 3a-/27a 3 by V^** -^^ 9a3 V^ 



DIVISION OF RADICALS. 

14 T. Radical quantities are divided like other algebraic 
quantities ; hence, we have the following 

BULB. 

I. Divide the coefficient of the dividend by the coefficient 
of the divisor, for a new coefficient : 



147. Give the rule for the division of radicals. 
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IL Divide the quantities under the radicate) in the same 
manner: 

HL Then reduce the result to its simplest farm. 

EXAMPLES. 

1. Divide Bay/fic by 4a-t/S> 3 . 

— - = 2, new coefficient. 
4a 

a-* ,j A V&c IWc I& b 



hence, the quotient is 2 X - = — • 

2. Divide ba-y/b by 25>^>. -4?w. oi\/-- 

3. Divide 12ac^6bc by 4c-v/2ft. -4n*. 3aV§a 

4. Divide 6a-v/963* by Sy^. -4rcs. 4a&<|/5"- 

5. Divide 4a 2 ^/b0p by 2a?<|/*&- Ans. 2b ^ ^/ : \to. 

6. Divide 26a 3 Jy r 81a 2 6 2 by 13av/9a£. -4. 6a*btfib. 

7. Divide 84a 3 »V27ao by 42a*V / 3«- -<*• *a 2 b 2 <y/c. 

8. Divide -\/P^ by V^* -4»*. i«. 

9. Divide 6a 2 8V 20 <* 3 by 12-v/Sa. -4*w. a 3 6 2 . 

10. Divide ea^/lOft 2 by Sy^- -4*w. 2aJy^2. 

11. Divide 485 4 y'l5 by 2ft 2 >/£ in*. 360ft 2 . 

12. Divide SaWcPi/Td* by 2aV^rf- -4». 2aft+c J dl 

13. Divide OCaVy'gBft* by 48a&?V26. A. ltofib*. 
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14. Divide 2la 5 b 6 \/21a? T>y y/la. Arts. 2la e b 6 ^/s. 

15. Divile l8a B b 6 ^ r Ba 4 ' by Sabi/a 2 . Ans. 6a 8 ft 6 V^ 

SQUARE ROOT OF POLYNOMIALS. 

148. Before explaining the rule for the extraction of the 
6quare root of a polynomial, let us first examine the squares 
of several polynomials : we have, 

(a + b) 2 = a 2 + 2ab + b\ 

(a + b + c) 2 = a 2 + 2ab + b 2 + 2(a + b)c + d* 9 

(a + b + e + d) 2 = a 2 + 2ab + b 2 + 2(a + b)e + o» 

+ 2(a + b + c)d + <P. 

The law by which these squares are formed can be enun- 
ciated thus : 

The square of any polynomial is equal to the square of 
the first term, plus twice the product of the first term by the 
second, plus the square of the second/ plus twice the first 
two terms multiplied by the third, plus the square of the 
third; plus twice the first three terms multiplied by the 
fcmrth, plus the square of the fourth ; and so on. 

149. Hence, to extract the square root of a polynomial, 
we have the following 

RULE. 

L Arrange the polynomial with reference to one of its 
letters, and extract the square root of the first term : this 
will give the first term of the root : 

148. What is the square of a binomial equal to? What is the square 
of a trinomial equal to ? To what is the square of any polynomial equal ? 

149. Give the rule for extracting the square root of a polynomial ? 
What is the first step? What the second ? What the third ? What the 
fourth ? 

9 
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II. Divide the second term* of the polynorrtial by double 
the first term of tlie root, and tlie quotient will be the second 
term of the root : 

lTL Then form the square of the algebraic sum of the 
two terms of the root founds and subtract it from the first 
polynomial, and then divide the first term of t/ts remainder 
by double the first term of the root, and the quotimt wiU be 
the third term : 

IV. Form the double product of the sum of the first and 
second terms by the third, and add the square of the third ; 
then subtract this result from the last remainder, and divide 
the first term of tlie result so obtained, by double the first 
term of the root, and the quotient wiU be the fourth term. 
Then proceed in a similar manner to find the other terms, 

EXAMPLES. 

V Extract the square root of the polynomial, 

49a 2 & 2 — 24ab 3 + 25a 4 — S0a 3 b + 16ft 4 . 

First arrange it with reference to the letter a. 

25a 4 - S0a 3 b + 49a 2 b 2 - 24a& 3 + 16& 4 I 5a 2 - Sab 4- 4fr» 
25a 4 — 30a 3 & + 9a 2 & 2 | 10a 2 

40a 2 b 2 — 24a& 3 + 16ft 4 . . 1st Bern. 
40a 2 b 2 — 24ab 3 + 16b* 

2d Bern. 

After having arranged the polynomial with reference to 
a, extract the square root of 25a 4 ; this gives 5a 2 , which 
is placed at the right of the polynomial : then divide the 
Becond term, — 30a 3 b, by the double of 5a 2 , or 10a 2 ; 
the quotient is — Sab, which is placed at the right of f»a 2 . 
Hence, the first two terms of the root are 5a 2 — Sab. 
Squaring this binomial, it becomes 25a 4 — S0a 3 b + 9a 2 b 2 f 
which, subtracted from the proposed polynomial, gives a 
remainder, of which the first term is 40a 2 6 2 . Dividing this 
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first term by 10a l , (the double of 5a 2 ), the quotient is 
4- 4& 2 ; this is the third term of the root, and is written on 
the right of the first two terms. By forming the double 
product of 5a 2 — Sab by 4b 2 y squaring 4b\ and taking 
the sum, we find the polynomial 4Qa 2 b 2 — 24ab 3 + 16# 4 , 
which, subtracted from the first remainder, gives 0. There- 
fore, 6a 2 — Sab -f- 46 2 is the required root. 

2. Find the square root of a 4 + 4a 3 a?+6a 2 aj 2 +4a« 3 + &• 

Ans. a 2 + 2ax + x 2 . 

8. Find the square root of a 4 — 4a 3 aj+6a 2 sc 2 — 400?+ sb 4 . 

Ans. a 2 — 2ax + x 2 . 

4. Find the square root of 

4a 6 + 12a 5 + 5X 4 — 2x* + Ix 2 — 2x -f 1. 

Ans. 2x* + Sx 2 — x + 1 

5. Find the square root of 

9a 4 - Ua 3 b + 2Sa 2 b 2 — 16a& 3 + 16& 4 . 

Am* 3a 2 — 2ab + 45* 

6. What is the square root of 

x 4 — tax 3 + 4a 2 sc 2 — 4a 2 + 8aa? + 4? 

Ans. x 2 — 2ax — 2. 

7. What is the square root of 

9x 2 — 12a + 6ay + y 2 — Ay + 4 ? 

Ans. Sx 4- y — 2 % 

8. What is the square root of y 4 — 2y 2 x 2 + 2« 2 — 2y l 
+ 1 + or* ? Ans. y 2 — x* — 1. 

9. What is the square root of 9a 4 5 4 — 30a 3 £ 3 + 25a 2 £ 2 ? 

Ans. Sa 2 b 2 — 5a& 
10. Find the square root of 
25a 4 b 2 - 40a 3 6 2 c -r lGa 2 b 2 c* - 48a£ 2 c 3 f S§b 2 ct — 30a 4 ftc 

+ 24a 3 Jc 2 — 36a 2 ftc 3 + 9a 4 c 2 . 

Ans. 5a 2 b - 3a*c — iabe + 05c 2 . 
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150. We will conclude this subject with the following 
remarks: 

1st. A binomial can never be a perfect square, since we 
know that the square of the most simple polynomial, viz., 
a binomial, contains three distinct parts, which cannot ex- 
perience any reduction amongst themselves. Thus, the 
expression a 2 + b\ is not a perfect square ; it wants the 
term ± 2a5, in order that it should be the square of a ± 6. 

2d. In order that a trinomial, when arranged, may be a 

perfect square, its two extreme terms must be squares, and 

the middle term must be the double product of the square 

roots of the two others. Therefore, to obtain the square 

root of a trinomial when it is a perfect square : Extract the 

roots of the two extreme terms, and give these roots the same 

or contrary signs, according as the middle term is positive 

or negative. To verify it, see if the double product of the 

two roots is the same as tlie middle term of the trinomial. 

Thus, 

9a 6 — 48o 4 # J + 64a 2 & 4 , is a perfect square, 

since, \/9a* = 3a 3 , and \/64a 2 b A = — Sab 2 ; 

and also, 

2 x 3a 3 X — Sab 2 = — 4Sa 4 b 2 = the middle term. 

But, 4a 2 4- 14ab + 9# 2 is not a perfect square : for, 
although 4a 2 and + 9b 2 are the squares of 2a and 3fl, 
yet 2 X 2a X 3ft is not equal to 14ab. 

3d. In the series of operations required by the general 
rule, when the first term of one of the remainders is not 
exactly divisible by twice the first term of the root, we may 

160. Can a binomial ever be a perfect power? Why not? When is 
a trinomial a perfect square ? When, in extracting the square root, we 
find that the first term of the remainder is not divisible by twice the root, 
\b the polynomial a perfect power or not? 
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conclude that the proposed polynomial is not a perfect 
square. This is an evident consequence of the course of 
reasoning by which we have arrived at the general rule fo* 
extracting the square root. 

4th. When the polynomial is lot a perfect square, it may 
sometimes be simplified (See Art. 139). 



Take, for example, the expression, <^a 3 b + 4a 2 b 2 + 4o£ 3 . 

The quantity under the radical is not a perfect square ; 
but it can be put under the form db(a 2 + 4ab + 4b 2 .) 
Now, the factor within the parenthesis is evidently the 
square of a + 2d, whence, we may conclude that, 



y/a 3 b + Aa 2 b 2 + 4ab 3 = (a + 2b) yfab. 



2. Reduce <^2a 2 b — 4ab* + 2b 3 to its simplest form. 

An8. (a — b) >/2& 
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CHAPTER Vm. 

EQUATIONS OF THE SECOND DEGREE. 
EQUATIONS CONTAINING ONE UNKNOWN QUANTITY". 

151. An Equation of the second degree containing but 
one unknown quantity, is one in which the greatest exponent 
is equal to 2. Thus, 

a; 2 = a, ax 2 + bx = c, 

are equations of the second degree. 

152. Let us see to what form every equation of the 
second degree may be reduced. 

Take any equation of the second degree, as, 

(1 +*)*_?«- 10 = 5 - ? + ^. 

Clearing of fractions, and performing indicated operations, 
we have, 

4 + 8a; + 4a£ — 3a; — 40 = 20 — * + 2a*. 

Transposing the unknown terms to the first member, the 
known terms to the second, and arranging with reference to 
the powers of «, we have, 

4a 2 — 2a 2 + 8a; - 3a + x = 20 + 40 — 4 ; 



161. What is an equation of the second degree ? Give an example. 
152. To what form may every equation of the second degree be reduced? 
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and, by reducing, 

2s 2 + 6a; = 50 ; 

dividing by the coefficient of x\ we have, 

x 2 + 3a; = 28 

If we denote the coefficient of x by 2p 9 and the second 
member by q y we have, 

x 2 + 2px = q. 

This is called the reduced equation. 

153. When the reduced equation is of this form, it con- 
tains three terms, and is called a complete equation. The 
terms are, 

First Term. — The second power of the unknown quan- 
tity, with a plus sign. 

Second Term. — The first power of the unknown quantity, 
with a coefficient. 

Third Term. — A known term, in the second member. 

Every equation of the second degree may be reduced to 
this form, by the following 

rule. 

L Clear the equation of fractions^ and perform all the 
indicated operations : 

II. Transpose all the unknown terms to the first member, 
and all the known terms to the second member : 

163. How many terras are ther* in a complete equation ? What is the 
first term ? What is the second term ? What is the third term? Dow 
many operations are there in reducing an equation of the second degree 
to the required form ? What is the first ? What the second ? What the 
third ? What the fourth ? 
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HL Reduce aU the terms containing the square of the 
unknown quantity to a single term, one factor of which is 
the square of t/ie unknown quantity ; reduce, also, aU the 
terms containing the first power of the unknown quantity, 
to a single term : 

IV. Divide both members of the resulting equation by 
the coefficient of the square of the unknown quantity. 

154. A Root of an equation is such a value of the an- 
known quantity as, being substituted for it, will satisfy the 
equation ; that is, make the two members equal. 

The Solution of an equation is the operation of finding 
its roots. 

INCOMPLETE EQUATIONS. 

155. It may happen, that 2p, the coefficient of the first 
power of x, in the equation x + 2px = q, is equal to 0. 
In this case, the first power of a will disappear, and the 
equation will take the form, 

*» = q (i.) 

This is called an incomplete equation ; hence, 

An incomplete equation, when reduced, contains but 
two terms; the square of the unknown quantity, and a 
known term, 

156. Extracting the square root of both members of 
Equation ( 1 ), we have, 

x = ±V5- 



154. What ifl the root of an equation? What is the flotation of an 
equation ? 

155. What form will the reduced equation take when the coefficient ot 
* is ? What is the equation then called ? How many terms are there 
hi an incomplete equation ? What are they ? 

156. What is the rule for the solution of an incomplete equation? 
many r>ots are there in every incomplete equation ? How do the 

roots compait with each other? 
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Hence, for the solution of incomplete equations : 

BULE, 

L JReduce the equation to the form x 2 = q : 
n. Then extract the square root of both members* 

Note. — There will be two roots, numerically equal, but 
having contrary signs. Denoting the first by as', and the 
second by as", we have, 



as' 



= +V& an ^ a " = — Viz- 



VERIFICATION. 

Substituting + i/& or — V^j for as, in Equation ( 1 ), 
we have, 

(+y^)2=^; and, (-y^) 2 = 21 

hence, both satisfy the equation ; they are, therefore, roots.. 
(Art. 154.) 

EXAMPLES. 

1. What are the values of & in the equation, 

3as* + 8 = 5« 2 - 10 ? 

By transposing, 3a5* — Sas 2 = — 10 — 8. 

Reducing, — 2as 2 = — 18. 

Dividing by — 2, as 2 = 9. 

Extracting square root, as = =fc -\/9 = + 3 and — 8. 

Hence, a/ = + 3, and as" = — 3. 

2. What are the roots of the equation, 

385*+ 6 = 435*— 10? 

Arts, x 9 = + 4, x" = — 4. 



202 ELEMENTARY ALGEBRA. 

8. What are the roots of the equation, 

1 2 s 

-a*— 8 = —+ 10? 
3 9 

Ana. & = + 9, as" = — 9. 

4. What are the roots of the equation, 

4o* + 13 — 2a* 2 = 45 ? 

Ana. x? = +4, as" = — 4. 

5. What are the roots of the equation, 

6a 2 — 1 = 3a? + 5 ? 

ul/w. a/ = +2, as" = — 2. 

6. What are the roots of the equation, 

8 + 5x> = |+ 4s 2 + 28? 
5 

Ana. x? = +5, as" = — 5. 

7. What are the roots of the equation, 

Sas 2 + 5 052+29 
8 3 

Ana. 7? = +5, as" = — 5. 

8. What are the roots of the equation, 

a 2 + aft = 5a 2 ? 

9 What are the roots of the equation, 

«-/« + 8? = ft + as 2 ? 

ft A 

.An*, a/ = ■ , — => as" = — 



-/a — 2ft -/a — 2ft 
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PROBLEMS. 

1. What number is that which being multiplied by itself 
the product will be 144 ? 

Let x = the number : then, 

x X x = a 2 = 144. 

It is plain that the value of x will be found by extracting 
the square root of both members of the equation : that is, 

Va? = y/lii: that is, x = 12. 

2. A person being asked how much money he had, said, 
if the number of dollars be squared and 6 be added, the sum 
will be 42 : how much had he ? 

Let x = the number of dollars. 

Then, by the conditions, 

a 2 + 6 = 42 ; 
hence, se 2 = 42 — 6 = 36, 

and, x = 6. Am. 96. 

3. A grocer being asked how much sugar he had sold to 
a person, answered, if the square of the number of pounds 
be multiplied by 7, the product will be 1575. How many 
pounds had he sold ? 

Denote the number of pounds by x. Then, by the con- 
ditions of the question, 

7a 2 = 1575 ; 

hence, « 2 = 225, 

and, x = 15. Arts. 16. 

4« A person being asked his age, said, if from the square 
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of my age in years, you take 192 years, the remainder wiL 
be the square of half my age : what was his age ? 

Denote the number of years in his age by x. 

Then, by the conditions of the question, 



* - m = ih} = 7» 



and by clearing the fractions, 

4a 2 — 768 = a? 2 ; 
hence, 4a 2 — x 2 = 768, 

and, Sx 2 = 768, 

x 2 = 256 

x = 16 Arts. 16 years. 

5. What number is that whose eightn part multiplied by 
its fifth part and the product divided by 4, will give a quo- 
tient equal to 40 ? 

Let x = the number. 

By the conditions of the question, 



(§ fl5X ^)- 4 -= 4 °i 



hence, — = 40; 

by clearing of fractions, 

x 2 = 6400, 

x = 80. Arts. 80. 

6. Find a number such that one-third of it multiplied by 
one fourth shall be equal to 108. Arts, 36. 

7. What number is that whose sixth part multiplied by 
its fifth part and the product divided by ten, will give a 
quotient equal to 3 ? Am. 80. 
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8. What number is that whose square, plus 18, will be 
equal to half the square, plus 30£ ? Ans. 6. 

9. What numbers are those which are to each other as 
1 to 2, and the difference of whose squares is equal to 75 ? 

Let x = the less number. 

Then, 2x = the greater. 

Then, by the conditions of the question, 

4a* — 352 — 75 . 

hence, Zx 2 = 75, 

and by dividing by 3, x 2 = 25, and x = 5, 

and, 2x = 10. 

Ans. 5 and 10 

10. What two numbers are those which are to each other 
as 5 to 6, and the difference of whose squares is 44 ? 

Let x = the greater number. 
Then, -a? = the less. 

By the conditions of the problem, 

25 
& - 3g« 2 = 44 1 

by clearing of fractions, 

36a 2 — 25a 2 = 1584 ; 

hence, Has 2 = 1584, 

and, s& = 144 ; 

hence, x = 12, 

6 
and, -rflj = 10. 

Ans. 10 and 12, 
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11. What two numbers are those which are to each other 
an 3 to 4, and the difference of whose squares is 28 ? 

Ans. 6 and 8. 

12. What two numbers are those which are to each other 
as 5 to 11, and the sum of whose squares is 584 ? 

Ans. 10 and 22. 

13.-4 says to 2?, my son's age is one quarter of yours, 
and the difference between the squares of the numbers 
representing their ages is 240 : what were their ages ? 

Ans. JJ?** 16 > 
( Younger, 4. 

Two unknown quantities. 

157. When there are two or moro unknown quantities: 

L Eliminate one of the unknown quantities by Art. 
113: 

IL Then extract the square root of both members of the 
equation. 

PROBLEMS. 

1. There is a room of such dimensions, that the difference 
of the sides multiplied by the less, is equal to 36, and the 
product of the sides is equal to 360 : what are the sides ? 

Let x = the length of the less side ; 

y = the length of the greater. 
Then, by the first condition, 

(y — 05)05 = 36; 
and by the 2d, xy = 860. 

157. How do you proceed when there are two or more unknown quan- 
tities? 
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From the first equation, we have, 

xy — x 2 = 36 ; 
and by subtraction, a 2 = 324. 

Hence, x = y*324 = 18; 

360 

-4/w. as = 18, y = 20. 

2. A merchant sells two pieces of muslin, which together 
measure 12 yards. He received for each piece just so many 
dollars per yard as the piece contained yards. Now, he gets 
four times as much for one piece as for the other : how many 
yards in each piece ? 

Let x = the number of yards in the larger piece ; 

y = the number of yards in the shorter piece. 

Then, by the conditions of the question, 

x + y = 12. 

x x x = as 2 = what he got for the larger piece; 

y x y = y 2 = what he got for the shorter ; 

and, as 2 = 4y 2 , by the 2d condition, 

x = 2y, by extracting the square root. 

Substituting this value of as in the first equation, we have, 

y + 2y = 12 ; 

and, consequently, y = 4, 

and, x = 8. 

Arts. 8 and 4. 

3. What two numbers are those whose product is 30, and 
the quotient of the greater by the less, 3£ ? Ans. 10 and 3. 

4. The product of two numbers is a, and their quotient 
ft; what are the numbers? 



Ana. VoJ, and v/^ - 
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5. The sum of the squares of two numbers is 117, and the 
difference of their squares 45 : what are the numbers ? 

Ans. and 6. 

6. The sum of the squares of two numbers is a, and the 
difference of their squares is b : what are the numbers ? 



. la + b fa 

Ans. x = y^—^- i y = yj - 



7. What two numbers are those which are to each other 
as 3 to 4, and the sum of whose squares is 225 ? 

Ans. 9 and 12 

8. What two numbers are those which are to each other 
as m to w, and the sum of whose squares is equal to a 2 ? 

ma na 



Ans. 



<)/n& +r& *\/m 2 + rfi 



9. What two numbers are those which are to each other 
as 1 to 2, and the difference of whose squares is 75 ? 

Ans. 5 and 10. 

10. What two numbers are those which are to each other 

as m to n, and the difference of whose squares is equal to b 2 ? 

. mb nb 

Ans. _ , _ • 

ym 2 — n 2 ym 2 — n 2 

11. A certain sum of money is placed at interest for six 
months, at 8 per cent, per annum. Now, if the sum put at 
interest be multiplied by the number expressing the interest, 
the product will be $562500: what is the principal at in- 
terest? Ans. $3750. 

12. A person distributes a sum of money between a num. 
ber of women and boys. The number of women is to the 
number of boys as 3 to 4. Now, the boys receive one-half 
as many dollars as there are persons, and the women, twice 
as many dollars as there are boys, and together they receive 
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138 dollars : how many women were there, and how many 
boys? 

j 36 women. 



Ans. M Jft , 

48 boys. 
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158 The reduced form of the complete equation (Art. 
153) is, 

SB 2 + 2px = q. 

Comparing the first member of this equation with the 
square of a binomial (Art. 54), we see that it needs but the 
square of half the coefficient of as, to make it a perfect square. 
Adding p 2 to both members (Ax. 1, Art. 102), we have, 

ai 2 + 2px + p 2 = q + p 2 . 

Then, extracting the square root of both members (Ax. 5), 

we have, 

x + p = ± <y/q + pi 2 . 

Transposing p to the second member, we have, 



a = — p ± i/q + p 2 . 

Hence, there are two roots, one corresponding to the plus 
sign of the radical, and the other to the minus sign. De- 
noting these roots by x' and 2", we have, 

as* = — p + ^q + p 2 , and a" = — p — <>Jq + i? 2 . 

The root denoted by a/ is called the first root ; that de- 
noted by a;" is called the second root. 

158. What is the form of the reduced equation of the second degree ? 
What is the square of the binomial x + p ? How many of those terms 
are found in the first term of the reduced equation? What must be 
added to make the first member a perfect square ? How many roots are 
there in every equation of the first degree ? What is the first root equal 
to ? What is the second equal to ? 
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159. The operation of squaring half the coefficient of 
X and adding the result to both members of the equation, is 
called Completing the Square. For the solution of every 
complete equation of the second degree, we have the fol- 
lowing 

RULE. 

L Reduce the equation to the form, a? + 2px = q: 

H. Take half the coefficient of the second term, square 
it, and add the result to both members of the equation : 

HI. Then extract the square root of both members ; after 
which, transpose the known term to the second member. 

Note. — Although, in the beginning, the student should 
complete the square and then extract the square root, yet 
he should be able, in all cases, to write the roots immediately, 
by the following (See Art. 158) 

RULE. 

L The first root is equal to half the coefficient of the 
second term of the reduced equation, taken with a contrary 
sign, plus the square root of the second member increased 
by the square of half the coefficient of the second term : 

IE. The second root is equal to half the coefficient of the 
second term of the reduced equation, taken with a contrary 
sign, minus the square root of the second member increased 
by the square of half the coefficient of the second term. 

160. We will now show that the complete equation of 

159. What is the operation of completing the square f How many 
operations are there in the solution of every equation of the second de- 
gree? What is the first ? What the second ? What the third f Give 
the rule for writing the roots without completing the square ? 

160. How many forms will the complete equation of the second degree 
assume? On what will these forms depend ? What are the signs of 2p 
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the second degree will take four forms, dependent on the 
signs of 2p and q. 

1st. Let us suppose 2p to be positive, and q positive; we 
shall then have, 

x 2 + 2px = q (l f ) 

2d. Let us suppose 2p to be negative, and q positive 

we shall then have, 

x 2 — 2px = q. .... (2.) 

3d. Let us suppose 2p to be positive, and q negative ; 

we shall then have, 

x 2 + 2px = — q. . . . (3.) 

4th. Let us suppose 2p to be negative, and q negative ; 

we shall then have, 

x 2 — 2px = — q. ... (4.) 

As these are all the combinations of signs that can take 
place between 2p and #, we conclude that every complete 
equation of the second degree will be reduced to one or the 
other of these four forms : 

x 2 + 2px = + q y . . 1st form. 

x 2 — 2px = + q y . . 2d form. 

x 2 + 2px = — q, . . 3d form. 

x 2 — 2px = — q 9 • • 4th form. 

EXAMPLES 07 THE FIRST FORM. 

1. What are the values of as in the equation, 

2x 2 -*- Bx = 64 ? 
If we first divide by the coefficient 2, we obtain 

x 2 + 4« = 32. 

and q in the first form ? What in the second ? What in the third ? 
What in the fourth ? 
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Then, completing the square, 

s 2 + 4x + 4 = 32 + 4 = 86. 
Extracting the root, 

x + 2 = ± y '36 = + 6, and — 6. 

Hence, a/ = — 2 + 6 = +4; 

and, as"=— 2 — 6=— 8. 

Hence, in this form, the smaller root, numerically is positive 
and the larger negative. 

VERIFICATION. 

If we take the positive value, viz. : a/ = + 4, 
the equation, a* 2 + 4as = 32, 

gives 4 2 + 4 x 4 = 32 ; 

and if we take the negative value of as, viz. : as" =■ — 8, 

the equation, as 2 + 4a; = 32, 

gives (— 8) 2 + 4(— 8) = 64 - 32 = 32 ; 

from which we see that either of the values of as, viz.: 
fl/ = + 4, or as" = — 8, will satisfy the equation. 

2. What are the values of as in the equation, 

3a; 2 + 12a; — 19 = — as 2 — 12a; + 89? 
By transposing the terms, we have, 

8a 2 + as 2 + 12a; + 12a; = 89 + 19 ; 

and by reducing, 

4ar» + 24a; = 108 ; 

and dividing by the coefficient of a*, 

a* + 6a; = 27. 
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Now, by completing the square, 

z 2 + 6x + 9 = 36 ; 
extracting the square root, 

x + 3 = ±V%* = + 6, and — 6j 
hence, vf = +6 — 3 = +3; 

and, s" = _ 6 - 3 = - 9. 

VEErFICATION. 

If we take the plus root, the equation, 

x 2 + 6s = 27, 
gives (3) 2 +6(3) = 27; 

and for the negative root, 

a? + 605 = 27, 

gives (- 9) 2 + 6(- 9) = 81 - 54 = 27. 

3. What are the values of as in the equation, 

x 2 
v? — lOflJ + 15 = - — 34a5 + 155 ? 

5 

By clearing of fractions, we have, 

5a5 2 — 5035 + 75 = a? — I70a5 + 776; 

by transposing and reducing, we obtain, 

4a 2 + 12005 = 700 ; 

then, dividing by the coefficient of as 2 , we have, 

« 2 + 30a; = 175; 
and hy completing the square, 

a* 2 + 30a5 + 225 = 400 ; 
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and by extracting the square root, 



x + 15 = =by400 = + 20, and — 20. 
Hence, a/ = + 5, and as" = — 85. 

VERIFICATION. 

For the plus value of as, the equation, 

7? + 3035 = 175, 
gives, (5) 2 + 30 X 5 = 25 + 150 = 175. 

And for the negative value of as, we have, 

(_ 35) 2 + 30(— 35) = 1225 — 1050 = 175. 

4. What are the values of a; in the equation, 

g *- 5 « + i = 8-g«-*+ — ? 

Clearing of fractions, we have, 

l(te 2 - 6aj + 9 = 96 - 805 — 1205 2 + 273; 
transposing and reducing, 

22a? + 2a; = 360 ; 
dividing both members by 22, 

^ j_ 2 36 ° 
ar H a; = • 

T 22 22 

Add ( ^ ) to both members, and the equation becomes, 

+ 22 + V22J ~ 22 + \22/' 
v hence, by extracting the square root, 

■ * ■ /360 , / 1 \* 

* + 22 = ± V ■m+Im)' 
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therefore, 

' _ 1 , /360 / 1 Y 

* - ~22 + V"22" + \22r 

and, *"= - 1 - ./^0 + (±\ 2 . 

^ 22 V 22 \22/ 

It remains to perform the numerical operations. In the 
first place, 



360 
22 + 



V22/ ' 



most be reduced to a single number, having (22) 3 for its 
denominator. Now, 

360 . (2_Y _ 360 X 22 + 1 _ 7921 # 
22 + \ 22 / "" (22) 2 ~~ (22)* ' 

extracting the square root of 7921, we find it to be 89 3 
therefore, 



/360 / l"\* _ . 89 
V 22 + \22/ ~ 22 



Consequently, the plus value of x is, 

_/ 1 , 89 88 , 

22 ^22 22 ' 

and the negative value is, 

1 89 45 



«"= 



22 22 11 ' 



that is, one of the two values of x which will satisfy the 
proposed equation is a positive whole number, and the other 
a negative fraction." 

Note. — Let the pupil be exercised in writing the roots, in 
the last five, and in the following examples, witlwut com- 
pleting the square. 
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5. What are the values of & in the equation, 

Saj 2 + 2x — = 16 ? 

Arts. ] „~~ * _ 

6. What are the values of sb in the equation, 

Km smS 

2&+8x+ 1 = — — - + 197? 

7. What are the values of a in the equation, 

___+ 15 = __te+95j? 

^ I %>Z - 64*. 
8, What are the values of a; in the equation, 

— — — — 8 = - — 1x + 61? 
1 4 2 li0 -r u * 



^•{J'=!i»i. 



0. What are the values of a; in the equation, 
2* + 4 ~~ 5 10 + 20 



An8 \\Z»= -2*. 



EXAMPLES OF THE SECOND POEM. 

1. What are the values of aj in the equation, 

a; 2 — Sx + 10 ac 19? 
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By transposing, 

as 2 - 8a5 = 19 — 10 = 9; 
then, by completing the square, 

a* - 8aj + 16 = 9 + 16 = 25 ; 
and by extracting the root, 

x — 4 = ± V%& = + 5, or — 5. 

Hence, 

x f = 4 + 5 = 9, and x" = 4 — 5 = - 1. 

That is, in this fbrm, the larger root, numerically, fa 
positive, and the lesser negative. 

VERIFICATION. 

If we take the positive value of as, the equation, 

a 2 — 8a* = 9, gives (9) 2 -8x9 = 81-W = 9; 

and if we take the negative value, the equation, 

a? 2 - 8as = 9, gives (- l) 2 - 8 (- 1) = 1+8 ^ 9; 

from which we see that both roots alike satisfy the equa? 
tion. 

2. What are the values of as in the equation, 

as 2 x a? ^ 

_ + § _16 = - +aJ _14f? 

By clearing of fractions, we have, 

6a? 2 + 4aj — 180 = 3a* 2 + 12as — 177 , 
and by transposing and reducing, 

3a? 2 — 8a> = 3 ; 
and dividing by the coefficient of as 2 , we obtain, 

as 2 X = 1. 

10 8 
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Then, by completing the square, we have, 
and by extracting the square root, 

-$-*>/?--■?— -S 
*-M-+*----i-i--r 

Tmmaang. 
For the positive root of sb, the equation, 

--!■ = •. 

givei S*-|x8 = 9-8 = 1; 

J negative root, the equation, 

\ 8^ • x «-» + 5- 1 - 

. are the values of x in the equation, 
as» x 

¥-! + '«- 8? 

of fractions, and dividing by the coefficient of 
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Completing the square, we have, 

ar ojH — = 14--! — = — : 

3^9 * ^ 9 36 * 

then, by extracting the square root, we have, 

3 V 36 6* 6' 

hence, 

88' = - + - = - = 14, and x " = - — - = — -• 
366 " 36 6 

VERIFICATION. 

If we take the positive root of a, the equation, 

a? - |e = I}, 

gives (li)»-?X li = 2J-1 = 1J; 

and for the negative root, the equation, 

a? - ^as = 1J, 

/ 5\* 2 5 25 , 10 45 

P" I" 6 ) ~ 8 X - 6 = 36 + 18 = 36 = ** 

4. What are the values of a in the equation, 
4a 2 — 2a 2 + 2am = ISab — 18ft 2 ? 

By transposing, changing the signs, and dividing by 2, 
the equation becomes, 

ob 2 — ax = 2a f — 9afl -4 96 2 ; 



^ 



w 
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whence, completing the square, 

a? _ ax + ~ = ^ - Boo + 94*j 
extracting the square root, 

-Qab + M>*. 

Now, the square root of — - — Sao + 9b\ is evidently 

y — Zb. Therefore, 

a , / 3 « „.\ i («"= 2a — 3o. 
2 V 2 /* I as"= — a + 3o. 

What will be the numerical values of x, if we suppose 
a = 6, and b = 1? 

S. What are the values of a: in the equation, 
?e-4-a!*+2a!-ic*= 45 - $& + 4z? 

. (a/ = 7.12 ) to within 
An8 -\x»= - 6.73 f 0.01. 
0. What are the values of x in the equation, 
8x* - 14a; + 10 = 2as + 84 f 

are the values of a; in the equation, 
— — 30 + x = 2* - 22 P 

. las' = 8. 

are the values of a: in the equation, 
a£-8as + ~ = te+ 13$? 

. J a/ = 9. 

^•lay = -i. 
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9. What are the values of a; in the equation, 
2ax — x 2 = — 2ab — ft*? 



(a/ = 2a f 
^•1*"^ -ft. 



10. What are the values of x in the equation, 
a t + &-2bx + x 2 = — ,-? 



n 4 



Ans, 



x* = -r-^ — -(bn + -John* + bhn 2 - ahi 2 ) 
n 2 — m 2 \ v f 

J as" = 2 " m2 (fo* - v^ 2 ™ 2 + i 2 ™ 2 - a2n2 ) 



EXAMPLES OF THE THIRD POEM. 

1. What are the values of a in the equation, 

x 2 + 4x = — 8 ? 
First, by completing the square, we have, 

x*+ 4x + 4 = — 3 + 4 = 1; 
and by extracting the square root, 

x + 2 = ±</i = + 1, m& — i ; 
hence, a/ = — 2 + 1 = - 1 ; and «" = — 2 — 1 = - 8 

That is, in this form both the roots are negative. 

VERIFICATION. 

If we take the first negative value, the equation, 

x 2 + 4x = — 3, 
gives (- l) 2 + 4(- 1) = 1 - 4 = - 8; 

and by taking the second value, the equation, 

x 2 + Ax = — 3, 
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gives (- 8) 2 +4( - 8) = 9 - 12 = - 3 ; 

hence, both values of as satisfy the given equation. 

2. What are the values of as in the equation^ 

_ ^ - sx - 16 = 12 + h# + te? 

By transposing and reducing, we have, 

— a* — lias = 28 ; 

then, dividing by — 1, the coefficient of as 2 , we have, 

as 2 + 11a =s — 28; 

then, by completing the square, 

o 2 + H»+ 30.25 = 2.25; 



hence, x + 5.5 = ± y^2.25 = + 1.5, and — 1.5 ; 
consequently, xf = — 4, and as" = — f . 

8. What are the values of as in the equation, 

— - — 2a* — 5 = |a? + 5as + 5 ? 

o o 



^li::l 



4. What are the values of as in the equation, 

2a* + 8« = — 2| — |b? 



( as" = — 4. 



5. What are the lalucs of as in the equation, 

4a 2 + -a; + 3a; = ~ 14as — 3 \ — 4a* ? 
5 



( a" = — 2. 
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6. What are the values of as in the equation, 

8 Aa? 

-as 2 - 4 --a; = — + 24as + 2? 

4 2 



Am \" = -*• 



7. What are the values of a; in the equation, 

1 8 

jas* + fas + 20 = — -a* — llaj — 60 ? 



( as" = — 10, 



8. What are the values of a; in the equation, 

5 1 11 
-& — X + - = — 9±as — -a: 2 — - f 

6 2 * 6 2 



'•i^= - 



8, 



9. What are the values of as in the equation, 



*»&::£ 



10. What are the values of as in the equation, 

a-as 2 — 8=.-6as+l? 



*•{"' = 



Ans. •{ ~.. _ " 



11. What are the values of as in the equation, 

aj» + 4as — 90 = — 93? 

EXAMPLES OF THE FOUBTH FORM. 

1. What are the values of as in the equation, 

as 2 - 8as = - 7 ? 
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By completing the square, we have, 

a? - 8s + 16 = — 7 + 16 = 
then, b y extracting the square root, 

* — 4 = ±V5> = + 3, and —8; 
hence, a/ = + 7, *&& *?' = +1. 

That is, in this form, both the roots are positive. 

VERIFICATION. 

If we take the greater root, the equation, 
as* — te = — 7, gives, 7 1 - 8 X 7 = 49 — 56 := - 7 ; 
and for the lesser, the equation, 

7? - 805 = - 7, gives, 1» - 8 x 1 = 1-8 = — 7 
hence, both of the roots will satisfy the equation. 

2. What are the values of a; in the equation, 

40 

— 1J05* +305-10 = lfa* — 1825 + y* 

By clearing of fractions, we have, 

— 3a* + 6as — 20 = 3a* - 36a + 40; 

then, by collecting the similar terms, 

— 6a* + 42as = 60 ; 

then, by dividing by the coefficient of a*, which is — 6, 
we have, 

a? — 7* = — 10. 

By completing the square, we have, 

a? — 7a5 + 12.25 = 2.25, 
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and by extracting the square root of both members. 



x — 3.5 = ± ^2.25 = + 1.5, and — 1.5 ; 
hence, 

vf = 3.5 + 1.5 = 5, and *" = 3.5 - 1.5 = 2. 

VERIFICATION. 

If we take the greater root, the equation* 
a? — 1x = - 10, gives, 5 2 — 1 x 5 = 25 — 35 = — 10; 
and if we take the lesser root, the equation, 
a* — *lx = — 10, gives, 2 2 — 1 x 2 = 4 — 14 = — 10. 

3. What are the values of a; in the equation, 

— Zx + 2a? + 1 = Ufa - 2a* - 3? 
By transposing and collecting the terms, we have, 

4a* — 20f a? = — 4 ; 
then dividing by the coefficient of a*, we have, 

a* - Z\x = - 1. 
By completing the square, we obtain, 

g? — 5135 j = - H = • 

* T 25 ^ 25 25 ' 

and by extracting the root, 

*- 2 *= ± V / W= +T' and -T' 

hence, 

12 12 1 

a/ = 2f + —- = 5, and, «" = 2| — -- = -• 

VERIFICATION. 

If we take the greater root, the equation, 
os« — 5Ja = — 1, gives, 5 2 - 5J X 5 = 25 - 20 = - t ; 
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and if we take the lesser root, the equation, 

rf- 5*05 = - 1, gives, (-) -5* X - = - -- = - !L 

4. What are the values of & in the equation, 

5. What are the values of a; in the equation, 

— 4a£ — ?85 +lj = — 5a 2 + 8a;? 

6. What are the values of a; in the equation, 

^ 20 40 20 ^ 40 



f a/ =. 



7. What are the values of a; in the equation, 

*» - lOxVe = - 1 ? 

10. 

A- 

8. What are the values of a; in the equation, 

- 2lx -f -^- + 100 = — + 12a; — 26? 
5 5 

9. What are the values of a? in the equation, 

- 22a; + 15 = - — + 28a; - 30 ? 

o 3 

Am ' \ «" = 1. 
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r 

10. What are the values of a? in the equation, 

2s 8 — 80a + 3 = — s 2 + 3^ — ^-f 



AnS ' \Z>=^ 



PROPERTIES OF EQUATIONS OF THE SECOND DEGREE. 

FIRST PROPERTY. 

161. We have seen (Art. 153), that every complete 
equation of the second degree may be reduced to the form, 

«*+ 2px = q (1.) 

Completing the square, we have, 

a*+ 2px+p* = q+&\ 
transposing q + ]P to the first member, 

jb 2 + 2px + p % - (q + p 2 ) = 0. . (2.) 

Now, since as 2 + 2px + p 2 is the square of x + />, and 

q 4- j&2 the square of V*+Jp» we mav regard the first 
member as the difference between two squares. Factoring, 
(Art. 56), we have, 

(« + /> + V 9. + P 2 ) (* + JP - VS+P 1 ) = 0. . (3.) 

This equation can be satisfied only in two ways : 

1st. By attributing such a value to a; as shall render the 
first factor equal to ; or, 

161. To what form may every equation of the second degree be re- 
duced ? What form will this equation take after completing the square 
and transposing to the first member? After factoring? In how many 
ways may Equation ( 8 ) be satisfied ? What are they ? How many roots 
has every equation of the second degree ? 
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2d. By attributing such a value to jc as shall render the 
second factor equal to 0. 

Placing the second factor equal to 0, we have, 
* +p — V^+/> 2 = 0; and x 9 = — p + \fq +jp*. (4.) 
Placing the first factor equal to 0, we have, 

+P t Vv+pt = °> 2Ji ^ L *" = —p — V Q +i >8 « ( 5 «) 

Since every supposition that will satisfy Equation ( 3 ), will 
also satisfy Equation ( 1 ), from which it was derived, it fol- 
lows, that a/ and x" are roots of Equation ( 1 ) ; also, that 

Every equation of the second degree has two roots, and 
only two. 

Note. — The two roots denoted by x* and x'\ are the 
same as found in Art. 158. 

SECOND PROPERTY. 

162. We have seen (Art. 161), that every equation of 
the second degree may be placed under the form, 

(x + p + </# + P 2 ) ( x + P — V a + 2> 2 ) = °- 

By examining this equation, we see that the first factor 
may be obtained by subtracting the second root from the 
unknown quantity x ; and the second factor by subtracting 
the first root from the unknown quantity x\ hence, 

Every equation of the second degree may be resolved into 
two binomial factors of the first degree, the first terms, in 
both factors, being the unknown quantity, and the second 
terms, the roots of the equation, taken with contrary signs. 

162. Into how many binomial factors of the first degree may every 
equation of the second degree be resolved ? What ate the first terms of 
theee factors f What the second f 
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THIRD PROPERTY. 

163. It* we add Equations (4) and (5), Art. 161, we 
have, 

»' = —/> + V° + p 2 

x" = — p — V^ +J» 2 
a/ + as" = — 2/? ; that is, 

jfo every reduced equation of the second degree, the sum 
of the two roots is equal to the coefficient of the second term 
taken with a contrary sign. 

FOURTH PROPERTY. 

164. If we multiply Equations (4) and (5), Art. 161, 
member by member, we have, 

x 9 X x " = (—p+ Vq + p 2 ) (-P— V a + P 2 ) 
= p 2 — (q + p 2 ) = — q ; that is, 

In every equation of the second degree, the product of 
the two roots is equal to the known term in the second mem 
ber, taken with a contrary sign. 



FORMATION OF EQUATIONS OF THE SECOND DEGREE. 

165. By taking the converse of the second property, 
(Art. 162), we can form equations which shall have given 
roots ; that is, if they are known, we can find the corre- 
sponding equations by the following 

RULE. 

I. Subtract each root from the unknown quantity: 

168. What is the algebraic ff-im of the roots equal to in every equation 
of the second degree ? 

164. What is the product of the roots equal to? 

165. Ifow will yon find the equation when the roots are known r- 



I 
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IX Multiply the results together, and place their product 
equal to 0. 

examples. 

Note. — Let the pupil prove, in every case, that the roots 
will satisfy the third and fourth properties. 

1. If the roots of an equation are 4 and — 5, what is the 
equation ? Arts, x 2 + x = 20* 

2. What is the equation when the roots are 1 and — 3 ?. 

Ans. x 2 + 2x = 3. 

3. What is the equation when the roots are 9 and — 10 ? 

Ans. x 2 + x = 90. 

4. What is the equation whose roots are 6 and — 10? 

Ans. x 2 + 4a; = 60. 

5. What is the equation whose roots are 4 and — 3 ? 

Ans. x 2 — x = 12. 

6. What is the equation whose roots are 10 and — ^ ? 

Ans. x 2 — 9^3 = 1. 

7. What is the equation whose roots are 8 and — 2 ? 

Ans. x 2 — 6aj = 16. 

8. What is the equation whose roots are 16 and — 5 ? 

Ans. x 2 — Use = 80 

9. What is the equation whose roots are — 4 and — 5 T 

Ans. x 2 -f 9x = — 20. 

10. What is the equation whose roots are — 6 and — 1 ? 

Ans. x 2 + 13a; = — 42. 

* 3 

11. What is the equation whose roots are — j and — 2 ? 

Ans. x 2 + 2}« = — -• 

12. What is the equation whose roots are — 2 and — 3 ? 

Ans. x 2 + 5x = — 6, 
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18, What is the equation whose roots are 4 and 3 ? 

Ans. x 2 — 1x = • — 12, 

14. What is tho equation whose roots are 12 and 2? 

Ans. x 2 — 14a; = — 24, 

15. What is the equation whose roots are 18 and 2 ? 

Ans. x 2 — 20aj = — 36. 

16. What 19 the equation whose roots are 14 and 3 ? 

Ans. x 2 — \lx = — 42. 

4 9 

1?. What is the equation whose roots are - and — -? 

Ans. x 2 + —x = 1, 
36 

2 

18. What is the equation whose roots are 5 and ? 

Ans. x 2 ~aj = ■—- • 

3 3 

19. What is the equation whose roots are a and b ? 

Ans. x 2 — (a + b)x = — aft. 

20. What is the equation whose roots are c and — d? 

Ans. x 2 — (c — d)x = ccL 



TRINOMIAL EQUATIONS OP THE SECOND DEGREE. 

165.* A trinomial equation of the second degree con- 
tains three kinds of terms : 

1st. A term involving the unknown quantity to the second 
degree. 

2d. A term involving the unknown quantity to the first 
degree; and 

3d. A known term. Thus, 

x 2 — 4a - 12 = 0, 
is a trinomial equation cf the second degree. 
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FACTOBTNG. 

105.** What are the factors of the trinomial equation, 

x 2 — 4x — 12 = 0? 

A trinomial equation of the second degree may always be 
reduced to one of the four forms (Art. 160), by simply trans- 
posing the known term to the second member, and then 
solving the equation. Thus, from the above equation, we 

have, 

x 2 — 4x = 12. 

Resolving the equation, we find the two roots to be +6 
and — 2 ; therefore^-the factors are, x — 6, and x + 2 
(Art. 162). 

Since the sum of the two roots is equal to the coefficient 
of the second term, taken with a contrary sign (Art. 163) ; 
and the product of the two roots is equal to the known 
term in the second member, taken with a contrary sign, or 
to the third term of the trinomial, taken with the same 
sign : hence it follows, that any trinomial may be factored 
by inspection, when two numbers can be discovered whose 
algebraic sum is equal to the coefficient of the second term\ 
and whose product is equal to the third term. 

EXAMPLES 

1. What are the factors of the trinomial, x* — 9x — 36? 

It is seen, by inspection, that — 12 and + 3 will fulfil the 
conditions of roots. For, 12 — 3 = 9; that is, the co- 
efficient of the second term with a contrary sign; and 
1 2 X — 3 = — 36, the third term of the trinomial ; hence, 
the factors are, x — 12, and se -h 3. 

2. What are the factors of x 2 — 1x — 30 = ? 

Ans. x — 10, and x + 3 
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S. What are the factors of x 2 + 15x + 36 == 0? 

Arts, x + 12, and x + 3, 

4. What are the factors of x 2 — 12a; — 28 = ? 

Ans. x — 14, and x + 2. 

5. What are the factors of x 2 — 1x — 8 = ? 

s 

Ans. 05 — 8, and x + 1. 



TRINOMIAL EQUATIONS OF THE POEM 
SB 2 " + 2pX* = £. 

In the above equation, the exponent of g, in the first term, 
is double the exponent of x in the second term. 

x* — 4'x* = 32, and x* + 4a a = 117, 

are both equations of this form, and may be solved by the 
rules already given for the solution of equations of the 
second degree. 
In the equation, 

x 2 * + 2px* = #, 

we see that the first member will become a perfect square, 
by adding to it the square of half the coefficient of aj* ; thus, 

x 2n + 2px n + p 2 = q + p\ 

in which the first member is a perfect square. Then, ex- 
tracting the square root of both members, we have, 

x* + p = ± V9. + P 2 ; 
hence, x* = — p ± -/? + p*\ 

then, by taking the nth root of both members, 

x 9 = n V-p+ Vq+lp, 

and x" = V-l>- V-P+P* 



.« « 
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EXAMPLES. 

1. What are the values of & in the equation. 

a* + 6a 3 = 112? 
Completing the square, 

a* + 6a? + 9 = 112 + 9 = 121 ; 
then, extracting the square root of both members, 
a 3 + 3 = ± v/l21 — ± 11 ; hence, 

a/ = y— 3 + Hi and x" = \/— 3 — 11 ; henoe, 
«/ = 3^8 = 2, and a" = \f^~li = — V*** 

2. What are the values of a; in the equation, 

a 4 — 8«2 = 9 ? 
Completing the square, we have, 

a* — 8a* + 16 = 9 + 16 = 25. 
Extracting the square root of both members, 

ai 2 — 4 = ± -|/25 = ± 5 ; hence, 

a/ = ± -/4 + 5, and as" = ± «/4 — 5; hence, 

a/ = + 3 and — 3 ; and of' = + -/— 1 and — </— L 

3. What are the values of jc in the equation, 

aj 6 + 20a? = 69 ? 
Completing the square, 

afi + 20a? + 100 = 69 + 100 = 169. 
Extracting the square root of both members, 
a? + 10 = ± -/169 = ± 13 ; hence, 
of = */- 10 + 13, and a" = \f— 10 — 13. 
a:' = ^/5, and a:" = »/— 23. 
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4. What are the values of a; in the equation, 

a? 4 — 2a 2 = 3 ? 

An*, as' = db y^j a 11 ** «" = ± V—l. 

5. What are the values of as in the equation, 

a*+ Sas 3 = 9? 
uil/w. &* = 1, and .aj" = */— 0! 

6. Given .as ± -y/oie + 4 = 12, to find as. 
Transposing as to the second member, and then squaring, 

9as + 4 = as 2 — 24as + 144 ; 
.-. as 2 — 33as = — 140; 
and, as' = 28, and as" = 5. 

1. 4as ± 4Vas + 2 = 7. -4/w. as' = 4J, as" = J. 

8. as ± -/Sas + 10 = 8. Arts. as / = 18, as" = 3. 



NUMEEIOAL VALUES OP THE ROOTS. 

166. We have seen (Art. 160), that by attributing all 

possible signs to 2p and q 9 we have the four following 

forms: 

as 2 + 2px = q. . . . . ( 1.) 

as 2 — 2px = q (2.) 

as 2 + 2jpos =—;••... (3.) 

as 2 — 2jpas = — q (4.) 



166. To how many forms may every equation of the second degree be 
reduced ? What are they ? 
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First Form. 

167. Since q is positive, we know, from Property 
Fourth, that the product of the roots must be negative • 
hence, the roots have contrary signs. Since the coefficient 
2p is positive, we know, from Property Third, that the alge- 
braic sum of the roots is negative ; hence, the negative root 
is numerically the greater. 

Second Form. 

16§« Since q is positive, the product of the roots must 
be negative ; hence, the roots have contrary signs. Since 
2p is negative, the algebraic sum of the roots must be posi- 
tive ; hence, the positive root is numerically the greater. 

Third Form. 

169. Since q is negative, the product of the roots is 
positive (Property Fourth) ; hence, the roots have the same 
sign. Since 2p is positive, the sum of the roots must be 
negative ; hence, both are negative. 

Fourth Form. 

170. Since q is negative, the product of the roots is 
positive ; hence, the roots have the same sign. Since 2p is 
negative, the sum of the roots is positive ; hence, the roots 
are both positive. 

167. What sign has the product of the roots in the first form? IIow 
are their signs ? Which root is numerically the greater ? Why ? 

168. What sign has the product of the roots in the second form ? How 
are the signs of the roots ? Which root is numerically the greater ? 

169. What sign has the product of the roots in the third form ? Hon 
are their signs ? p 

170. What sign has the product of the roots in the fourth form f Hew 
are the signs of the roots ? 



NUMERICAL VALUE OF THE BOOTS. 237 

First and Second Forms. 

171. If we make q = 0, the first form becomes, 

sb 2 + 2px = 0, or x(x + 2p) = ; 

which shows that one root is equal to 0, and the other to — 2/x 

Under the same supposition, the second form becomes, 

x 2 — 2px = 0, or x(x — 2p) = ; 

which shows that one root is equal to 0, and the other to. 
2p. Both of these results are as they should be ; since, when 
7, the product of the roots, becomes 0, one of the factors 
must be ; and hence, one root must be 0. 

Third and Fourth Forms. 

17«. I£ in the Third and Fourth Forms, 2>jp 2 , the 
quantity under the radical sign will become negative ; hence, 
its square root cannot be extracted (Art. 137). Under this 
supposition, the values of x are imaginary. How are these 
results to be interpreted? 

If a given, number be divide** into two parts^ tJieir pro- 
duct wiU be the greatest possible^ when the parts are equal. 

Denote the number by 2p, and the difference of the parts 
by d\ then, 

d 
p + - = the greater part, (Page 120.) 

and, p — - = the less part, 

171. If we make q = 0, to what does the first form reduce? What, 
then, are its roots ? Under the same supposition, to what does the second 
form reduce ? What are, then, its roots? 

1*72. If q > p\ in the third and fourth forms, what takes place? 

If a number be divided into two parts, when will the product be the 
greatest possible ? 
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It is plain, that the product P will increase, as d dimin- 
ishes, and that it will be the greatest possible when d — ; 
for then there will be no negative quantity to be subtracted 
from /> 2 , in the first member of the equation. But when 
d = 0, the parts are equal ; hence, the product of the two 
parts is the greatest when they are equal. 

In the equations, 

aj 2 -f- 2px = — y, a; 2 — 2px = — #, 

2p is the sum of the roots, and — q their product; and 
hence, by the principle just established, the product q 9 
can never be greater than p 2 . This condition fixes a limit 
to the value of q. If, then, we make q > p 2 , we pass this 
limit, and express, by the equation, a condition which cannot 
be fulfilled ; and this incompatibility of the conditions is 
made apparent by the values of x becoming imaginary. 
Hence, we conclude that, 

When the values of the unknown quantity are imaginary^ 
the conditions of the proposition are incompatible with 
each other. 

EXAMPLES. 

1. Find two numbers, whose sum shall be 12 and pro- 
duct 46. 

Let x and y be the numbers. 
By the 1st condition, x + y = 12 ; 
and by the 2d, xy = 46. 

The first equation gives, 

x = 12 — y. 
Substituting this value for x in the second, we have, 

12y - y 2 = 46 ; 
and changing the signs of the terms, we have, 

y* — 12y =r — 46 
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Then, by completing the square, 

y 2 — 12y + 36 = —46 + 36 = — 10; 
which gives, y' = 6 + y^— 10, 

an<L y" = 6 — -/— 10; 

both of which values are imaginary, as indeed they should 
be, since the conditions are incompatible. 

2. The sum of two numbers is 8, and their product 20: 
what are the numbers ? 

Denote the numbers by x and y. 

By the first condition, 

x + y = 8; 

and by the second, xy = 20. 

The first equation gives, 

x = 8 — y. 
Substituting this value of as in the second, we have, 

8y — y 2 = 20 ; 
changing the signs, and completing the square, we have, 

y 2 - 8y + 16 = -4; 
and by extracting the root, 

y> = 4 + yCTi, and y" = 4 — <f^\. 
These values of y may be put under the forms (Art. 142), 
y = 4 + 2-v/^l, and y = 4 — 2^/— 1. 

3 What are the values of £ in the equation, 

«*+ 2a = - 10? 

( x' = — 1 +3 y/- 1. 



( <e' = — 1 +3 V- 1. 

r. < t 

I a" = - 1 - 81/^1. 
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PROBLEMS. 

1. Find a number such, that twice its square, added to 
three times the number, shall give 65. 

Let x denote the unknown number. Then, the equatior 
of the problem is, 

2a 2 + 3x = 65 ; 
whence, 

8 , /65 , 9 8 , 23 

4 ^ V 2 16 4^4 

Therefore, 

. 3 , 23 K , „ 3 23 13 

xr = h — = 5, and x' = = • 

4^4 » 4 4 2 

Both these values satisfy the equation of the problem. 

For, 

2 x (5) a +3x5 = 2x25 + 15 = 65; 

j J 18\» . 13 169 39 130 

Notes. — 1. If we restrict the enunciation of the problem 
to its arithmetical sense, in which " added " means numer* 
iced increase, the first value of x only will satisfy the con- 
ditions of the problem. 

2. If we give to "added," its algebraical signification 
(when it may mean subtraction as well as addition), the 
problem may be thus stated : 

To find a number such, that twice its square diminished 
by three times the number, shall give 65. 

The second value of x will satisfy this enunciation ; for, 
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3. The root which results from giving the plus sign to the 
A radical, is, generally, an answer to the question in its arith- 
metical sense. The second root generally satisfies the pro- 
blem under a modified statement. 

Thus, in the example, it was required to find a number, 
of which twice the square, added to three times the num- 
ber, shall give 65. Now, in the arithmetical sense, added 
means increased ; but in the algebraic sense, it implies dimi- 
nution when the quantity added is negative. In this sense, 
the second root satisfies the enunciation. 

2. A certain person purchased a number of yards of cloth 
for 240 cents. If he had purchased 3 yards less of the same 
cloth for the same sum, it would have cost him 4 cents more 
per yard : how many yards did he buy ? 

Let x denote the number of yards purchased. 

240 
Then, — will denote the price per yard. 

X 

If, for 240 cents, he had purchased three yards less, that 

is, x — 3 yards, the price per yard, under this hypothesis, 

240 
would have been denoted by • But, by the condi- 

x — — o 

tions, this last cost must exceed the first by 4 cents. There- 
fore, we have the equation, 

240 240 _ 

x — 3 x ~" ' 

whence, by reducing. x 2 — Zx = 180, 



and, x = - ± y^ + 180 = — |— ; 

therefore, x? = 15, and «" = — 12. 

Notes. — 1. The value, v? = 15, satisfies the enunciation 

in its arithmetical sense. For, if 15 yards cost 240 cents, 
11 
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240 -3-15 = 16 cents, the price of 1 yard ; and 240 -f 12 = 20 
cents, the price of 1 yard under the second supposition. 

2. The second value of as is an answer to the following 
Problem : 

A certain person purchased a number of yards of cloth 
for 240 cents. If he had paid the same for three yards more, 
fa) would have cost him 4 cents less per yard : how many 
yards did he buy ? 

This would give the equation of condition, 

240 240 

j—- = 4 ; or, 

X 05+3 * ' 

o£ — Zx = 180; 
the same equation as found before ; hence, 

A single equation wiU often state two or more arith- 
metical problems. 

This arises from the fact that the language of Algebra is 
more comprehensive than that of Arithmetic. 

3. A man having bought a horse, sold it for $24. At the 
sale he lost as much per cent, on the price of the horse, as 
the horse cost him dollars : what did he pay for the horse ? 

Let x denote, the number of dollars that he paid for the 

horse. Then, x — 24 will denote the loss he sustained. But 

x 
as he lost x per cent, by the sale, he must have lost -— 

Upon each dollar, and upon as dollars he lost a sum denoted 

by — - ; we have, then, the equation, 

— = x — 24 ; whence, a£ — 100« sc — 2400, 
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and, « = 50 ± </2500 — 2400 = 50 ± 10. 

Therefore, of = 60, and x" = 40. 

Both of these roots will satisfy the problem. 

For, if the man gave #60 for the horse, and sold him for 
$2 i, he lost $36. From the enunciation, he should have lost 
60 per cent, of $60 ; that is, 

60 60 X 60 

— - of 60 = rr-JL_rr = 3$ ; 

100 100 * 

therefore, $60 satisfies the enunciation. 

Had he paid $40 for the horse, he would have lost by the 
sale, $16. From the enunciation, he should have lost 40 per 
cent, of $40 ; that is, 

of 40 = = 16 : 

100 100 * 

therefore, $40 satisfies the enunciation. 

4. The sum of two numbers is 11, and the cum of theii 
squares is 61 : what are the numbers? Ans. 5 and 6 

5. The difference of two numbers is 3, and the sum of their 
squares is 89 : what are the numbers ? Ans. 5 and 8. 

6. A grazier bought as many sheep as cost him £60, and 
after reserving fifteen out of the number, he sold the re- 
mainder for £54, and gained 2«. a head on those he sold : 
how many did he buy ? Ans. 75. 

7. A merchant bought cloth, for which he paid £33 15*., 
which he sold again at £2 8*. per piece, and gained by the 
bargain as much as one piece cost him : how many pieces 
did he buy? Ans. 15. 

8. The difference of two numbers is 9, and their sum, 
multiplied by the greater, is equal to 266: what are the 
numbers? Ans. 14 and 5 
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9. To find a number, such that if yon subtract it from 10, 
and multiply the remainder by the number itself the pro- 
duct will be 21, Ana. ? or 3. 

10. A person traveled 105 miles. If he had traveled 2 
miles an hour slower, he would have been 6 hours longer in 
oompleting the same distance : how many miles did he travel 
per hour ? Arts. 7 miles. 

11. A person purchased a number of sheep, for which he 
paid $224. Had he paid for each twice as much, plus 2 dol- 
lars, the number bought would have been denoted by twice 
what was paid for each : how many sheep were purchased ? 

Am. 32. 

12. The difference of two numbers is 7, and their sum 
multiplied by the greater, is equal to 130 : what are tho 
numbers ? Am. 10 and 3. 

13. Divide 100 into two such parts, that the sum of their 
squares shall be 5392. Ans. 64 and 36. 

14. Two square courts are paved with stones a foot square ; 
the larger court is 12 feet larger than the smaller one, and 
the number of stones in both pavements is 2120 : how long 
is the smaller pavement ? Ans. 26 feet. 

15. Two hundred and forty dollars are equally distributed 
among a certain number of persons. The same sum is again 
distributed amongst a number greater by 4. In the latter 
case each receives 10 dollars less than in the former: how 
many persons were there in each case. Ana. 8 and 12. 

16. Two partners, A and 2?, gained 360 dollars. A J s 
money waa in trade 12 months, and he received^ for prin- 
cipal and profit, 520 dollars. B>a money was 600 dollars, 
and was in trade 16 months: how much capital had A ? 

Ana. 400 dollars. 
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AQUATIONS INVOLVING MORE THAN ONE UNKNOWN QUANTITY. 

173* Two simultaneous equations, each of the second 
degree, and containing two unknown quantities, will, when 
combined, generally give rise to an equation of the fourth 
degree. Hence, only particular cases of such equations can 
be solved by the methods already given, 

FLEST. 

7\oo simultaneous equations, involving two unknown 
quantities, can always be solved when one is of the first 
and the other of the second degree. 

EXAMPLES. 

1. Given { J + J, = X JJ } to find x and y. 

By transposing y in the first equation, we have, 

x = 14 — y\ 
and by squaring both members, 

aj» = 196 — 28y + y\ 

Substituting this value for a 2 in the second equation, we 
have, 

196 - 28y + y* + y* = 100; 

from which we have, 

y* — 14y = — 48. 
By completing the square, 

y* — 14y + 49 = 1 • 



178. When may two simultaneous equations of tiio second degree be 
I ved t 



solved 
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and by extracting the square root, 

y - 7 = ±-/l = + 1, and -1; 
hence, ^=7 + 1 = 8, and y" = 7 — 1 = 6. 

If we take the greater value, we find x = 6 ; and if we 
take the lesser, we find x = 8. 



Am K =8 » *"= 8 * 



VERIFICATION. 

For the greater value, y = 8, the equation, 

as + y = 14, gives 6 + 8 = 14 ; 
and, a* + y* = 100, gives 36 + 64 = 100. 

For the value y = 6, the equation, 

x + y = 14, gives 8 + 6 = 14 ; 
and, a? + y* = 100, gives 64 + 36 = 100. 
Hence, both sets of values satisfy the given equation. 

2. Given j * ~ ^ 3 = J j- to find a; and y. 

Transposing y in the first equation, we have, 

x = 3 +y; 
then, squaring both members, 

a? = 9 + 6y + y 3 . 

Substituting this value for or*, in the second equation, we 

have, 

9 + 6y + y 2 -y 3 = 45; 

whence, we have, 

6y •=. 36, and y z= 6. 
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Substituting this value of y, in the first equation, we have, 

x — 6 = 3, 
and, consequently, x? = 3 + 6 = 9. 

VERIFICATION. 

. x — y = 3, gives 9 — 6 = 8 ; 
and, a 2 — y 2 = 45, gives 81 — 36 = 45. 

Solve the following simultaneous equations : 

* |*- y *=24} *" {^=5. 

j a? — y = 3} . («'=9, «"= - 6. 

4 ' t« 2 + y 2 = H7 \ An8m jy' = 6, y"= - 9. 

j a? + y = 9 j - fa' =5, a?"= 5. 

*' |s 2 - 2xy + y 2 = 1 \ - d ~' |y' = 4, y"= 4. 



(«-y = 5 i 

- ( x 2 + 2xy + y 2 = 225 J 



Jin*. 



SECOND. 



j if = 10, «"= - 5. 
jy'= 5, y"= -10. 



174. Two simultaneous equations of the second degree, 
which are homogeneous with respect to the unknown quan- 
tity, can always be solved. 



EXAMPLES. 



1 Given I** 33 * = 22 0-> 

i. uiven | ^ + 3ay + 2y » = 40 (2.) 

to find x and y. 

174. When may two simultaneous equations of ihe second degree be 
solved ? 



248 ELEMENTARY ALGEBRA. 

Assume m = <y, t being any auxiliary unknown quantity. 

Substituting this value of 2 in Equations ( 1 ) and ( 2 \ 
we Lave, 

22 



2 



„-y- - 


r *, y _ **, . . y - ^ + 8| , 


At/* 4 <\ttt* 


40 


Vy -i ary -,- „ y _ , v , . . y - ^ + 3 ^ + 2 > 


hence, 


22 40 


P+Zt "" ** + 3* + 2 ' 


hence, 


22P + 66* + 44 = 40** + 120*; 


reducing, 


22 
^+3* = y; 


whence, 


*'=?, and *"= -H. 



(3.) 



Substituting either of these values in Equations ( 3 ) or 

( 4 ), we find, 

y' = + 8, and y" = - 3 

Substituting the plus value of y, in Equation ( 1 ), we 

have, 

a* + 9x = 22 ; 

from which we find, 

a/ = + 2, and a*" = — 11. 

If we take the negative value, #" = — 3, we have, 

from Equation ( 1 ), 

a? — 9x = 22 ; 
from which we find, 

a/ = + 11, and a?" = — 2. 

VERIFICATION. 

For the values y' = +8, and a/ = + 2, the given 
equation, 

as 8 + Say = 22, 
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gives, 2 2 +3X2X3 = 4 + 18 = 22; 

and for the second value, as" = — 11, the same equation, 

x 2 + 3xy = 22, 
gives, (— 11)*+ 3 X — 11 X 3 = 121 - 99 = 22. 

I£ now, we take the second value of y, that is, y" = — 3, 
and the corresponding values of x, viz., x 9 = + 11, and 
x" = — 2; for x 9 = + 11, the given equation, 

«* + Zxy = 22, 
gives, ll 2 + 3 X 11 X — 3 = 121 — 99 = 22; 
and for as" = — 2, the same equation, 

x 2 + Zxy = 22, 
gives, (— 2)* + 3 X - 2 X - 3 =4 + 18 = 22. 

The verifications could be made in the same way by env 
ploying Equation ( 2 )• 

Note. — In equations similar to the above, we generally 
find but a single pair of values, corresponding to the values 
in this equation, of y' = + 3, and x* = + 2. 

The complete solution would give four pairs of values. 
\y*—xy= 5 j ( y = 5. 

( V 2 + x 2 = 85 J ( y = 1. 

8 * 1 a? + y* + Say = 71 f ^ 7l * 

11* 



X 


= 


10. 


V 


= 


9 


X 


zzz 


7. 


y 


cz 


1. 
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THIRD. — PARTICULAR CASES. 

175 Many other equations of the second degree may be 
so transformed, as to be brought under the rules of solution 
already given. The seven following formulas will aid in 
such transformation. 

When the sum and difference are known: 

x + y = 8 
x — y = d. 

Then, page 132, Example 8, 

* + d 1 1 a — d 1 1. 

as = — - — = -8 H — d% and v = = -# <L 

2 2 T 2 f y 2 ? 2^ 

(2.) 

When the sum and product are known: 

x+ y z=z 8 (1.) 

*y = P (2.) 

«* + 2ay + y a = **, by squaring ( 1 ) ; 
4xy = 4p, by mult. ( 2 ) by 4. 

as* — 2ay + y 2 = a 8 — 4p, by subtraction. 

« — y = ± <^8 2 — 4jp, by ext. root. 
But, g + y = «; 

hence x = | ± 1 -/«*-4p- 

■"* y = | =F ^ V5^n^. 



•175. What is the first formula of thie articled What the second? 
Third? Fourth? Fifth? Sixth? Seventh? 
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When the difference and product are known: 

x — y =z d { i.) 

*y = P (2.) 

as 2 — 2xy + y 2 = dP, by squaring ( 1 ) • 

4xy = 4p, mult. ( 2 ) by 4. 

a£ + 2ay + y* = d* + 4p, by adding, 
* + y = ± V& + *P 

* — y = d 

x = \d ± \ ^d % + 4p. 

y = - \d ± \ i/d 2 + 4p. 

When the sum of the squares and product are known , 
« 2 + y a = 8. . (1.) ay= g p..(2.) . # .2sy = 2p. . (8.) 
Adding (1) and (3), ai 2 + 2xy + y 2 = a + 2p; 

hence, « + y = ± V^ + 2 /> (4.) 

Subtracting (3) from (1 ), a: 2 — 2xy + y 2 = * — 2p\ 

hence, a — y = =fc -/* — 2p (5.) 

Combining (4) and (5), x = £-/* + 2p + $y* — 2/^ 

and, y = JV* + 2jp — ±V* — 2p. 

(5.) 
When the sum and sum of the squares are known: 

x + y = * ••••,( 1.) 

a? + y 2 = s' ..... (2.) 

a 1 + 2ajy + y a = * a by squaring (I) 

2ay s= * 2 — «' 
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By patting xy = p f and combining Equations (1) and 
(3), by Formula (9), we find the values of x and y. 

(6.) 
When the sum and sum of the cubes are known : 

x + y = 8 . . . . (1.) 
a^ + y 3 = 152 . . . . (2.) 
«• + 9x*y + Zxy 1 + y 3 = 512 by cubing ( 1 ). 

3«*y + Say 2 = 860 by subtraction. 

9xy(x + y) = 360 by factoring. 

3icy(8) = 360 from Equa. ( 1 ) 
24ay = 360 

hence, xy = 15 . . . , (a.) 

Combining (1 ) and (3), we find = 5 and y rt 8 

When we have an equation of the form, 

(* + y) 1 + {x + y) = q. 
Let us assume x + y = & 
Then the given equation becomes, 

+ « = 25 and « = - - ± ^ + _. 



« + y = - i ± y/q + \ 



EXAMPLES. 



r xz= y* (l)j 

1. Given Joj +y +« = 7 (2) V to find ^ y, and & 
l** + y a +* = 21 (3)) 
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Transposing y in Equation ( 2 ), we have, 

x + z = 1 — y; . . . (4.) 

then, squaring the members, we have, 

x 2 + 2xz + z 2 = 49 — 14y + y 2 . 

If now we substitute for 2a», its value taken from Equa* 
tion ( 1 ), we have, 

a 2 + 2y 2 + z 2 = 49 — 14y + y 2 ; 

and cancelling y 2 , in each member, there results, 

x 2 + y 2 + z 2 = 49 — 14 y. 

But, from Equation ( 3 ), we see that each member of the 
last equation is equal to 21 ; hence, 

49 — 14y = 21, 

and, 14y = 49 — 21 = 28 , 

28 
hence, y = —- = 2. 

Substituting this value of y in Equation (1 ), gives, 

xz = 4 ; 
and substituting it in Equation (4 ), gives, 

x + z = 5, or x = 5 — z. 

Substituting this value of a, in the previous equation, we 

obtain 

5s — z 2 = 4, or z 2 — 5z = — 4 ; 

and by completing the square, we have, 

Z 2 - 5s + 6.25 = 2.25. 

and, z — 2.5 = ± -^25= + 1.5, or — 1.5 

hence, * = 2.5 + 1.5 = 4, and z = + 2.5 — 1.5 =s 1 
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2. Given * + ^ + y = 19) tofindajand 
and a? 2 + ajy + y 2 = 133 ) y# 

Dividing the second equation by the first, we have, 

x — V^y + y = 7 

but, as + V^y + y = 19 

hence, by addition, 2x + 2y = 26 

or, as + y = 13 

and substituting in 1st Equa., y^ + 13 = 19 

or, by transposing, -\/xy = 6 

and by squaring, ay = 36. 

Equation 2d, is o£ + ay + y 2 = 138 

and from the last, we have, 3ajy = 108 

Subtracting, a£ — 2xy + y 2 = 25 

hence, 05 •— y = =fc 5 

but, x + y = 13 

hence, as = 9 and 4; and y = 4 and 9. 



PROBLEMS. 

1. find two numbers, such that their sum shall be 15 and 
the sum of their squares 113. 

Let x and y denote the numbers; then, 

x + y = 15, (1.) and «* + y* = 113. (2.) 

From Equation ( 1 ), we have, 

a? 2 = 225 — 30y + y* 

Substituting this value in Equation ( 2 ), 

225 — 80y + y % +^ 9 118; 
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hencey 2y 2 — 30y = — 112, 

y* - 15y = — 56, 

hence, y' = 8, and y" = 7. 

The first value of y being substituted in Equation ( 1 ), 
gives vf = 7 ; and the second, a/' = 8. Hence, the num- 
bers are 7 and 8. 

2. To find two numbers, such that their product added to 
their sum shall be 17, and their sum taken from the sum of 
their squares shall leave 22. 

Let x and y denote the numbers; then, from the con- 
ditions, 

(* + y) + xy = 17. • . . (1.) 

9? + y* - (x + y) = 22. . . . (2-) 

Multiplying Equation ( 1 ) by 2, we have, 

2xy + 2{x + y) = 34. ... (3.) 
Adding (2) and (3), we have, 

a* + 2xy + y* + (x + y) = 56; 

hence, (x + y)* + {x + y) = 56. . . (4.) 

Regarding (x + y) as a single unknown quantity (page 
248), 

x + y = - \ ± \/56 + \ = 7. 

Substituting this value in Equation ( 1 ), we have, 

7 + xy = 17, and y = 5. 
Hence, the numbers are 2 and 5. 

3. What two numbers are those whose sum is 8, and sum 
of their squares 34 ? Am* 5 and 3. 
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4. It is required to find two such numbers, that the first 
shall be to the second as the second is to 16, and the sum oi 
whose squares shall be 225 ? Ans. 9 and 12; 

5. What two numbers are those which are to each other 
as 3 to 5, and whose squares added together make 1666 ? 

Ans. 21 and 35. 

6. There are two numbers whose difference is 7, and half 
their product plus 30 is equal to the square of the less 
number: what are the numbers? Ans. 12 and 19. 

7. What two numbers are those whose sum is 5, and the 
sum of their cubes 35 ? Ans. 2 and 3. 

8. What two numbers are those whose sum is to the 
greater as 11 to 7, and the difference of whose squares is 
132? Ans. 14 and 8. 

9. Divide the number 100 into two such parts, that the 
product may be to the sum of their squares as 6 to 13. 

Ans. 40 and 60 

10. Two persons, A and B y departed from different placea 
at the same time, and traveled towards each other. On 
meeting, it appeared that A had traveled 18 miles more 
than B ; and that A could have gone B*s journey in 15 J 
days, but B would have been 28 days in performing A?s 
journey : how far did each travel ? 



. j A 9 72 miles. 
" ( B 9 54 miles. 



11. There are two numbers whose difference is 15, and 
half their product is equal to the cube of the lesser number : 
what are those numbers ? Ans. 3 and 18. 

12. What two numbers are those whose sum, multiplied 
by the greater, is equal to 77 ; and whose difference, multi 
plied by the less, is equal to 12 ? 

Ans. 4 and 7, or | V^ and V <^2. 
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13. Divide 100 into two such parts, that the sum of their 
Bquare roots may be 14. Ans. 64 and 36. 

14. It is required to divide the number 24 into two such 
parts, that their product may be equal to 35 times their di£ 
ference. - Ans. 10 and 14, 

1 5. The sum of two numbers is 8, and the sum of their 
cubes is 152 : what are the numbers ? Ans. 3 and 5. 

16. Two merchants each sold the same kind of stuff; the 

second sold 3 yards more of it than the first, and together 

they receive 35 dollars. The first said to the second, " I 

would have received 24 dollars for your stuff;" the other 

replied, "And I should have received 12 \ dollars for yours :" 

how many yards did each of them sell ? 

. (1st merchant vf = 15, «" = 5. 

Ans. i n , .. , or, „ 

( 2d " y' = 18, ' y" = 8. 

17. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest in such a manner 
that the incomes from them were equal. If she had put out 
the first portion at the same rate as the second, she would 
have drawn for this part 360 dollars interest ; and if she 
had placed the second out at the same rate as the first, she 
would have drawn for it 490 dollars interest: what were 
the two rates of interest ? Ans. 7 and 6 per cent. 

18. Find three numbers, such that the difference between 

the third and second shall exceed the difference between the 

second and first by 6 ; that the sum of the numbers shall be 

83, and the sum of their squares 467. 

Ans. 5, 9, and 19. 

19. What number is that which, being divided by the 
product of its two digits, the quotient will be 3 ; and if 18 
be added to it, the resulting number will be expressed by 
the digits inverted ? Ans. 24, 
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20. What two numbers are those which are to each other 
as m to ra, and the sum of whose squares is b ? 

m-y/b n^/b 

Arts. — -p=- = , ' . -= i • 

ym 2 + n 2 ym 2 + n 2 

21. What two numbers are those which are to each other 
as m to n, and the difference of whose squares is b ? 

mi/h n^b 

Ans. — -f=. = , — 7 = ^- ~~ ' 

ym 2 — n 2 ym 2 — n 2 

22. Required to find three numbers, such that the product 
of the first and second shall be equal to 2 ; the product of 
the first and third equal to 4, and the sum of the squares 
of the second and third equal to 20. Ans. 1, 2, and 4. 

23. It is required to find three numbers, whose sum shall 
be 38, the sum of their squares 634, and the difference 
between the second and first greater by 7 than the difference 
between the third and second. Ans. 3, 15, and 20. 

24. Required to find three numbers, such that the product 
of the first and second shall be equal to a ; the product of 
the first and third equal to b ; and the sum of the squares 
of the second and third equal to c. 



Ans. * 



x 



z 






25. What two numbers are those, whose sum, multiplied 
by the greater, gives 144 ; and whose difference, multiplied 
by the less, gives 14 ? Ans. 9 and 7. 
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CHAPTER IX, 

OF PBOPOBTIONS AND PBO GBES SIONS. 

s 

1T6. Two quantities of the same kind may be compared, 
the one with the other, in two ways : 

1st. By considering how much one is greater or less than 
the other, which is shown by their difference ; and, 

2d. By considering how many times one is greater or less 
than the other, which is shown by their quotient. 

Thus, in oomparing the numbers 3 and 12 together, with 
respect to their difference, we find that 12 exceeds 3, by 9; 
and in comparing them together with respect to their quo- 
tient, we find that 12 contains 3, four times, or that 12 is 4 
times as great as 3. 

The first of these methods of comparison is called Arith- 
metical Proportion^ and the second, Geometrical Propor- 
tion. 

Hence, Arithmetical Proportion considers the relation of 
quantities with respect to their difference^ and Geometrical 
Proportion the relation of quantities with respect to their 
quotient. 

176. In bow many ways may two quantities be compared tbe one with 
the other? What does the first method consider? What the second? 
What is the first of these methods called ? What is the second called? 
How then do you define the two proportions? 
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OP ARITHMETICAL PROPORTION AND PROGRESSION. 

177. If we have four numbers, 2, 4, 8, and 10, of which 
the difference between the first and second is equal to 
the difference between the third and fourth, these numbers 
are said to be in arithmetical proportion. The first term 2 
is called an antecedent, and the second term 4, with which 
it is compared, a consequent. The number 8 is also called 
an antecedent, and the number 10, with which it is com- 
pared, a consequent. 

When the difference between the first and second is equal 
to the difference between the third and fourth, the four 
numbers are said to be in proportion. Thus, the numbers, 

2, 4, 8, 10, 

are in arithmetical proportion. 

178. When the difference between the first antecedent 
and consequent is the same as between any two consecutive 
terms of the proportion, the proportion is called an arith- 
metical progression. Hence, a progression by differences^ 
or an arithmetical progression^ is a series in which the suc- 
cessive terms are continually increased or decreased by a 
constant number, which is called the common difference of 
the progression. 

Thus, in the two series, 

1, 4, 7, 10, 13, 16, 19, 22, 25, . . . 
60, 56, 52, 48, 44, 40, 36, 32, 28, . . . 



177. When are four numbers in arithmetical proportion ? What is the 
first called? What is the second called? What is the third called? 
What is the fourth called ? 

178. What is an arithmetical progression ? What is the number called 
by which the terms are increased or diminished ? What is an increasing 
progression? What is a decreasing progression? Which term is only 
an antecedent ? Which only a consequent ? 



r 
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the first is called an increasing progression, of which the 
common difference is 3, and the second, a decreasing pro- 
gression, of which the common difference is 4. 

In general, let a, b, c, d, e, /, . . . denote the terms of 
a progression by differences ; it has been agreed to write 
them thus : 

a . b . c . d . e . f . g . h . i . 7c . . . 

This series is read, a is to b, as b is to c, as c is to d, as d 
is to e &c This is a series of continued equi-differences, in 
which' each term is at the same time an antecedent and a 
consequent, with the exception of the first term, which is 
only an antecedent, and the last, which is only a consequent. 

179. Let d denote the common difference of the pro- 

giesion, 

a.b.c.e.f.g.h. &c, 

which we will consider increasing. 

From the definition of the progression, it evidently fol 
lows that, 
b = a + d, c = b + d = a + 2d, e = c + d = a + 2d; 

and in general, any term of the series is equal to the first 
term plus as many times the common difference as there are 

preceding terms. 

Thus, let I be any term, and n the number which marks 
the place of it ; the expression for this general term is, 

I = a + {n — l)d. 
Hence, for finding the last lerm, we have the following 

179. Give the rale for finding the last term of a series when the pro* 
gression is increasing. 
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BULK. 

L Multiply the common difference by the number oj 
terms less one: 

IL To the product add tfie first term ; the sum wiU be 
the last term. 

EXAMPLES. 

The formula, 

I = a + (n — l)d, 

serves to find any term whatever, without determining all 
those which precede it. 

1. If we make n = 1, we have, I = a ; that is, the 
series will have but one term. 

2. If we make n = 2, we have, I = a + d\ that is, 
the series will have two terms, and the second term is equal 
to the first, plus the common difference. 

8. If a = 3, and d = 2, what is the 8d term? 

Arts. 1, 

4. If a = 5, and d = 4, what is the 6th term? 

Arts. 25. 

5. If a = 7, and d = 5, what is the 9th term ? 

-4ras. 47. 

6. If a = 8, and c? = 5, what is the 10th term ? 

Ans. 53 

7. If a = 20, and d = 4, what is the 12th term? 

-4ns. 64. 

8. If a = 40, and cf = 20, what is the 50th term? 

Ans. 1020. 

9- If a = 45, and d =r 80, what is the 40th term? 

Ans. 1215. 
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10. If a = 30, and d = 20, what is the 60th term ? 

Ans. 1210. 

11. If a = 50, and d = 10, what is the 100th term? 

Ana. 1040. 

12. To find the 50th term of the progression, 

1 . 4 . 7 . 10 . 13 . 16 . 19 . . . 
we have, I = 1 -+ 49 X 3 = 148. 

13. To find the 60th term of the progression, 
1 . 6 . 9 . 18 . 17 . 21 . 25 . . . 
we have, Z=l + 59x4 = 237. 

ISO. If the progression were a decreasing one, we 

should have, 

I = a — (n — l)d. 

Hence, to find the last term of a decreasing progression, we 
have the following 

BULB. 

L Multiply the common difference by the number of terms 
less one : 

IL Subtract the product from the first term ; the re- 
mainder will be the last term. 

EXAMPLES. 

1. The first term of a decreasing progression is 60, the 
number of terms 20, and the common difference 3 : what is 
the last term ? 

/=a-(w — l)tf, gives J = 60 — (20— 1)3 = 60-57 = 8. 

180. Give the rale for finding the last term of a series, when the pro- 
gression is decreasing. 
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2. The first term is 90, the common difference 4, and the 
number of terms 15 : what is the last term ? Ans. 84. 

3. The first term is 100, the number of terms 40, and the 
common difference 2 : what is the last term ? Ans. 22. 

4. The first term is 80, the number of terms 10, and the 
common difference 4 : what is the last term ? Ans, 44. 

5. The first term is 600, the number of terms 100, and 
the common difference 5 : what is the last term ? 

Ans. 105. 

6. The first term is 800, the number of terms 200, and 
the common difference 2 : what is the last term? 

Ans. 402. 

181. A progression by differences being given, it is pro- 
posed to prove that, the sum of any two terms, taken at 
equal distances from the two extremes, is equal to the sum 
of the two extremes. 

That is, if we have the progression, 

2 . 4 . 6 . 8 . 10 . 12, 
we wish to prove generally, that, 

4 + 10, or 6 + 8, 
is equal to the sum of the two extremes, 2 and 12. 

Let a . b . c . e . f • . . i . k . I, be the proposed 
progression, and n the number of terms. 

We will first observe that, if x denotes a term which has 
p terms before it, and y a term which has p terms after it, 
we have, from what has been said, 



181. In every progression by differences, what is the sum of the two 
extremes equal to? What is the rule for finding the sum of an aritb 
metical series? 
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x = a + p x d, 
and, y = / — p x d\ 

whence, by addition, x + y = a + I, 
which proves the proposition. 

Referring to the previous example, if we suppose, in the 
first place, x to denote the second term 4, then y will de- 
note the term 10, next to the last. If x denotes the third 
term 6, then y will denote 8, the third term from the last. 

To apply this principle in finding the sum of the terms 
of a progression, write the terms, as below, and then 
again, in an inverse order, viz. : 

a.b.c.d.e.f...i.k.l. 

V . /£ • • • ••••••••O.Oa €v. 

, . ' i . . • 

Calling S the sum of the terms of the first progression, 
28 will be the sum of the terms of both progressions, and 
we shall have, ...... k ; . , i 

2S=(a+l) + (b+k) + (c+{) . . . +(i+c)+(k+b) + {l+ay 

Now, since all the parts, a + l, b + k, c + i . . . are 
equal to each other, and their number equal to n, 

28 = (a + I) X n, or 8 = l^-z— ) X n. 

Hence, for finding the sum of an arithmetical series, we 
have the following 

BULB. 

I. Add the two extremes together, and take half their sum : 

IT. Multiply this half-sum by the number of terms; the 
product wiU be the sum of the series. 
12 
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EXAMPLES. 

1. The extremes are 2 and 16, and the number of terms 
8 : what is the sum of the series ? 

* = (i£/) x -: gives 5=^X8 = 72. 

2. The extremes are 3 and 27, and the number of terms 
12 : what is the sum of the series ? Arts. 180. 

3. The extremes ara 4 and 20, and the number of terms 
10: what is the sum of the series? Ans. 120. 

4. The extremes are 100 and 200, and the number of 
terms 80 : what is the sum of the series ? Ans. 12000. 

6. The extremes are 500 and 60, and the number of terms 
20 : what is the sum of the series ? Ans. 5600 

6. The extremes are 800 and 1200, and the number of 
terms 50 : what is the sum of the series? Ans. 50000. 

182. In arithmetical proportion there are five members 
to be considered : 

1st. The first term, a. 

2d. The common difference, d. 

3d. The number of terms, n. 

4th. The last term, I. 

5th. The sum, S. 

The formulas, 

I = a + (n - 1)0, and S = ^-±^j x n, 

contain five quantities, a, d, n, J, and S, and consequently 
give rise to the following general problem, viz. : Any three 

162. How many numbers are considered in arithmetical proportion? 
W hat are they ? In every arithmetical progression, what is the common 
difference equal t3 1 
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of these Jive quantities being given, to determine the other 
two. 

We already know the value of S in terms of a, n, and I 
From the formula, 

/ = a + (n — l)d, 
we find, a = I — (n — l)d. 

That is : The first term of an increasing arithmetical pro- 
gression is equal to the last term, minus t/ie product of the 
common difference by the number of terms less one. 

From the same formula, we also find, 

I — a 



d = 



n — 1 



That is : In any arithmetical progression, the common dif 
ference is equal to t/ie last term, minus the first term, divided 
by the number of terms less one. 

The last term is 16, the first term 4, and the number of 
terms 5 : what is the common difference ? * 

The formula, * = J^H 

gives, d = — - — = 3. 

2. The last term is 22, the first term 4, and the number 
of terms 10 : what is the common difference? Ans. 2. 

183. The last principle affords a solution to the follow- 
ing question : 

To find a number m of arithmetical means between two 
given numbers a and b. 

— ■ ■■ ■ ■■■■■■■ — — — — i^— — — ^ — ^— — — ^— ■— ^— , ^ ^ ^*^m^m 

183. How do you find any number of arithmetical means betweex two 
given numbers ? 
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To resolve this question, it is first necessary to find the 
common difference. Now, we may regard a as the first 
term of an arithmetical progression, b as the last term, and 
the required means as intermediate terms. The number of 
terms of this progression will be expressed by m + 2. 

Now, by substituting in the above formula, b for Z, and 
in + 2 for n, it becomes, 

^7— ° — a ° — a . 

~~ m + 2 — 1 = 77i + 1 ; 

that is : The common differe?ice of the required progression 
is obtained by dividing the difference between the given 
numbers, a and b, by the required number of means plus one. 

Having obtained the common difference, d, form the second 
term of the progression, or the first arithmetical mean, by 
adding d to the first term a. The second mean is obtained 
by augmenting the first mean by d y <fcc. 

1. Find three arithmetical means between the extremes 

2 and 18. j 

The formula. d = -— . 

m + 1 , 

* 18 - 2 
gives, d = — - — = 4 ; 

hence, the progression is, 
, 2 . 6 . 10 . 14 . 18. 

2. Find twelve arithmetical means between 12 and 77s 

b — a 



The formula, d = 



m + 1 



• 77 - 12 ' 

gives, d =■• — j£— = 5 ; 

henoe, the progression is, 

12 . 17 . 22 . 27 ... 77. 
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' 184. Remark. — If the same number of arithmetical 
means are . inserted between all the terms, taken two and 
two, these terms, and the arithmetical means united, will 
form one and the same progression. .- * . 

For, let a .b . c .e .f '. . . be the proposed progression, 
and m the number of means to be inserted between a and 
£, b and c, c and e . . . . <fcc. 

From what has just been said, the common difference of 
each partial progression will be expressed by 

b — a c — b e — c 

m + l' m+l' w+l'" : 

expressions which are equal to each other, since a, 5, e . . . 
are in progression ; therefore, the common difference is the 
same in each of the partial progressions ; and, since the last 
term of the first forms the first term of the second, &c, we 
may conclude, that all of these partial progressions form a 
single progression. 

r 

* • * ' 

, EXAMPLES. 

1. Find the sum of the first fifty terms of the progression 
2 . 9 . 16 . 23 . . . « 

• • c • • • • 

.' For the 50th term, we have, 

I = 2 + 49 X 1 = 345. 

50 • 
Hence, S = (2 + 345) X — = 347 X 25 = 8675. 

mm 

2. Find the 100th term of the series 2 . 9 . 16 . 23 . . . 

Ans. 695 

8. Find the sum of 100 terms of the series 1.3.5.7. 
9 . . . . Ans 1 0000. 
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* 4. The greatest term is 70, the common difference 3, and 
the number of terms 21 : what is the least term and the 
sum of the series ? 

An*. Least term, 10 ; sum of series, 840. 

5. The first term is 4, the common difference 8, and the 
nnniber of terms 8 : what is the last term, and the sum of 
the series ? Arts, j Last term, 60 

( Sum = 256, 

6. The first term is 2, the last term 20, and the number 
of terms 10 : what is the common difference ? Ans. 2. 

7. Insert four means between the two numbers 4 and 19 : 
what is the series ? Ans. 4 . 7 . 10 . 13 . 16 . 19. 

8. The first term of a decreasing arithmetical progression 
is 10, the common difference one-third, and the number of 
terms 21 : required the sum of the series. Ans. 140. 

9. In a progression by differences, having given the com- 
mon difference 6, the last term 185, and the sum of the 
terms 2945 : find the first term, and the number of terms. 

Ans. First term = 5 ; number of terms, 31. 

10. Find nine arithmetical means between each antecedent 
and consequent of the progression 2.5.8. 11. 14... 

Ans. Common diff., or d = 0.3. 

11. Find the number of men contained in a triangular 
battalion, the first rank containing one man, the second 2, 
the third 3, and so on to the n*\ which contains n. In other 
words, find the expression for the sum of the natural num- 
bers 1, 2, 3 . . ., from 1 to n inclusively. 

Ans. S = 5GL+JJ. 

2 

12. Find the sum of the n first terms of the progression 
of uneven numbers, 1.3.5.7.9,... Ans. S = n\ 
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13. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards apart, how far will 
a person travel who shall bring them one by one to a basket, 
placed at a distance of 2 yards from the first stone ? 

Ans. 11 miles, 840 yards. 



GEOMETRICAL PROPORTION AND PROGRESSION. 

185. Ratio is the quotient arising from dividing one 
quantity by another quantity of the same kind, regarded 
as a standard. Thus, if the numbers 3 and 6 have the same 
unit, the ratio of 3 to 6 will be expressed by 

And in general, if A and B represent quantities of the same 
kind, the ratio of A to B will be expressed by 

B 
A' 

1§6. The character oc indicates that one quantity is 
proportional to another. Thus, 

A cc#, 

is read, A proportional to B. 

If there be four numbers, 

2, 4, 8, 16, 

having such values that the second divided by the first is 
equal to the fourth divided by the third, the numbers are 

185. What is ratio ? What is the i-atio of 3 to 6 ? Of 4 to 1 2 ? 

186. What is proportion? How do you express that four numbers 
are in proportion? What are the numbers called? What are the first 
and fourth terms cUIed ? What the second and third ? 
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said to form a proportion. And in general, if there be four 
quantities, A, JB, 67, and -Z>, having such values that, 

B _ D 
A ~ C ' 

then, A is said to have the same ratio to B that C has to D} 
or, the ratio of A to B is equal to the ratio of C to 2>« 
When four quantities have this relation to each other, com* 
pared together two and two, they are said to foro a geo- 
metrical proportion. r ^ 
* To express that the ratio of A to B is equal fco the ratio 
of Cto Z>, we write the quantities thus, 

A : B :: 0:1); 

and read, A is to B as CtoD. 

The quantities which are compared, the one with the 
other, are called terms of the proportion. The first and last 
terms are called the two extremes, and the second and third 
terms, the two means. Thus, A and D are the extremes, 
and B and C the means. 

187. Of four terms of a proportion, the first and third 
are called the antecedents, and the second and fourth the 
consequents ; and the last is said to be a fourth proportional 
to the other three, taken in order. Thus, in the last pro- 
portion A and O are the antecedents, and B and I) the con- 
sequents. 

<• • . * - 

18§. Three quantities are in proportion,' when the first 
has the same ratio to the second that the second has to the 

187. In four proportional quantities, what are the first and third called ? 
What the second and fourth ? 

188. When are three quantities proportional? What is the middle one 
called f 
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third ; and then the middle term is said to be a mean pro- 
portional between the other two. For example, 

3 : 6 : : 6 : 12; . «■ 
and 6 is a mean proportional between 3 and 12. 

* * * • 

189. Four quantities are said to* be in proportion by w- 
version, or inversely, when the consequents are made the 
antecedents, and the antecedents the consequents. 

Thus, if we have the proportion, 

3 : 6 : : 8 • 16, 
the inverse proportion would be, 

; 6 : 3 : : 16 . 8. •, 

190. Quantities are said to be in proportion by alterna> 
tion, or alternately, when antecedent is compared with ante- 
cedent, and consequent with consequent. 

Thus, if we have the proportion, 

8 : 6 : : 8 : 16, 

the alternate proportion would be, 

3 : 8 : : 6 : 16. 

• *■ • - • • » i 

191. Quantities are said to be in proportion by compc 
sition, when the sum of the antecedent and consequent is 
compared either with antecedent or consequent 

Thus, if we have the proportion, 

2 : 4 : : 8 : 16, 

189. When are quantities said to be in proportion by inversion, or in 
vereely ? 

190. When are quantities in proportion by alternation ? 

191. When are quantities in proportion by composition? 

12* 
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the proportion by composition would be, 

2 + 4 : 2 :: 8 + 16 : 8; 
and, 2 + 4 : 4 : : 8 + 16 : 16. 

192. Quantities are said to be in proportion by division, 
when the difference of the antecedent and consequent is 
compared either with antecedent or consequent. 

Thus, if we have the proportion, 

3 : 9 : : 12 : 36, 
the proportion by division will be^ 

9 — 3 : 3 :: 36 — 12 : 12; 

and, 9 — 3 : 9 : : 36 — 12 : 36; 

193. Equimultiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number. 

Thus, if we have any two numbers, as 6 and 5, and mul- 
tiply them both by any number, as 9, the equi-multiples will 
be 64 and 45 ; for, 

6 X 9 = 64, and 6 X 9 = 45. 

Also, m x -4, and m x JB, are equi-multiples of A and 
By the common multiplier being m, 

194. Two quantities A and B y which may change their 
values, are reciprocally or inversely proportional, when one 
is proportional to unity divided by the other, and then their 
product remains constant. 

192. When are quantities in proportion by division ? 

198. What are equimultiples of two or more quantities ? 

194. When are two quantities said to be reciprocally proportional f 
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We express this reciprocal or inverse relation thus, 

Acc±. 

in which A is said to be inversely proportional to B. 

195. If we have the proportion, 

A < B : : C : Z>, 

B D , k 
we have, -^ = -^y, (Art. 186); 

and by clearing the equation of fractions, we have, 

BO = AD. 

That is : Of four proportional quantities, the product of 
the two extremes is equal to the product of the two means. 

This general principle is apparent in the proportion be- 
tween the numbers, 

2 : 10 : : 12 : 60, 
which gives, 2x60 = 10x12 = 120. 

196* If four quantities, A, B 7 (7, D, are so related to 
each other, that 

A x B = B x (7, 

we shall also have, -j = -^ ; 

and hence, A : B : : O : D. 

That is: If the product of two quantities is equal to the 
product of two other quantities, two of them may be made 
the extremes, and the other two the means of a proportion* 

195. If four quantities are proportional, what is the product of the two 
means equal to ? 

106. If the product of two quantities is equal to the product of two 
other quantities, may the four be placed in a proportion ? How ? 
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Thus, if we have, 

2x8 = 4x4, 
we also have, 

2 : 4 : : 4 : 8. 

197* If we have three proportional quantities, 

A : B : : B : (7, 

B C 
we have, A = B* 

« 
hence, B 2 = AC. 

*■ 

That is: If three quantities are proportional, the square of 

the middle term is equal to the product of the two extremes 
Thus, if we have the proportion, 

3 : 6 : : 6 : 12, 
we shall also have, 

6 X 6 = 6* = 3 X 12 = 36. 

> 

198. If we have, 
A : B : : C : 2>, and consequently, -r = -~ > 

C 

multiply both members of the last equation by -~, and 

we then obtain, 

C _D 

. A " B ; 

and, hence, A : C : : B : D. 

That is : Iffowr quantities are proportional, they vnU be 
in proportion by alternation. 

197. If three quantities are proportional, what is the product of the 
extremes equal to f 

198. If four quantities are proportional, will they be in proportion by 
alternation? 



GEOMETRICAL PROPORTION. 277 

Let us take, as an example, 

10 : 15 : : 20 30. 
We shall have, by alternating the terms, 

10 : 20 • : 15 : 30. 

199. If we have, 

A : B : : C : 2>, and A : B : : E : I\ 

we shall also have, 

B _D B F 

A - C' and A - B ; 

hence, -^ = -=, and C : J) : : JS : JFl 

That is: If there are two sets of proportions having an art 
tecedent and consequent in the one, equal to an antecedent 
and consequent of the other, the remaining terms %oiU be 
proportional. 

If we have the two proportions, 

2 : 6 : : 8 : 24, and 2 : 6 : : 10 : 30, 

we shall also have, 

8 : 24 : : 10 : 30. 

&00. If we have, 
A : B : : C : D, and consequently, -j = -^, 

we have, by dividing 1 by each member of the equation, 

A O 

-= = -_, and consequently, B : A : : 2> : (7. 

199. If yon have two sets of proportions having an antecedent and con« 
sequent in each, equal ; what will follow ? 

200. If four quantities are in proportion, will they be in proportion 
when taken inversely ? 
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That is : Four proportional quantities wiU be in proportion^ 
token taken inversely. 

To give an example in numbers, take the proportion, 

7 : 14 :: 8 : 16; 
then, the inverse proportion will be, 

14 ; 7 : : 16 : 8, 
in which the ratio is one-half. 

201. The proportion, 

A : B : : G : 2>, gives, A x D = B x C. 

To each member of the last equation add B x D. We 
shall then have, 

(A + B) x I) = (C + D) x B; 

and by separating the factors, we obtain, 

A + B : B : : O + D : D. 

J£y instead of adding, we subtract B x D from both 
members, we have, 

{A - B) X D = (C-D) X B-, 

which gives, 

A — B i B n C - D : J). 

That is: If four quantities are proportional^ they will be 
in proportion by composition or division. 

Thus, if we ha^e the proportion, 

9 : 27 : : 16 : 48, 



201. If four quantities are in proportion, will they be in proportion by 
composition? Will they be in proportion by division? What is th«» 
difference between composition tnd division ? 
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we shall have, by composition, 

9 + 27 • 27 : : 16 + 48 : 48 ; 
that is, 36 : 27 : : 64 : 48, 

in which the ratio is three-fourths. 

The same proportion gives us, by division, 
27 - 9 : 27 :: 48 — 16 : 48; 
that is, 18 : 27 : : 32 : 48, 

in which the ratio is one and one-hal£ 

202. If we have, 

B B 

A " C" 

and multiply the numerator and denominator of the first 
member by any number m, we obtain, 

— 3 = -p; , and mA : mB : : C : 2>. 
mA G 

That is : Equal multiples of two quantities have the same 
ratio as the quantities themselves. 

For example, if we have the proportion, 

6 : 10 : : 12 : 24, 

and multiply the first antecedent and consequent by 6, we 

have, • 

30 : 60 : : 12 : 24, 

in which the ratio is still 2. 

203. The proportions, 

A : B : . G : Z>, and A : B :: JZ: JP, 

202. Have equal multiples of two quantities the same ratio as the 
quantities ? 

203. Suppose the antecedent and consequent be augmented or dimin- 
ished by quantities having the same ratio r 
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give, AxD^BxC, and AxE=BxE; 

adding and subtracting these equations,. we rfrtain, 
A(B±F) = B(CdcE), or ^ : B : : C±^ : B±F. 
That is : ^ C and 2>, f Ae antecedent and consequent, be 
augmented or diminished by quantities E and I\ which 
have the same ratio as C to 2>, the resulting quantities wiU 
also have the same ratio. 
Let us take, as an example, the proportion, 

9 : 18 : : 20 : 40, 

in which the ratio is 2. 

If we augment the antecedent and consequent by the 
numbers 15 and 30, which have the same ratio, we shall 

have, 

9 + 15 : 18 + 30 : : 20 : 40 ; 

that is, ,. 24 : 48 :: 20 : 40, 

in which the ratio is still 2. 

If we diminish the second antecedent and consequent by 
these numbers respectively, we have, 

9 : 18 • : 20 — 15 : 40 — 30 ; 
that is, 9 : 18 : : 5 : 10, 

in which the ratio is till 2. 

904. If we have several proportions, 

A : B : : C : 2>, which gives A x D = B X (7, 

A : B : : E : F, which gives A X F = B X E, 

A : B : : G : BT 7 which gives A x H = B X G, 
&c., &c, 

1 *' ---■- ■■ II 

204. In any number of proportions having the same ratio, how will 
any one antecedent be to its consequent ? 
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we shall have, by addition, 

- A(D + JF+ IT) = B{C + E+ G); 

and by separating the factors, 

A : B :: C + JS + G : D +J?+ H. 

That is: In any number of proportions having the same 
ratio, any antecedent will be to its consequent as the sum 
of the antecedents to the sum of the consequents. 

Let us take, for example, 

2 : 4 : : 6 : 12, and 1 : 2 : : 3 : 6, Ac. 
Then 2 : 4 : : 6 -f- 3 : 12 + 6 ; 

that is, 2 : 4 : : 9 : 18, 

in which the ratio is still 2. 

* 

4 

205. If we have four proportional quantities, 

A : B : : C : 2>, we have, -j = y,; 

and raising both members to any power whose exponent is 
n, or extracting any root whose index is w, we have, 

B* D n 

-j^ = -~- , and consequently, 

A* : B* : : C* : D*. 

That is: If four quantities are proportional, their like 
powers or roots wiU be proportional. 

If we have, for example, 

2:4 : : 3 : 6, 

we shall have* 2 a : 4 2 : : 3 2 : 6 2 ; 



205. Id four proportional quantities, how are like powers or roots? 
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that is, 4 : 16: : 9 : 36, 

in which the terms are proportional, the ratio being 4. 
ao«. Let there be two sets of proportions, 

B D 

A : JJ : : C : D, which gives -r = -gi 

F H 
S : F : : G : JJ t which gives ^ = s * 

Multiply them together, member by member, we have, 

JJ x F _ J> x JJ 

A x S ~ C x G' 
A x E : S x F :: X G : J? X JJ. 
That is : In two sets of proportional quantities, the product* 
of the corresponding terms are proportional. 
Thus, if we have the two proportions, 
B : 16 ; : 10 : 20, 
and, 3 : 4 : : 6 : 8, 

we shall have, 24 : 04 : : 60 : 160. 
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30T. We have thus far only considered the case in which 
the rutin f the first term to the second is the same as that 
rd to the fourth. 

wo acts of proportions, how are the products of the correapoi.il 

tt is a geometrical progression* Whit is the ratio of the 
t If an.T term of a progression be multiplied by the ratio, 
ie product bo* If any term be divided by the ratio, what 
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If we have the farther condition, that the ratio of the 
second term to the third shall also be the same as that of 
the first to the second, or of the third to the fourth, we shall 
have a series of numbers, each one of which, divided by 
the preceding one, will give the same ratio. Hence, if any 
term be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed, is called 
a geometrical progression. Hence, 

A Geometrical Progression, or progression by quotients, 
is a series of terms, each of which is equal to the preceding 
term multiplied by a constant number, which number is 
called the ratio of the progression. Thus, 

1 : 3 : 9 : 27 : 81 : 243, Ac, 

is a geometrical progression, in which the ratio is 3. It is 
written by merely placing two dots between the terms. 

Also, 64 : 32 : 16 : 8 : 4 : 2 : 1, 

is a geometrical progression in which the ratio is one-half. 

In the first progression each term is contained three times 
in the one that follows, and hence the ratio is 3. In the 
second, each term is contained one-half times in the one 
which follows, and hence the ratio is one-half. 

The first is called an increasing progression, and the 
second a decreasing progression. 

Let a, b, c, <?, e, f, . . . be numbers, in a progression by 
quotients • they are written thus : 

a : b : c : d : e : f : g . . . 

and it is enunciated in the same manner as a progression by 
differences. It is necessary, however, to make the distino 



will the quotient be ? How is a progression by quotients written ? Which 
of the terms is only an antecedent? Which only a consequent? How 
mby each of the others be considered? 



284 ELEMENTARY ALGEBRA. 

tion, that one is a series formed by equal differences, and 
the other a series formed by equal (quotients or ratios. It 
should be remarked that each term is at the same time an 
antecedent and a consequent, except the. first, which is only 
an antecedent, and the last, which is only a consequent. 

208. Let r denote the ratio of the progression, 

a : b : c : d . . . 

r being > 1 when the progression is increasing, and r< 1, 
when it is decreasing. Then, since, 

b c d e . 

- = r, 7 = r, - = r, -v = r, &c., 
a b c d 

we have, • ' • ' 

b = ar, e = br = ar 2 , d* = or = ar 3 , 6 = dr = ar% 

f z= er = ar 5 . . . 

that is, the second term is equal to ar, the third to ar 2 , the 
fourth to ar 3 , the fifth to ar 4 , <fcc. ; and in general, the nth 
term, that is, one which has n — 1 terms before it, is ex- 
pressed by ar* -1 . 

Let I be this term • we then have the formula, 

I — ar*~\ 

by means of which we can obtain any term without being 
obliged to find all the terms which precede itl Hence, to 
find the last term of a progression, we have the following 

RULE. 

I. liaise the ratio to a power whose exponent is one less 
than the number of terms. . • * . 

II. Multiply the power thus found by the first term : the 
product wiU be the required term. 

208. By what letter do we denote the ratio of a progression? In aa 
increasing progression is r greater or less than 1 ? In a decreasing pro- 
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EXAMPLES. 

1 , Find the 5th term of the progression, 

2 : 4 : 8 : 16 . . . 
in which the first term is 2, and the common ratio 2. 
5th term = 2 x 2* = 2 X 16 = 32. Ans. 

2. Find the 8th term of the progression, 

2 : 6 : 18 : 54 . . . 

8th term = 2 X 3 7 = 2 X 2187 = 4374. Ana. 

8. Find the 6th term of the progression, 

• ■■»«• . * 

Z I 8 I o2i l x2o • • • 

6th term = 2 X 4 5 = 2 X 1024 = 2048. Ans 

4. Find the 7th term of the progression, 

3 ! 9 ! 27 I 81 ... 

7th term = 3 x 3 6 = 3 x 729 = 2187. Am. 

5. Find the 6th term of the progression, 

4 : 12 : 36 : 108 ... * 
6th term = 4 x 3 5 = 4 x 243 = 972. Ans. 

* 

6. A person agreed to pay his servant 1 cent for the first 
day, two for the second, and four for the third, doubling 
every day for ten days : how much did he receive on the 
tenth day? Ans. $5.12. 

gression is r greater or less than 1 ? If a is the first term and r the 
ratio, what is the second term equal to ? What the third ? What the 
fourth? What is the la/rt terra equal to? Give the rule for finding the 
last term. 



286 ELEMENTARY ALGEBRA. 

1. What is the 8th term of the progression, 

9 : 36 : 144 : 576 . . . 
8th term = 9 X 4 7 = 9 X 16384 = 147456. Ana. 

8. Find the 12 th term of the progression, 

64 : 16 : 4 : 1 : T . . . 

4 

/1V 1 4 3 1 1 A m 

12th term = 64(-j = - x = - 9 = ^q- Ana. 

909. "We will now proceed to determine the sum of n 
terms of a progression, 

a : b : c : d : e : f : . . . : i : h : l\ 
I denoting the nth term. 

We have the equations (Art. 208), 
b = ar, c =zbr, d = cr, e = Jr, . . . k = ir, I = far, 

and by adding them all together, member to member, we 
deduce, 

Sum of lit member* Sum of 2d member* 

b+c+d+e+ ... +k+l=(a + b + c + d+ . . . + t + *)r; 

in which we see that the first member contains all the terms 
but a, and the polynomial, within the parenthesis in the 
second member, contains all the terms but I. Hence, if we 
call the sum of the terms S y we have, 

S - a = (S - l)r = JSr - lr, .-. Sr - S = Ir - a 

whence, S = r ~~ a . 

r — 1 



209. Give the rule for finding the sum of- the series. What is the first 
step ? What the second ? What the third ? 
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Therefore, to obtain the sum of all the terms, or sum of the 
series of a geometrical progression, we have the 

BULB. 

I. Multiply the last term by the ratio : 

II. Subtract the first term from tJie product : 

m. Divide the remainder by the ratio diminished by 1 
and the quotient will be the sum of the series. 

1. Find the sum of eight terms of the progression, 

2 : 6 : 18 : 54 : 162 . . . 2 X 3 7 = 4374. 

= Ir-a = 1JU2-2 = ^ 

r — 1 2 

2. Find the sutu of the progression, 

2 : 4 : 8 : 16 : 32. 

= lr-a = 64-2 = ^ 

r — 1 1 

8. Find the sum of ten terms of the progression, 
2 : 6 : 18 : 54 : 162 . . . 2 X 3 9 = 39366. 

Ans. 59048, 

4. What debt may be discharged in a year, or twelve 
months, by paying $1 the first month, $2 the second month, 
$4 the third month, and so on, each succeeding payment 
being double the last ; and what will be the last payment I 

Ans. \ Debt| ' ' ' |4095 
( Last payment, $2048 

5. A daughter was married on New- Year's day. Her 
Either gave her la., with an agreement to double it on the 
first of the next montn, and at the beginning of each succeed 
ing month to double what she had previously received. How 
much did she receive? Ane. £204 1 6s, 
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6. A man bought ten bushels of wheat, on the condition 
that he should pay 1 cent for the first bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
the last bushel, and for the ten bushels f 

j Last bushel, $108 83. 

t Total cost, $295 24. 

1. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, which, 
in like manner, produce 8 fold ; he again plants all his crop, 
and again gets 8 fold, and so on for 16 years: what is his 
last crop, and what the sura of the series? . 

j Last, 140737488355328 bush. 
, 160842843834060. 



A ™-\su^ 



910. When the progression is decreasing, we have, 
r < 1, and / < a ; the above formula, 
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2. Find the sum of the first twelve terms of the pro- 
gression, 

64 • 16 : 4 : 1 :-:... : 641-1 , or — -— - 

4 \4/ * . 65536 

(H v - 050 

. a — lr 05536 4 65536 „ 65535 
8 =z - = = = 85 + 



1 — r 3 3 ' 196608 

4 

211. Remark. — We perceive that the principal difficulty 
consists in obtaining the numerical value of the last term, a 
tedious operation, even when the number of terms is not 
very great. 

3. Find the sum of six terms of the progression, 

512 : 128 : 32 . . . 

Arts. 682} 

4. Find the sum of seven terms of the progression, 

2187 : 729 : 243 . . . 

Am. 3279 

5. find the sum of six terms of the progression, 

972 : 324 : 108 . . . 

Ans. 1456. 

6. Find the sum of eight terms of the progression, 

147456 : 86864 : 9216 . . . 

Am. 196605. 

OF PROGRESSIONS HAVING AN INFINITE NUMBER OF TERMS 

219. Let there be the decreasing progression, 

a : b : c : d : e : f : . . . 

212. When the progression is decreasing, and the number of terms In- 
finite, what is the expression for the value of the sum of the series ? 

13 
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containing an indefinite number of terms. In the formula, 

Q a - I r 

substitute for I its value, at*-*, (Art. 208), and we have, 

a — ar* 



8 = 



1 -r ' 



which expresses the sum of n terms of the progression. 
This may be put under the form, 



^ __ a or* 



1 — r 1 — r 
Now, once the progression is decreasing, r is a proper 
fraction; and r* is also a fraction, which diminishes as n 
increases. Therefore, the greater the number of terms we 

take, the more will x r" diminish, and consequently, 

the more will the entire sum of all the terms approximate 

to an equality with the first part of S, that is, to • 

Finally, when n is taken greater than any given number, 

or n r= infinity, then x r* will be less than any 

given number, or will become equal to ; and the expres- 

non, , will then represent the true value of the sum 

of all the terms of the series. Whence we may conclude, 
that the expression for the sum of the terms of a decreasing 
progression^ in which the number of terms is infinite, is, 

8 = _ ; 

1 — r 

that is, equal to the first term, divided by 1 minus the ratio. 
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This is, properly speaking, the limit to which the partial 
sums approach, as we take a greater number of terms in the 

progression. The difference between these sums and , 

may be made as small as we please, but will only become 
notliing when the number of terms is infinite. 



EXAMPLES. 

1. Find the sum oi 

, l 1 l l ♦ • « •* 

ls 8 s 9 s » s ii' tomfimt y- 

We have, for the expression of the sum of the terms, 

„ a 13 . 

8 = ; = r = - = 11. Ans. 

r i _ I 

~~ 3 

The error committed by taking this expression for the 
value of the sum of the n first terms, is expressed by 



x r" 



1 — r 
First take n = 5 ; it becomes, 



- so- 



3/iy_ _i j_ 

2\3/ ~~ 2 . 3* ~" 16! 



162 
When n = 6, we find, 



3 

% 

2 



/1\« 1_ 1 1_ 

\37 " 162 X 3 "" 486* 



3 
Hence, we see, that the error committed by taking _ for 

the sum of a certain number of terms, is less in proportion 
as this number is greater. 
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2. Again, take the progression, 

, 1111 1 . 
2 4 8 Id 32 

We have, 8 = --^ — = ; = 2. Ane. 

1 — r 1 

2 
8. What is the sum of the progression, 

1 — — — — — &c. to infinity. 

1 10' 100' 1000' 10000' • J 

a <* - 1 ,1 a 

8 = = - = 1-- Am. 

1 — r _ 2. 9 

10 

918* In the several questions of geometrical progres- 
sion, there are five numbers to be considered : 

1st. The first frm, • • a. 
2d. The ratio, . . . . r. 
8d. The number of terms, n. 
4th. The last term, . . I. 
5th. The sum of the terms, S. 

814. We shall terminate this subject by solving this 
problem: 

To find a mean proportional between any two numbers, 
as m and n. 

Denote the required mean by x. We shall then have 
(Art. 197), 

a? = m x n; 

and hence, x = ~y/m~x~rL 



218. How many numbers are considered in a geometrical progression? 
What are they? 

«U. How do yon find a mean proportional between two numbers? 
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That is : Multiply the two numbers together, and extract the 
square root of the product, 

1. What is the geometrical mean between the numbers 
2 and 8 ? "~ 

Mean = ^8x2 = -/l6 = 4. Ana. 

2. What is the mean between 4 and 16 ? Ans. 8. 

3. What is the mean between 3 and 27 ? Ans. P. 

4. What is the mean between 2 and 72 ? Ans. 12, 

5. What is the mean between 4 and 64 ? Ans, 16. 



294 ELEMENTARY ALGEBRA. 



CHAPTER X. 



OF LOGARITHMS. 



915. The nature and properties of the logarithms in 

common use, will be readily understood by considering 

attentively the different powers of the number 10. They 

are, 

10° = 1 

10 l = 10 

10 a = 100 

10 3 = 1000 

10* = 10000 

10 5 = 100000 

<fcc, &c. 

It is plain that the exponents 0, 1, 2, 3, 4, 5, &c., form an 
arithmetical seiies of which the common difference is 1 ; and 
that the numbers 1, 10, 100, 1000, 10000, 100000, &c, form 
a geometrical progression of which the common ratio is 10. 
The number 10 is called the base of the system of logarithms ; 
and the exponents 0, 1, 2, 3, 4, 5, <fcc., are the logarithms of 

215. What relation exists between the exponents 1, 2, 8, &c. ? How 
are the corresponding numbers 10, 100, 1000? What is the common 
difference of the exponents ? What is the common ratio of the corre- 
sponding numbers ? What is the base of the common system of loga- 
rithms ? What are the exponents ? Of what number is the exponent 1 
the logarithm ? The exponent 2? The exponent 8 ? 
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the numbers which are produced by raising 10 to the powers 
denoted by those exponents. 

216. If we denote the logarithm of any number by m, 
then the number itself will be the mth power of 10 ; that is, 
if we represent the corresponding number by M % 

10«" = M. 

Thus, if we make m = 0, M will be equal to 1 ; if m = 1, 
M will be equal to 10, &c. Hence, 

The logarithm of a number is the exponent of the power 
to which it is necessary to raise the base of the system in 
order to produce the number. 

217. If, as before, 10 denotes the base of the system 
of logarithms, m any exponent, and M the corresponding 
number, we shall then have, 

10* = Jf, (1.) 

in which m is the logarithm of M. 

If we take a second exponent n, and let N denote the 
corresponding number, we shall have, 

10* = 1T 9 ( 2.) 

in which n is the logarithm of If. 

If, now, we multiply the first of these equations by the 
second, member by member, we have, 

10 w x 10* = lO* 1 *" = M x N\ 

but since 10 is the base of the system, m + n is the loga- 
rithm M X N\ hence, 

216. If we denote the base of a system by 10, and the exponent by 
m, what will represent the corresponding number? What is the logarithm 
of a number ? 

217. To what is the sum of the logarithms of any two numbers equal? 
To what, then, will the addition cf logarithms correspond ? 
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The sum of the logarithms of any two numbers is equal 
to the logarithm of their product. 

Therefore, the addition of logarithms corresponds to the 
multiplication of their numbers. 

218. If we divide Equation ( 1 ) by Equation (2), mem- 
ber by member, we have, 

icy* , A ._. M 

but once 10 is the base of the system, m-nifl the loga- 
rithm of -TT5-; hence, 

N 

If one number be divided by another, the logarithm of 
the quotient will be equal to the logarithm of the dividend^ 
diminished by that of the divisor. 

Therefore, the subtraction of logarithms corresponds to 
the division of their numbers. 

919. Let us examine farther the equations, 

10° = 1 
10 1 = 10 
10* = 100 
10 3 = 1000 
&c., <fcc. 

It is plain that the logarithm of 1 is 0, and that the loga- 
rithm of any number between 1 and 10, is greater than 



218. If one number be divided by another, what will the logarithm 
of the quotient be equal to ? To what, then, will the subtraction of loga- 
rithms correspond ? 

219. What is the logarithm of 1? Between what limits are the loga- 
rithms of si numbers between 1 and 10 ? How are they generally cx« 
prated r 
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and less than 1. The logarithm is generally expressed by 
decimal fractions ; thus, 

log 2 = 0.301030. 

The logarithm of any number greater than 10 and less 
than 100, is greater than 1 and less than 2, and is expressed 
by 1 and a decimal fraction ; thus, 

log 50 = 1.698970. 

The part of the logarithm which stands at the left of the 
decimal point, is called the characteristic of the logarithm. 
The characteristic is always one less than the number of 
place* of figures in the number whose logarithm is taken. 

Thus, in the first case, for numbers between 1 and 10, 
there is but one place of figures, and the characteristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 ; and similarly for other 
numbers. 



TABLE OF LOGARITHMS. 

920. A table of logarithms is a table in which are writ- 
ten the logarithms of all numbers between 1 and some other 
given number. A table showing the logarithms of the 
numbers between 1 and 100 is annexed. The numbers are 
written in the column designated by the letter N, and the 
logarithms in the column designated by Log. 



Uow is it with the logarithms of Lumbers between 10 and 100? What 
1b that part of the logarithm called which stands at the left of the char 
actcristic? What Is the value of the characteristic? 

220. What is a table of logarithms ? Explain the manner of finding 
the logarithms of numbers between 1 and 100? 
13* 
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TABLE. 



1 


Log. 


N. 


Log. 


K. 

51 


Log. 1 


^TT 


Log. 


0.000000 


26 


1.414973 


1.707570 


76 


1.880814 


2 


0.301030 


27 


1.431364 


52 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447158 


53 


1.724276 


78 


1 . 892095 


4 


602060 


29 


1.462398 


54 


1.732394 


79 


1.897627 


5 


0.698970 


30 


1.477121 


55 


1.740863 


80 


1 . 903090 


6 


0.778151 


31 


1.491362 


56 


1.748188 


81 


1.908485 


7 


0.845098 


32 


1.505150 


57 


1.755875 


82 


1.913814 


8 


0.903090 


33 


1.618514 


58 


1.763428 


83 


1.919078 


9 


0.954243 


34 


1.531479 


59 


1.770852 


84 


1.924279 


10 


1.000000 


35 


1.544068 


60 


1.778151 


85 


1.929419 


11 


1.041393 


36 


1.556303 


61 


1.785330 


86 


1.934498 


12 


1.079181 


37 


1.568202 


62 


1.792392 


87 


1.939519 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


14 


1.146128 


39 


1.591065 


64 


1.806180 


89 


1.949390 


15 


1.176091 


40 


1.602060 


65 


1.812913 


90 


1.954243 


16 


1.204120 


41 


1.621784 


06 


1.819544 


91 


1.959041 


17 


1.230449 


42 


1 . 623249 


67 


1.826075 


92 


1.963788 


18 


1.255273 


43 


1.633468 


68 


1.832509 


93 


1.968483 


19 


1.278754 


44 


1.643453 


C9 


1.838849 


94 


1.973128 


20 


1.301030 


45 


1.653213 


70 


1 845098 


95 


1.977724 


21 


1.322219 


46 


1.662758 


71 


1.851258 


96 


1.982271 


22 


1.342423 


47 


1.672098 


72 


1.857333 


97 


1.986772 


23 


1.361728 


48 


1.681241 


73 


1 . 863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1 . 869232 


99 


1.995635 


25 


1.397940 


50 


1.698970 


75 


1.875061 


100 


2.000000 



EXAMPLES. 



1. Let it be required to multiply 8 by 9, by means of 
logarithms. We have seen, Art. 216, that the sum of the 
logarithms is equal to the logarithm of the product. There- 
fore, find the logarithm of 8 from the table, which is 0.903090, 
and then the logarithm of 9, which is 0.954243 ; and their 
sum, which is 1.857333, will be the logarithm of the product. 
In searching along in the table, we find that Y^stands oppo- 
site this logarithm; hence, 72 is the product of 8 by 9. 
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1.924279 



2. What is the product of 7 by 12? 

Logarithm of 7 is, . . . . 0.845098 
Logarithm of 12 is, .... 1.079181 

Logarithm of their product, 
and the corresponding number is 34. 

8. What is the product of 9 by 11 ? 

Logarithm of 9 is, . 
Logarithm of 1 1 is, 

Logarithm of their product, 
and the corresponding number is 99. 



0.954243 
1.041393 

1.995630 



4. Let it be required to divide 84 by 3. We have seen 
in Art. 218, that the subtraction of Logarithms corresponds 
to tli« division of their numbers. Hence, if we find the 
logarithm of 84, and then subtract from it the logarithm of 
3, the remainder will be the logarithm of the quotient. 

The logarithm of 84 is, . . . 1.924279 

The logarithm of Sis, . . . 0.477121 

Their difference is, .... 1.447158 
and the corresponding number is 28. 

5. What is the product of 6 by 7 ? 

Logarithm of 6 is, . . . • 0.778151 
Logarithm of 7 is, . 0.845098 

Their sum is, . . . 1.623249 

and the corresponding number of the table, 42. 
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Primer which guides the lisping tongue of the infant, to the abstruse and difficult " West Point 
Course." 

Thk Skrks b uniformly excellent. Each volume, among so many, maintains the general stand- 
ard of merit, and assists, in it* place, to round the perfect whole. 

The Skbuks is known and popularly used in every eection of the United State*, and by every etase 
ofcitbeene, representing all shades of political opinion and religious belief. In proof of this, it is 
only necessary to name the following popular works, with which every one is familiar, and which 
fairly represent the whole. _^ 

PARKER & WATSON'S BAT »£S V READERS & SPELLERS. 

Two series ; eaoh complete in itself, and of high and lower gradation respectively. 

DAYIES' Complete Uqifled "West Poiqt Course" in MATHEMATICS. 

Including Arithmetics, Algebra, Oeometry, Calculus, Surveying, and all branches. 

MONTEITH & McNALLY'S ^rivaled course i, GEOGRAPHY. 

Three books, with optional volumes. This is the only series with Allen's ^iap-Drawibg. 

CLARK'S Diagranj Systenj for Learning ENGLISH GRAMMAR. 

Two Grammars (Primary and Advanced); also Analysis, Key and Chart separate. 

BARNES' Series of Brief Books for One Tern} of Study in HISTORY. 

United Slates History, published in 1371. A General History and others to follow at once. 

STEELE'S "Fourteen Weeks" in each branclj of NATURAL SCIENCE. 

Philosophy, Chemistry, Astronomy, and Geology now xeady. Physiology in press. 

f ORMAN'S Popular Method for Teaching FOREIGN LANGUAGE. 

A German Series is now nearly complete, and the French series happily commenced. 



WILLARD'S Course of History. 
PECK'S GANOT S Natural Philosophy. 
JARVIS' Physiology and Health. 
WOOD'S Text-Books in Botany. 
PORTER'S Principles of Chemistry. 
CHAMBERS' Elements of Zoology. 
PAGE'S Elements of Geology. 
BEE3S' Round-hand Penmanship. 
SMITH'S Orthography and Etymology. 
BOYD'S Course in English Literature. 
SMITH & MARTIN'S Bookkeeping. 
PAYSON, DUNTON e\ CO.'S Writing. 
ANDREWS & STODDARD'S Latin Series 
CROSBY'S Greek Series. 
PUJOL'S Complete French Class Book. 
ROOT'S School Music- Books. 



SEARING'S Virgil and Classical Texts. 
CLEVELAND'S Compendiums. 
CHAPMAN'S American Drawing. 
MANSFIELD'S Political Manual. 
NORTHEND'S Graded Speakers. 
CHAMPLIN'S Political Economy. 
BERARD'S History of England. 
SHERWOOD'S Writing Speller. 
BROOKFIELD'S Child's Composition. 
TRACY'S School Record. 
PECK'S Applied Mathematics. 
CHURCH'S Higher Mathematics. 
BARTLETT'S College PhHosophy. 
MAHAN'S Mental Science. 
ALDEN'S Text-Book of Ethics. 
BROOKS' School Devotion. 



ANY BOOK SENT POSTPAID ON RECEIPT OP ITS PRICE. 



ttvw J?* d T^°. w , raoreof tbis unrivaled Series should consult for details. 1. THE DESCRIP- 
TrnvAr ■ nV/MEpA free to Teachers; others, 5 cents. 2. THE ILLUSTRATED EDUCA- 
^H«M«r » ULLET IN. periodical orjran of the Publishers; full of instruction for Teachers; sub- 
scription, lu cents; sample free. Address 

A. S. BARNES & COMPANY/, New York, or Chicago. 



The National Series of Standard School- Books. 

MATHEMATICS. 



DAVIES' NATIONAL COURSE 



ARITHMETIC. 

BLATED. 

1. Davies' Primary Arithmetic $ 25 % 32 

2. Davies' Intellectual Arithmetic, 40 48 

3. Davies' Elements of Written Arithmetic, .... 50 60 

4. Davies' Practical Arithmetic, 90 1 00 

Key to Practical Arithmetic, 90 

5. Davies' University Arithmetic, 1 40 1 50 

Key to University Arithmetic, *1 40 

ALGEBRA. 

1. Davies' New Elementary Algebra, *1 25 1 85 

Key to Elementary Algebra, *1 25 

2. Davies' University Algebra, 1 50 1 60 

Key to University Algebra, *1 50 

3. Davies' Bourdon's Algebra, 2 25 2 38 

Key to Bourdon's Algebra, *2 25 

GEOMETRY. 

1. Davies' Elementary Geometry and Trigonometry, 1 40 1 50 

2. Davies' Legendre's Geometry, 2 25 2 38 

3. Davies' Analytical Geometry and Calculus, ... 2 50 2 63 

4. Davies' Descriptive Geometry, 2 75 2 88 

MENSURATION". 

I. Davies' Practical Mathematics and Mensuration, . 1 50 1 60 

2. Davies' Elements of Surveying, 2 50 * 63 

3. Davies' Shades, Shadows, and Perspective, ... 3 75 3 88 

MATHEMATICAL SCIENCE^. 

Davies' Grammar of Arithmetic, * ^ 

Davies' Outlines of Mathematical Science, * w 

Davies' Logic and Utility of Mathematics, ** °0 

Davies' Metric System, 

Davies & Peck's Dictionary of Mathematics, D ™ 
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JVatlonat Series of Standard School-Hooks. 

DAVIES' NATIONAL COUBSE of MATHEMATICS, 

ITS RECORD. 

to claiming for this series the first place among American text-books, of what 
ever class, the Publishers appeal to the magnificent record which its volume* 
have earned daring the thirty-five years of Dr. Charles Davies' mathematical 
labors. The unremitting exertions of a life-time have placed the modern series oi 
the same proud eminence among competitors that each of its predecessors ha! 
successively enjoyed in a course of constantly improved editions, now rounded M 
their perfect fruition—for it seems almost that this science is susceptible of no 
further demonstration. 

During the period alluded to, many authors and editors in this department have 
started into public notice, and by borrowing ideas and processes original with Dr. 
Davies, have enjoyed a brief i opularity, but are now aimost unknown. Many of 
the series of to-day, built upon a similar basis, and described as u modern books," 
are destined to a similar fate ; while the most far-seeing eye will find it difficult to 
fix the time, on the basis of any data afforded by their past history, when these 
books will cease to increase and prosper, and fix a still firmer held on the affection 
of every educated American. 

One cause of this unparalleled popularity is found in the fact that the enterprise 
of the author did not cease with the original completion of his books. Always a 
practical teacher, he has incorporated in his text-books from time to time, the ad- 
vantages of every improvement in methods of teaching, and every advance in 
science. During all the years in which he has been laboring, he constantly sub- 
mitted his own theories and those of others to the practical test of the class-room 
—approving, rejecting, or modifying them as the experience thus obtained might 
suggest In this way he has been able to produce an almost perfect series, of 
class-books, in which every department of mathematics has received minute and 
exhaustive attention. 

Nor hafc he yet retired from the field. Still in the prime of life, and enjoying a 
ripe experience which no other living mathematician or teacher cm emulate, Lis 
pen is ever ready to carry on the good work, as the progress of science may de- 
mand. Witness his recent exposition of the " Metric System," which received 
the official endorsement of Congress, by its Committee on Uniform Weights and 
Measures. 

Davies 1 System is the acknowledged National Standard fob tiib 
United States, for the following reasons :— 

1st. It is the basis of instruction in tho great national schools at West Point 
and Annapolis. 

2d. It has received the quasi endorsement of the National Congress. 

8d. It is exclusively used in the public schools of the National Capital 

4th. The officials of the Government use It as authority in all cases involving 
mathematical questions. 

5th. Our great soldiers and sailors commanding the national armies and navies 
were educated in this system. So have been a majority of eminent scientists lq 
this country. All these refer to u Davies " as authority. 

6th. A larger number of American citizens have received their education from 
this than from any other series. 

7th. The series has a larger circulation throughout the whole country than any 
other, being extensively used in every State in the Union. 
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Davies* National Course of Mathematics. 

TESTIMONIALS. 
From L. Van Bokkelen, State Superintendent Public Instruction, Maryland. 

The series of Arithmetics edited by Prof. Davies, and published by your firm. 
?ave been used tor many years in the schools of several counties, and the city 01 
Baltimore, and have been approved by teachers and commissioners. 

Under the law of 1805, establishing a uniform system of Free Public Schools, 
these Arithmetics were unanimously adopted by the State Board of Education, 
after a careful examination, and are now used in all the Public Schools of Mary- 
land. 

These facts evidence the high opinion entertained by the School Authorities oJ 
the value of the series theoretically and practically. 

From Hobaob Webster, President of the College of New York. 

The undersigned has examined, with care and thought, Revercl volumes of Da- 
vies' Mathematics, and is of the opinion that, as a whole, it is the most complete 
and best course for Academic and Collegiate instruction, with which ho is ao* 
quainted. 

From David N. Camp, State Superintendent of Common Schools* Connecticut. 

I have examined Davies' Series of Arithmetics with some care. The language 
is clear and precise ; each principle is thoroughly analyzed, and the whole so ar« 
ranged a3 to facilitate the work of instruction. Having observed tho satisfaction 
ana success with which the different books have been used by eminent teachers, 
it gives me pleasure to commend them to others. 

From J. O. Wilson, CJiairman Committee on TexWBooJss, Washington, D. C. 

I consider Daviea* Arithmetics decidedly cuperior vo any other series, and in 
this opinion I am sustained, I believe, by tho entire Board of Education and Corps 
of Teachers in this city, where they have been used ior several years past. 

From John L. Campbell, Professor of Mathematics, Wabash College, Indiana. 

A proper combination of abstract reasoning and practical illustration is the 
chief excellence in Prof. Davies 1 Mathematical works. I prefer his Arithmetics, 
Algebras, Geometry and Trigonometry to all others now in use, and cordially re- 
commend them to all who desire the advancement of sound learning. 

From Majob J. H. Whittlesey, Government Inspector of Military Schools. 

Be assured, I regard the works of Prof. Davies, with which I am acquainted, as 
by for the best text-books In print on the subjects which they treat. I shall cer- 
tainly encourage their adoption wherever a word from me may bo of any avail. 

From T. McC. Ballantine, Prof. Mathematics Cumberland College, Kentucky, 
\ have long taught Prof. Davies 1 Course of Mathematics, and I continue to like 
Sneir working. 

From John McLean Bell, B. A., Prin. of Lower Canada College. 

I have used Davies* Arithmetical and Mathematical Series as text-books In tho 
schools under my charge for the last six years. These I have found of great effi- 
cacy in exciting, invigorating, and concentrating the intellectual faculties of the 
young. 

Each, treatise serves as an introduction to the next higher, by tho similarity of 
its reasonings and methods ; and the student is carried lorward, by easy and 




From D. W. Steele, Prin. Philekoian Academy, Cold Springs, Texas. 

I have used Davies 1 Arithmetics till I know them nearly by heart A better 
jeries of school-books never were published. I have recommended them until 
they are now used in all this region of country. 



A large mass of similar " Opinions " may be obtained by addressing the pub 
Ushers for special circular for Davies' Mathematics. New recommendatiens ax< 
Dablishtd In current numbers of the Educational Bulletin. 

19 



The National Series of Standard School- Hooks* 
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MATHEMATICS-Continued. 

ARITHMETICAL EXAMPLES. 

Reuck's Examples in Denominate Numbers % so 
Reuck's Examples in Arithmetic i oo 

These volumes diffel from the ordinary arithmetic in their peculiarly 
practical character. They are composed mainly of examples, and afford 
the most severe and thorough discipline for the mind. While a book 
which should contain a complete treatise of theory and practice would be 
too cumbersome for erery-day use, the insufficiency of practical examples 
has been a source of complaint. 

HIGHER MATHEMATICS. 

Church's Elements of Calculus 2 50 

Church's Analytical Geometry 2 50 

Church's Descriptive Geometry, ^th Shades, 

Shadows, and Perspective 4 00 

These rolumes constitute the " West Point Course** in their several 

departments. 

Courtenay's Elements of Calculus . . * * 3 oo 

A work especially popular at the South. 

Hackley's Trigonometry 2 50 

With applications to navigation and surveying, nautical and practical 
geometry and geodesy. 

■- 

APPLIED MATHEMATICS. 

Peck's Ganot's Popular Physics i 75 

Peck's Elements of Mechanics 2 oo 

Peck's Practical Calculus i 75 

Prof. \* Q. Peck, of Columbia College, has designed the first of these works for 
the ordinary wants of schools in the department of Natural Philosophy. The 
work enjoys a high reputation. 

The Mechanics and Calculus are the briefest treatises on those subjects now 
published. Their methods are purely practical, and unembarrassed by the detail* 
which rather confuse than simplify science. 



SLATED ARITHMETICS. 

This consists of the application of an artificially slated rurface to the inner cover 
of a book, with flap of the same opening outward, so that students may refer to 
the book and use the slate at one and the same time, and as though the slate were 
detached. When folded up, the slate preserves examples and memoranda til! 
needed. The material used is as durable as the stone slate. The additional cost 
of books thus improved is trifling. 
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HISTORY. 



Monteith's Youth's History, $75 

A' History of tho U uite«l States for beginners. It is arranged upon the 
cateclietic.il plan, with illustrative maps and engravings, review questions, 
dates in parentheses (that their study may be optional with the younger 
class of learners), and interesting hiographical Sketches of all person* 
who have been prominently identified with the history of our country, 

Willard's United States, School edition, ... l 40 

Do. do. University edition, . 2 25 

The plan of this standard work is chronologically exhibited in front of 
the title-page ; the Maps and Sketches are found useful assistants to the 
memory, and dates, usually so difficult to remember, are so systematically 
arranged as in a great degree to obviate the difficulty. Candor, Impar- 
tiality, and accuracy, are the distinguishing features of the narrative 
portion. 

Willard's Universal History, 2 25 

The most valuable features of the *' United States 11 are reproduced in 
this. The peculiarities of tho work aro its great conciseness and the 
prominence given to the chronological order of events. The margin 
marks each successive era with great distinctness, so that the pupil re- 
tains not only the event but its time, and thus fixes the order of history 
firmly and usefully in bis mind. Mrs. "Willard's books are constantly 
revised, and at all times written u;» to embrace important historical 
events of recent date. 

Berard's History of England, 1 75 

By an authoress well known for the success of her TTistory of the United 
States. The social life of the English people is felicitously interwove.i, 
as in fact, with the civil and military transactions of the realm. 

Ricord's History of Rome, i 75 

Possesses the charm of an attractive romance. The Fables with which 
this history abounds are introduced in such a way as not to deceive the 
inexperienced, while adding materially to the value of the work as a reli- 
able index to the character and institutions, as well as tho history of the 
Roman people. 

Hanna's Bible History, i 23 

The only compendium of Bible narrative which affords a connected and 
chronological view of the important events there recorded, divested of all 
superfluous detail. 

Summary of History, Complete 60 

American History, $0 40. French and Eng. Hist. 35 

A well proportioned outline of leading events, condensing the substance of tho 
more extensive text-book in common use into a series of statements so brief, that 
every word may be committed to memory, and yet so comprehensive that it 
presents an accurate though general view of the whole continuous life of nadonm. 

Marsh's Ecclesiastical History, 2 00 

Questions to ditto, 75 

Affording the History of the Church in all ages, with accounts of the 
pagan world during Biblical periods, and the character, rise, and progress 
of all Religions, as well as the various sects of the worshipers of Christ. 
The work Is entirely non-sectarian, though strictly oataolic. 
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HISTORY-Continued. 

BARNES' ONE-TERM HISTORY. 
A Brief History of the United States, • • -tt 50 

This is probably the host original school-book published for many yean, 
in any department. A lew or iis claim* are the following: 

1. Brevity.— Tho text is complete for Grammar Schocl or Intermediate 
classes, in 290 12mo pages, large type. It may readily be completed, if desired, in 
one term of study. 

2. Comprehensiveness.— Though so brief, this book contains the pith of aL 
the wearying contents of the larger manuals, and a great deal more than the mem- 
ory usually retains from the latter. 

3. Interest has been a prime consideration. Small bookB have heretofore 
been bare, fall of dry statistics, unattractive. This one is charmingly written, 
replete with anecdote, and brilliant with illustration. 

4. Proportion Of Events.— It is remarkable for the discrimination with 
which the different portions of our history are presented according to their im- 
portance. Thus the older works being already large books when the civil war 
took place, give it less space than that accorded to the Revolution. 

5. AlT&nQ[eTOQnt.— In six epochs, entitled respectively, Discovery and Settle- 
ment the Colonies, the Revolution, Growth of States, the Civil War, and Current 
Events. 

6. Catch WCT&3.— Each paragraph is preceded by its leading thought in 
prominent type, sending in the student's mind for tho whole paragraph. 

7. Key Notes.— Analogous with this is the idea of grouping battles, etc., 
about some central event, which relieves the sameness so common in such de- 
scriptions, and renders each distinct by some striking peculiarity of its own. 

8. Foot Notes.— These are crowded with interesting matter that is not 
strictly a part of history proper. They may be learned or not, at pleasure. They 
are certain in any event to be read. 

9. Biographies of all tho leading characters are given in full in foot-notes. 

10. Haps.— Elegant and distinct Maps from engravings on copper-plate, and 
beautifully colored, precede each epoch, and contain all the places named. 

11. Questions are at the back of the book, to compel a more independent use 
c f the text. Both text and questions are so worded that* the pupil must give in- 
I dUgent answers nr his owk words. u Yes " and "'No " will not do. 

12. Historical Recreations.— These are additional questions to test the stu- 
dent's knowledge, in review, as: "What trees are celebrated in our history?" 
*• When did a fog save our army ? " " What Presidents died in office ? " ** When 
was the Mississippi our western boundary r " " Who said, ' I would rather be 
right than President ? » n etc 

13. The Illustrations, about seventy in number, are the work of our best 
artists and engravers, produced at great expense. They are vivid and interest- 
ing, and mostly upon subjects neverbefore illustrated in a school-book. 

14. Dat33.— Only the leading dates are given in the text, and these are so 
associated as to assist the memory, but at the head of each page is the date of the 
event first mentioned, and at the close of each epoch a summary of events and dates. 

15. Th3 Philosophy Of History is studiously exhibited— the causes and 
effects of events being distinctly traced and their interconnection shown. 

16. Impartiality. —All sectional, partisan, or denominational views are 
avoided. Pacts are stated after a careful comparison of all authorities without 
the least prejudice or favor. 

17. Index.— A verbal mdex at the close of the book perfects it as a work of 
reference. 

It will be observed that the above are all particulars in which School Histories 
have been signally defective, or altogether wanting. Many other claims to Javor 
H shares in eommen with its predecessors. 
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BAENES' BRIEF UNITED STATES HISTORY. 



Already prescribed under authority of law for exclusive and uniform nee in the 
public schools of two states— Texas and Arkansas. Also adopted for hundreds 
of important cities and towns— iiuiong which we name Brooklyn, N.Y. ; Jersey 
City, N.J. ; Scrauton, Pa. ; Wilmington, Del. ; Portland, Me. ; Springfield, Mass.; 
Louisville, Ky. ; Vicksburg, Miss. ; Madison, Wis. ; Rochester, Minn. ; Macon, Mo. ; 
Springiield, 111., etc. 

SOKB TS8TXiaONXAX.S. 

From Hon. J. M. McKenzie, Supt. Pub. Inst., Nebraska. 
I have examined your "Brief History of the United States," and like it real well; 
and were I teaching a graded school, I think 1 should use it as a text-book. 

From Hon. H. B. Wilson. Supt. Pub. Inst., Minnesota. 
I have read with much interest the *• One-Term History of the United States." I 
am much pleased with it. In my judgment, it contains all of the United States his- 
tory that the majority of pupils in our common schools can spare time to study. 

From Pres. Edward Brooks, MiUersville State Normal School, Pa. 
It is a work that will be a favorite with teachers and pupils. Its scope and style 
especially adapt it for use in our public schools. I cordially commend it to teachers 
desiring to introduce an interesting and practical text-book upon this subject. 

From Pre?. Barker, Buffalo State Normal School. N. T. 
In the copy of your " Brief History," Defore me, the important items to be learned 
in history seem most ingeniously brought out and kept in the foreground. These 
items arc time, persons, places, and events. It has the appearance of an exceedingly 
fresh and systematic work. I think I shall put it into my classes 

From Prop. Wm. F. Allen, State Univ. of Wisconsin. 
I think the author of the new " Brief History of the United States " has been very 
successful in combining brevity with sufficient fullness and interest. Particularly, 
he has avoided the excessive number of names and dates that most histories con- 
tain. Two features that I like very much are the anecdotes at the foot of the page 
and the " Historical Becreations " in the Appendix. The latter, I think, is quite a 
new feature, and the other is very well executed. 

From S. G. Wright, Assist.-Supt. Pub. Inst., Kansas. 
It is with extreme pleasure we submit our recommendation of the " Brief History 
of the United States." It meets the needs of young and older children, combining 
concision with perspicuity, and if " brevity is the soul of wit," this " Brief His- 
tory *' contains not only mat well-chosen ingredient, but wisdom sufficient to en- 
lighten those students who are wearily longing for a 4i new departure" from certain 
oki and uninteresting presentations of fossilized writers. We congratulate a pro- 
gressive, public upon a progressive book. 

From Hon. Newton Bateman, Supt. Pub. Inst., Illinois. 
Barnes 1 One-Term History of the United States is an exceedingly attractive and 
spirited little book. Its claim to several new and valuable features seems well 
founded. Under the form of six well-defined Epochs, the History of the United 
States is traced tersely, yet pithily, from the earliest times to the present day. A 
good map precedes each epoch, whereby the history and geography of the period 
may be studied together, as they always should be. The syllabus of each paragraph 
is made to stand in such bold relief, by the use of large, heavv type, as to oe of 
much mnemonic value to the student. The book is written in a sprightly and 
piquant style, the interest never flagging from beginning to end— a rare and difficult 
achievement in works of this kind. 

From the * 4 Chicago Schoolmaster " {Editorial). 
A thorongh examination of Barnes' Brief History of the United States brings the 
examiner to the conclusion that it is a superior book in almost every respect. The 
book is neat in form, and of good material. The type is clear, large, and distinct. 
Tin fiic! s and dates are correct. The arrangement of topics is just the thing needed 
in a history text-book. By this arrangement the pupil can see at once what he is 
expected to do. The topics are well selected, embracing the leading ideas or prin- 
cipal events of American history. . . . The book as a whole is much superior 
to any I have examined. So much do I think this, that I have ordered it for my 
class, and shall use it in my school. (Signed) B. W. Baker. 

23 



The National Series of Standard SchoolSooks. 

PENMANSHIP. 

Beers' System of Progressive Penmanship. 

Per dozen $1 68 

This u round hand " system of Penmanship in twelve numbers, com- 
mend* itself by its simplicity and thoroughness. The first four numbers 
are primary books. Nos. ft to 7, advanced books for boys. Noa 8 to 10, 
advanced books for girls. Nos. 11 and 12, ornamental penmanship. 
These books are printed from steel plates (engraved by McLees), and are 
unexcelled in mechanical execution. Large quantities are annually sold. 

Beers* Slated Copy Slips, per set *50 

All beginners should practice, for a few weeks, slate exercises, familiar- 
izing them with the form of the letters, the motions of the hand and arm, 
Ac., &c These copy slips, 82 in number, supply all the copies found in a 
complete seiies of writing-books, at a trifling cost 

Payson,Dunton&Scribner's Copy-B'ks.Pdoz*i 80 

The National System of Penmanship, in three distinct series— (I) Com- 
mon School Series, comprising the first six numbers ; (2) Business Serios, 
Nos. 8, 11, and 12 ; (3) Ladies' Series, Nos. 7, 9, and 10. 

Fulton & Eastman's Chirographic Charts,*3 75 

To embellish the school room walls, and furnish class exercise in the 
elements of Penmanship. 

Payson's Copy-Book Cover, per hundred .*4 oo 

Protects every page except the one In use, and furnishes * 4 lines** with proper 
slope for the penman, under. Patented. 

National Steel Pens, Card with all kinds . . . *15 

Pronounced by competent judges the perfection of American-made pens, and 
superior to any foreign article. 

Index Pen, per gross ... 75 



SCHOOL SERIES. 
School Pen, per gross, . .$ 60 
Academic Pen, do . . 6*3 

Fine Pointed Pen, per gross 70 

POPULAR SERIES. 

Capitol Pen, per gross, . . 1 00 

do do pr. box of 2 doz, 25 

Bullion Pen (imit gold) pr. gr. 75 

Ladies* Pen do 63 



BUSINESS SERIES. 

Albata Pen, per gross, . . 40 

Bank Pen, do . . 10 

Empire Pen, do . . 70 

Commercial Pen, per gross . 60 

Express Pen, do . 75 

Falcon Pen, do . 70 

Elastic Pen, do . 75 



Stimpson's Scientific Steel Pen, per gross .*2 oo 

One forward and two backward arches, ensuring great strength, well- 
balanced elasticity, evenness of point, and smoothness of execution. One 
gross in twelve contains a Scientific Gold Pen. 

Stimpson's Ink-Retaining Holder, per doz. *2 oo 

A simple apparatus, whic* does not get out of order, withholds at a 
single dip as much ink as the pen would otherwise realize from a dozen 
trips to the inkstand, which it supplies with moderate and easy flow. 

Stimpson's Gold Pen, *3 oo ; with Ink Retainer** 50 
Stimpson's Penman's Card, * 50 

One dozen Steel Pens (assorted points) and Patent Ink-retaining Pen 
holder. 
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BOOK-KEEPING. 



Folsom's Logical Book-keeping, *sco 

Folsom's Blanks to Book-keeping, .... 4 50 

This treatise embraces the interesting and important discoveries 
of Prof. Folsom (of the Albany " Bryant & Stratton College"), the par- 
tial enunciation of which in lectures and otherwise has attracted so 
much attention in circle* interested in commercial education. 

After studying business phenomena for many years, he has arrived 
at the positive laws and principles that underlie the whole subject of 
Accounts ; finds that the science is based in Value as a generic term ; 
that value divides into two classes with varied species ; that all the ' 
exchanges of values are reducible to nine equations : and that all the 
results of all these exchanges are limited to thirteen in number. 

As accounts have been universally taught hitherto, without setting 
out from a radical analysis or definition of values, the science has 
been kept in great obscurity, and been made as difficult to impart as 
to acquire. On the new theory, however, these obstacles are chiefly 
removed. In reading over the first part of it, in which the governing 
laws and principles are discussed, a person with ordinary intelligence 
will obtain a fair conception of the double entry process of accounts. 
But when he comes to study thoroughly these laws and principles as 
there enunciated, and works, out the examples and memoranda which 
elucidate the thirteen results of business, the student will neither fail 
in readily acquiring the science as it is, nor in becoming able intelli- 
gently to apply it in the interpretation of business. 

Smith & Martin's Book-keeping, 1 25 

Smith & Martin's Blanks, *60 

This work is by a practical teacher and a practical book-keeper. 
It is of a thoroughly popular class, and will be welcomed by every 
one who loves to see theory and practice combined in an easy, con- 
cise, and methodical form. 

The Single Entry portion is well adapted to supply a want felt in 
nearly all other treatises, which seem to be prepared mainly for the 
use of wholesale merchants, leaving retailers, mechanics, farmers, 
etc., who transact the greater portion of the business of the country, 
without a guide. The work is also commended, on this account, for 
general use in Young Ladies' Seminaries, where a thorough ground- 
ing in the simpler form of accounts will be invaluable to the future 
housekeepers of the nation. 

The treatise on Double Entry Book-keeping combines all the ad- 
vantages of the most recent methods, with the utmost simplicity of 
application, thus affording the pupil all the advantages of actual ex- 
perience in the counting-house, and giving a clear comprehension of 
the entire subject through a judicious course of mercantile trans- 
actions. 

The shape of the book is such that the transactions can be pre- 
sented as in actual practice ; and the simplified form of Blanks — 
three in number— adds greatly to the ease experienced in acquiring 
the science. 
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DRAWING. 
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Chapman's American Drawing Book, . • .**6 oo 

The standard American text-book and authority in all branches of art. A com- 
pilation of art principle*. A manual for the ainaieur, and basis of study for the pro- 
fessional artist. Adapted for schools and private instruction. 

Contehts.— " Any one who can Learn to Write can Learn to Draw." — Primary 
Instrnction in Drawing.— Rudiments of Drawing the Human Head. — Rudiments in 
Drawing the Human Figure. — Rudiments ot Drawing.— The Elements of (.Geometry. — 
Perspective.— Of Studying and Sketching trom Nature.— Of Painting.— Etching and 
Engraving.— Of Modeling.— Of Composition — Aavice to the American Art-Student 

The work is of course magnificently illustrated with all the original designs. 

Chapman's Elementary Drawing Book, . . 1 50 

A Progressive Course of Practical Exercises, or a text-book for the training of the 
eye and hand. It contains the elements from the larger work, and a copy should 
be in the hands of every pupil; while a copy of the ^' American Drawing Book," 
named above, should be at hand for reference by the class. 

The Little Artist's Portfolio *50 

95 Drawing Cards (progressive patterns), 26 Blanks, and a fine Artist's Pencil, 
all in one neat envelope. 

Clark's Elements of Drawing, *i oo 

A complete course in this graceful art, from the first rudiments of outline to the 
finished sketches of landscape and scenery. 

Fowle's Linear and Perspective Drawing, . *60 

For the cultivation of the eye and hand, with copious illustrations and direc- 
tions for the guidance of the unskilled teacher. 

Monk's Drawing Books— Six Numbers, per set, *2 25 

Each book contains eleven largepat terns, with opposing blanks. No. 1. Elemen- 
tary 8tndies. No. 2. Studies of Foliage. No. 8. Landscapes. No. 4. Animals, L 
No. 6. Animals, IL No. & Marine Views, etc. 

Allen's Map-Drawing, . . . 25cts.; Scale, 25 

This method introduces a new era in Map-Drawing, for the following reapons :~ 
1. It is a system. This is its greatest merit.— 2. It is easily understood and taught 
—8. The eye is trained to exact measurement by the use of a scale.— 4. By no sjpe- 
ctal effort of the memory, distance and comparative size are fixed in the mind.— 
5. It discards useless construction of lines.- 6. It can be taught by. any teacher, even 
though there may have been no previous practice in Map-Drawing.— 7. Any pupil 
old enough to study Geography can learn by this System, in a short time, to draw 
accurate maps.— 8. The System is not the result of theory, but comes directly from 
the school-room. It has been thoroughly and successfully tested there, with all 
grades of pupils.— 9. It is economical, as it requires no mapping plates. It gives 
the pupil the ability of rapidly drawing accurate maps. 

Ripley's Map-Drawing, • 1 25 

Based on the Circle. One of the most efficient aids to the acquirement of a 
knowledge of Geography is the practice of map-drawing. It is useful for the same 
reason that the best exercise in orthographv is the writing of difficult words. 
8ii?ht comes to the aid of hearing, and a doubte impression is produced upon the 
memory. Knowledge becomes less mechanical ana more intuitive. The student 
who has sketched the outlines of a country, and dotted the important places, is little 
likelv to forget either. The impression produced may be compared to that of a 
traveller who has been over the ground, while more comprehensive and accurate in 
detail. 
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Jepson's Music Readers. 3 vols. . . . Each, 75 cts. 

These are not books from which children simply learn tongs, par- 
rot-like, but teach the subject progressively— the scholar learning to 
read music by methods similar to those employed in teaching him to 
read printed language. Any teacher, however ignorant of mu*ic, pro- 
vided he can, upon trial, simply sound the scale, may teach it without 
assistance, and will end by being a good singer himself. The " Ele- 
mentary Music Reader," or first volume, heretofore issued by another 
{rablisher, has attained results in the State of Connecticut, where only 
t has been known, entirely unprecedented in the history of teaching 
music. The two companion volumes carry the same method into the 
higher grades. 

Nash & Bristow's Cantara. No. i,$i.i5; No.2,$i.40 

The first volume is a complete musical text-book for schools of 
every grade. No. 2 is a choice selection of Solos and Fart Songs. 
The authors are Directors of Music in the public schools of New York 
City, in which these books are the standard of instruction. 

Curtis* Little Singer, to 60 

Curtis' School Vocalist, i oo 

Kingsley's School-Room Choir, 60 

Kingsley's Young Ladies' Harp, l oo 

Hager's Echo, 75 

Perkins' Sabbath Carols, 35 

For Sunday-schools. 



DEVOTION. 
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Brooks' School Manual of Devotion, . . . 10 75 

This volume contains daily devotional exercises, consisting of a 
hymn, selections of Scripture for alternate reading by teacher and 
pupils, and a prayer. Its value for opening and closing school is 
apparent 



Brooks' School Harmonist, *™ 

Contains appropriate 
tion " described above. 



Contains appropriate tunes for each hymn in the " Manual of Devo- 
" " ibed " 
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The National Series of Standard School-TZooks. 

NATURAL SCIENCE. 



FAMILIAR SCIENCE. 
Norton & Porter's First Book of Science, • $1 75 

By eminent Professors of Yale College. Contains the principles of Natural 
Philosophy. Astronomy, Chemistry, Physiology, and Geology. Arranged on the 
Catechetical plan for primary classes and beginners. 

Chambers' Treasury of Knowledge, .... 1 25 

Progressive lessons upon— first, common things which lie most immediately 
around us, and first attract the attention of the young mind ; second, common objects 
from the Mineral, Animal, and Vegetable kingdoms, manufactured articles, and 
miscellaneous substances ; third, a systematic view of Nature under the various 
sciences. May be used as a Reader or Text-book. 

NATURAL PHILOSOPHY. 
Norton's First Book in Natural Philosophy, 1 00 

By Prof. Norton, of Tale College. Designed for beginners. Profusely illustrated, 
and arranged on the Catechetical plan. 

Peck's Ganot's Course of Nat. Philosophy, • 1 75 

The standard text-book of France, Americanized and popularized by Pro! Peck, 
of Columbia College. The most magnificent system of illustration ever adopted in 
an American school-book is here found. For intermediate classes. 

Peck's Elements of Mechanics, 2 00 

A suitable introduction to Bartlett's higher treatises on Mechanical Philosophy, 
and adequate in itself for a complete academical course. 

Bartlett's synthetic aid analytic Mechanics, • each 5 00 
Bartlett's Acoustics and Optics, 3 50 

A system of Collegiate Philosophy, by Prof. Babtlett, of West Point Military 
Academy. 

Steele's 14 Weeks Course in Philos. (see P . 34) 1 50 
Steele's Philosophical Apparatus, .... *125 00 

Adequate to performing the experiments in the ordinary text-books. The articles 
will be sold separately, ii desired. See special circular for details. 

GEOLOGY. 
Page's Elements of Geology, 1 25 

A volume of Chambers 1 Educational Course. Practical, simple, and eminently 
calculated to make the study interesting. 

Emmons' Manual of Geology, 1 25 

The first Geologist of the country has here produced a work worthy of his repu- 
tation. 

Steele's 14 Weeks Course (see p. 84) 1 50 

Steele's Geological Cabinet, *40 oo 

Containing 185 carefully selected specimens. In four parts. Sold separately, If 
desired. Bee circular for details. 
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And Only Thorough and Complete Mathematical Series. 



X3S" TIiR,Er3 PARTS. 



/. COMMON SCHOOL COURSE. 

Davies' Primary Arithmetic— The fundamental principles displayed in 
Object Lessons. 

Davies* Intellectual Arithmetic-— Referring an operations to the unit 1 as 
the only tangible basiB for logical development. 

Davies' Elements of Written Arithmetic— A practical introduction to 

the whole subject. Theory subordinated to Practice. 
Dairies* Practical Arithmetic-*— The most successful combination of Theory 

and Practice, clear, exact, brief, and comprehensive. 

//. ACADEMIC COURSE. 

Davies* University Arithmetic-*— Treating the subject exhaustively as 

a actou*, in a logical series of connected propositions. 
Dalies' filamentary Algebra-*— A connecting Hnk, conducting the pupil 

easily from arithmetical processes to abstract analysis. 
Davies 9 University Algebra-*— For institutions desiring a more complete 

but not the fullest course in pure Algebra. 
Davies? Practical mathematics-— The science practically applied to the 

useful arts, as Drawing, Architecture, Surveying, Mechanics, etc. 
Davies' El e mentary Geometry .—The important principles in simple form, 

but with all the exactness of vigorous reasoning. 
Davies' Elements of Surveying--— Re-written in 1870. The simplest and 

most practical presentation for youths of 12 to 13. 

///. COLLEGIATE COURSE. 

Davies/ Bourdon's Algebra-*— Embracing Stum's Theorem, and a meet 
exhaustive and scholarly course. 

Davies' University Algebra-*— A shorter course than Bourdon, for Institu- 
tions have less time to give the subject. 

Davies' Legendre's Geometry -—Acknowledged Vis only satisfactory treatise 
of its grade. 800,000 copies have been sold. 

Davies' Analytical Geometry and Calculus.— The shorter treatises, 
combined in one volume, are more available for American courses of study. 

Davies 9 Analytical Geometry- ITho original compendium*, for those de- 

Davies' Diff- At Int. Calculus- ' Biring to give full time to each branch. 

Davies' Descriptive Geometry-— With application to Spherical Trigonome- 
try, Spherical Projections, and Warped Surfaces. 

Davies' Shades, Shadows, and Perspective— A succinct exposition of 

the mathematical principles involved. 
Davies' Science O^jpKathematics.— For teachers, embracing 

L Gbammab of Arithmetic, m. Looio awd Utility op Mathematics. 

H. Outlives or Mathematics, IV. Mathematical Diotiohaby. 
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charm to the subject. 

GENERAL Willard's Universal History. A vast subject so arranged 

U "■■■■■ llfis-B and illustrated as to be less difficult to acquire or retain. Its 

whole substance, in fact, is summarized on one page, in a grand " Temple of 
Time, or Picture of Nations. 

2 General Summary of History. Being the Summaries of American, and 
of English and French History, bound in one volume. The leading events in 
the histories of these three nations epitomised in the briefest manner. 
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